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Preface 

Tlris volurne presents mostly my own results concerning geometric structurcs on 
foliated manifolds. Some of them have been obtained in colabora.tion with Luis 
A. Cordero. lVIost resu!Ls are quite new; either published in the last three years 
or in so1ne cases not publishecl yet a.ncl a.va.ilable only in preprints. 

The material is presented from the most general to the most particular. Thus 
gencra.l definitions of geometric structures corne first in the second chapter and 
wc study transversely a!Iine foliations in the last one. 

Since Riemannian folia.tions are coverecl in great detail and dcpth from various 
points of view in two excelent books: 

P. lVIolino, Ricnumnúm F'oliations, Progress in Math., Birkbiiuser 1988, 
Ph. Tondeur, Folial:ions on Riemannian Manifolds, Springer 1988, 

I Ir ave dccided to leavc out this class of foliations frorn my stucly. At the present 
momcnt it is diJTicult to adcl anything of intercst to these two volurnes. Thc 
ex el l1sión of the topics covered by these books fn(~ans .also tlB.t the reader will not 
ftncl in this volume any rcsult.s on Lie a,nd transvcrsely parallelisablc foliations. 

T'l1is book is divided into cha.pters, sections ancl subsections, thus Subsection 
Ll1.2.3 is Subscction :) of Scction 2 of Chapter lfl. Theorems, propositions and 
the like are nurnberccl within each chapter, thus Exan1ple 1V.3 refers to Examplc 
,1 of Chapter IV. 

In Cbaplcr I we have gathered sorne very useful clefinition and propertics. First 
of a.ll wc give va.rious cleAnitions of foliations and esta.blish their equiva.lence. Next 
wc rcca 11 basic fa.cts about pseuclogroups and define the holonomy pseudogroup 
of a folicltiou. Finally, we provicle sorne classical constructions of foliations and a 
cha.ractcri7,ation of dcvelopable foliations clue to A. Haefliger. 

Cha.ptcr TI contains t.hc general theory of geometric structmes on foliated 
rné1.nil'olds. \Ve distinguish three types of them: foliated, tra.nsverse allCI asso­
ciétled. Lct us takc as an exarnple a very simple object: a global vector field 
prcscrving the foliation. Such a vector field is an associated geometric strncture 
in our sen se. This, vector field defines a global section (a folia.ted vector lield) of 
thc nonna.l bundle of the foliation. 'I'his section is a foliated structure in our sense. 
In it.s tmn a foliatcd vector ficld defines a holonomy invariant vector ficld on any 
transveroe rnauifold of the foliation. This vector field is a transverse structure. 
It is noL difTicult to scc thctl there is one--to--oue correpondeuce between foliatecl 
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vector fields and holonomy ínvaríant <Jlles. To get a vector field on the m<Hll· 

fold corresponding to a foliated vector fielcl we have to choose a suppkrnentary 
subbundle to the tangent bundle to !eaves of the folíation. 

We use the notion of a natural bundle to define thcse geomeLríc sLrudurcs. 
Thanks to this most of objccts considercd on foliated manífolds fall ínto onc of 
these three classes of geometric structures and we show how somc very wcll--known 
objects fit into our definitions. To complete this chapter we explain rclaLions 
betwcer; these threc types of st.ructures. 

In our search for this vcry general definition we have been rnotivated Ly thc 
similarity of proofs of some properties for different, gcornetric structurcs. Thc 
relations (between various geometric structures) demonstrated in this chaptcr 
allow us to obtain results valid for large classes of these structmes and which 
generalize those provee! for rnany particular classes of foliated manifolds. 

The third chapter prcsents thc theory of foliated systems of differenl.ial cqua­
tions (FSDE). Studying Riernannian foliations one can quite casily nolice Lhat. 
ma.ny facts about thesc folia.tions can be obta.ined using only properties of geo­
desics of the bundle-like metric. One of the ba.sic properties of thesc geodesics is 
the following: 

a geodesic orthogonal to leaves of the folia.t.ion at one po.int of its 
domain is orthogonal to leaves of the foliation at any point of its 
dornain 

This property even characterizes Riemannia.n folia.tions. It is not difficnlt Lo 
notice tha.t the equa.tion of the geodesic of the Levi-Civíta connec:tion of the 
bundle-like metric has very particular form. In the local representation for an 
adapted cha.rt the coefficients corresponding to the transverse part depend only 
on the 'transverse' coordinates; in our 'langnage' it is a foliated system of ordinnry 
DE (FSODE). Other examples of these folia.tions provide transversely afTine and 
\7 - G-foliations which are considered in more detail in Chapt.cr VI and VI f. 

The main aim of this chapter is to show that foliations admitt.ing an FSODE 
which scttisfies some natural assurnptions have many properties sirnilar to tlwoc of 
Riemannian foliations on a compad rnanifold. Tbe most important ilSSillllpLion 

on a.n FSODE is (transverse) completeness, i.e. tite global exist.ence of 't.ransvcrse' 
solutions. In the case of a. Riernannian folia.tion on a compact manifold the 
I-Iopf-Rinow theorcrn assurcs thc global existence ( complet.eness) of gcodcsics, 
a.nd it is nota coincidencc that for non-compact rna.nifolds rnany aut.l1ors .simply 
assume tha.t the bundJe--like nretric is complete. In general this condition is rill.her 
difficuH to verify. Even in such a simple case as that of a folia.tion hy points nnd 
a flat conncction on a compact manifold it is not always truc. Auothcr difnculty 
poses the clepenclence on the choice of a. sub bundle supplemcntary to the tangcnt. 
bundle to lea.ves of tire folia.tion. G. IIector has shown tha.t thcre are cod irncnsion 
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transvcrsely affinc foliations for which transverse cornpleteness depends on this 
choice. \Ve study this dcpcndcnce in the fifth section. 

The first section is dedicated to basic defi.nítions and sorne propertíes of solu­
tions o[ FSODE. In the following section we contínue to study solutions of FSODE 
ancl thcir relations with solutions of the corresponding SODE on the transvcrse 
rnanifold. The third aml forth sections contain proofs of the fundamental prop­
erl.ieR of foliated rnanifolds with FSODEs. The last section (sixth) deals with 
a particular class of FSODEs which a.dmit a sufficiently great number of global 
foliaJecl fields of initial conditions. Foliations of non--compact rnanifolds admit­
ting such an FSODE with some additional natural properties behave similarly to 
complete TP foliations. 

At thc end we should mention that FSDEs appear quite naturally in the 
investigation of SDE, cf. [OL] and [OV]. 

Chapter IV pr.esents a self-contained study of geometric properties of G­
foliations or rather of foliatecl G-structures. In the fi.rst section we gi ve so me pre­
lirninary definitions including that of the structure tensor and prove fundamental 
properties of the definecl objects. We pay particular attention to conclitions under 
which transversely projectable connections exist. The second section is dedica.ted 
Lo foliRtcd G~structurcs of finite type which we study using properties of pro­
longations of thcse structures. Among others we obtain a. sta.bility theorem for 
foliations with allleaves compact. In the last two chapters we shall improve con­
siderably this result for \7 - G- and transversely affine foliations. In the third 
section we a.pply a. theorem provee! in the first one to obtain strong vanishing 
thcorcms for characteristic classes of flag structures with adclitional 'aclaptecl' fo­
liated G-structures. In particular, we get a generalization of a. Ca.rreras-Na.veira 
vanishiug theorcrn, cf. Canacl. l'v1a.th. Bull. 28 (1985), 77-83. G-foliations of 
finite type are once a.gain stnclied in the last section. This time we pay attention 
to thc properties of their !caves. A careful review of some results of R. A. Blumen­
thal revcals that their proofs can be done according toa general 'scheme' which is 
also valicl in many othcr situations (taking into account the bijective correspon­
clence betwccn folia.ted and transverse structures). Thanks to this 'proof scheme' 
we simplify the proofs of R. A. Blumentha.l a.nd obtain some new interesting 
thcorcms on G-foliations of finite type. 

TI!C fifth chaptcr is dedicatecl to a special class of G-structures - transversely 
llcrrniLian ones. These folia.tions ha.ve been investiga.ted in great detail by rnany 
authors. In the first section we restrict ourselves to give some examples of such 
folia.tion ltaving very precise transverse structures; for example 

l. transversely syrnplectic but never transversely Kahler; 

2. transversely symplectic and holomorphic but never tra.nsversely Kiibler, on 
complex ancl uon- complex nilrna.nifolds; 
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3. transversely symplectic but not transversely holomorphic. 

Base-like cohomology of transversely Hermitia.n foliations is stuclied in the sec­
ond section. vVe define the ba.sic Frolicher spectral sequence. For transversely 
Kiihler foliations this spectral sequence collapses at the fi rst leve! thanks to tbe 
properties provee! by A. El Kacimi. Next we present sorne examples of trans­
versely Ilermitian foliations for which the basic Fr(ilicher spectral sequence does 
not collapse at the first leve!. At the end o[ this section we prove that the mini­
mal rnodel for the base-like cohomology of a transverse Kiihler foliation is formal 
and demonstrate that our examples do not have formal rninirnal moclels for the 
base-like cohomology. In the third section we present a new method of studying 
Sasakian manifolds. A Sasakian manifold is a foliated manifold with a very par­
ticular folíatecl structure. Using the correspondence between foliated and trans­
verse structures, we reduce many theorems about geornetricaJ objects in Sasa.kian 
manifolds to theorems about corresponding objects in Kiihler manifolds. In fact, 
the 1-dimensional foliation of a Sasakian manifold generated by the dJa.ra.cter­
istic vector field is a transversely Kiihler isometric flow. We ca.ll this foliation 
the characteristic foliation. We consider two books of K.Yano and Ivl.Kon, cf. 
[YKl,YK2], and demonstrate that rnost results on the local structure of Sasakian 
manifolds can be derivecl from the corresponding ones for IG.hler manifolds. 1'o 
complete this paper we present sorne new local properties of Sasakian rnauifolcls 
obtained applying our foliated method. 

V - G-folia.tions form a very particular class of G-foliations. They are these 
G-foliations which admit a transversely projecta.ble connection. Although they 
seem to be very similar to Riemannian foliations they cliiTer in at least. two basic 
aspects. Their base--like cohornology can be infinite dimensional ancl the do­
sures of leaves needn't be suhmanifolds. Examples of such V - G-foliations are 
presentecl in Chapter VII. In Chapter Vl we concentrat.(~ our attcntion on the 
following problem: a V - G--foliation, when is it a Riemannian one? F'irst we 
establish when a pseudogroup of local afiinc transformations is a pseudogroup 
of local isometries. Then we use this resuH to demonstrate that a t.ransv~~rsely 
complete V- G foliation with a particular cornrnuting sheaf ( 'of compact. t.ype') 
must be H.iemannia.n. In Section 1, for flows, wc improve this theorem using a 
tota.lly difieren!. rnethod. In the fi[th section we apply our considera.t.ions Lo prove 
Ghys' conjecture, cf. Appendix E in Molino's book, for V- G-flows. 'J'hc ln.sl 
section of this cbapter is cledicated to foliations with allleaves compact i11 which 
we refine the stability theorem. 

Transvcrsely affine foliations (TAF) are studiecl in the la.st chaptcr. Thcse foli­
ations admit a transversely projectable co1mection and at the samc Lime they are 
clevelopa.ble. This allows us to define two notions of cornplet.eness (complete aml 
transversely geodesically complete) which are equivalent for foliat.ions by points. 
For general foliations it is not the case. However it is easy Lo check that a trans-
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versely geodesically complete TAF is complete. The completeness is one of the 
most important properties and it has a very deep influence on the behaviour of 
the foliation. The first section is almost totally devoted to the investigation of 
these notions. Additionally we describe the commuting sheaf of a complete TAF. 
The next three sections are dedicated to the comparison between TAFs and affine 
manifolds. As our basis we take a series of papers by D. Fried, W. Goldman and 
M. W. Hirsch. Using the radiance obstruction of the affine holonomy represen­
tation of the foliation and properties of the algebraic hull of its affine holonomy 
group we provea series of results which are counterparts of the similar facts now 
well-known for affine manifolds. In the case when foliation behave differently we 
provide examples which illustrate these differences. In Section 5 we estímate the 
growth of leaves. Fortunately, as we prove the growth of leaves of a TAF and of 
the corresponding foliation on the total space of the bundle of transverse frames 
is the same for a good choice of adapted atlases. It allows us to apply results 
of Y. Carriere as this lifted foliation is a Lie one. In spite of this we cannot 
obtain the same strong relation between the structure algebra and the degree 
of growth. Leaves of TAFs behave more 'wildly' as it is well illustrated by two 
examples which can be found at the end of this section. The promised examples 
of \1- G-foliations (in this case TAFs) in which there are leaves whose closures 
are not submanifolds are given in the last section. Moreover we prove that some 
properties of the affine holonomy group ensure that the closures of leaves form a 
singular foliation. 
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Chapter 1 

Preliminaries 

In this introductory chapter we present various definitions and basic examples of 
foliations. 

Definition 1 A foliation :F of dimension p and codimension q on a manifold 
M is a partitíon {L,}aeA of M consísting of connected submanifolds having the 
followíng property: 

for any point of M there exists a cha1·t (U, <p) at this point 

such that the sets 

<p(c) = {z E M: (y 1(z), ... yq(z)) =e E R9 } 

a1·e the connected components of Un L,. 

The elements of the partition are called lea ves. The chart (U, <p) is called an 
ada.pted or distinguished chart and the sets <p-1(c) plaques. The pair (M,:F) is 
called a foliated manifold. 

Let us denote by r~+q the pseudogroup of all local diffeomorphisrns <p of 
RP x Rq, <p = ( <p1, <p 2), <p 1: RP x Rq --+ RP, <p 2: RP x R9 --+ Rq su eh that the 
mapping <p 2 is independent of the first p coordinates, i.e. <p2( x, y) = <p2(Y) for 
any (x,y) E dom<p C RP x Rq. Then, if we take any two adapted charts (U;, <pi) 
and (Uj, <pj), the transformation <¡?jo <p¡- 1: RP x Rq --+ RP x Rq is an element of the 
pseudogroup r~+q. The above considerations provide us with another definition 
of a foliation or rather of a foliated manifold. 

Definition 2 An n-dimensional manifold M is foliated by a codimension q foli­
ation if there exists a r;-attas U on this manifold. A maximal r;-atlas is called 
a codimension q foliation on M. 

1 



2 Gcornetríc St.rw::l;ures 

The partition of M can be recovered from this atlas by considering tl1e seis 
L;(c) = {zE U;:¡pf+1(z)=c1, •.. cp¡(z)=cq} where (U;,¡p¡) E U, (c1 , ... cq) E FF. 
The sets L;(c) define a topology on the set M. The connected componcnts in this 
topology are submanifolds of dimension p = n - q and form a partition of J1f. 
Equivaleut atlases define the same topology and thcrefore the same partition. 

As we are only interested in the last q-·coordinates of a.ny a.dapted chart we 
can define a foliation in the following way. 

Let V = {V;, f;, 9ij };EJ be a cocycle modelllcd on a q-manifold N0 such that: 

1 { v;} is a.n open covering of .A1, 

2 .f¡ : v; ......-. N are submersions with connected fibres, 

3 9i.i : fi(V; n Vi) ......-. fi(v; n Vj) are local diffeomorphisms of N 0 for which 
f;IV; n Vj = 9ii o fJIVi n Vj, 

The third condition ensures that 9ki = 9kj o 9ji whenever defined. 
If {(U;,¡p;)} is an adapted atlas then we can define a cocycle modellecl on Rq 

as follows: v; = U;, J; = ¡pJ, .% = cp; o cpj 1I{O} X Rq. For a given cocyde V 
the sets ¡-1 (c), e E Rq, define the foliation of M. By taking a. finer covering, for 
any cocycle V, we can find another cocycle U= {U",h",k,.,e} moclellecl on N0 

defining the foliation F such that 

1' {U<>} is a.n open local! y finite covering of M by relatively compact sets, 

2' the covering {U,.} is finer than {v;}, i.e. for any e~ there exists i(a) for which 
u"' e vi(cx) and Ü., e vi(o), 

The cocycle U is callecl relatively compact. If we start with a. cocycle V 
satisfying the condition 1' then the cocycle U can havc the same sd of índices. 

We say tha.t two cocycles U = {U;, f;, 9ij} ¡ a.nd V '-"" {Ve,, j,, 9a,(J} A moclellecl 
on N0 are equivalent if there exists a thircl cocycle W = {vV.,f.,gsth modellecl 
on N 0 such that for any sE B t.here cxists i(.s) E 1 or a(s) E A <tnd 

i) W, e Ui(s) or vV, e Va(s), respectively; 

ii) fs = hs) 1 IV,, or J., = fa(s) 1 W., respedively. 

The conclitions i) a.nd ii) ensure that the fibres of the submersions of cocycles 
U, V, W define the samc partion of A1. Thcrefore we can put forward the following 
definition. 
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Definition 3 A n equivalence class of eoeycles on M modelled on a q-manifold 
N 0 is callcd a codimension q folíation of M (modelled on N 0). 

Finally, wc give another classical definition of a foliation. 

Definition 4 A n ínvolutive sub/nmdle of conslant dimen,9ÍOn of the tangent bun­
dle TAI ís called a foliation on the manifold M. 

The famous Frobcnius theorem, cf. [NR], ensures that this definition is equiv­
alent to our first one. A foliation can be also defined using differential forms. 
The second version of the Frobenius theorem, cf. [NR], ensures that an inte­
grable PfaJf system of constant rank is a foliation, i.e. let a 1, ... ak be an intgrable 
system of 1-forrns such that the subbundle 

kcm ={X E TM:a 1(X) = ... = ak(X) =O} 

is of constant dimension. Then the subbundle !;;era is involutive iff 

da;= "':,/3ii /1. ai 

for some 1-forms f];j, i,j = 1, ... k. 
Let N be a q-manifolcl and j: N-+ !11 be an injective immersion transverse 

to the leaves of the foliation F. N is callee! a complete transverse manifold ofF 
if any leaf of :F meets j(N) at at least one point. 

Let U= {(U;,cp;)} be an adaptecl atlas such that cp;(U;) = (-(,()". Then the 
q-ma.nifold N = U N; where cpJ( U;) = N; is a complete transverse manifold of 
M. Incleecl, let us put j;: N;-+ M, j;(y) = cp¡-1 (0, y). Then j = UJ;, if necessary 
deformecl a little, is the injective imrnersion we have been looking for. 

To any cocycle U = {U;, J;, g¡j} 1 clefining the foliation F we can naturally 
associa.te the following q-ma.nifold Nu = U N; where f;(U;) = N;. In general 
this manifold is not a. complete transverse manifold of the foliation F - the 
requirccl injective submersíon does not a.lwa.ys exists. But the constant rank 
theorem ensures that for sorne covcring { Ñcx} A of N finer than {Ni} 1 the manifold 
Ñ = U Ñ ex is a complete transverse manifold. This irnplíes tha.t we ca.n refine a.ny 
cocycle U to a cocycle V for whicb the corresponding manifold Nv is a complete 
transverse manifold. Moreover, a.s we will be a.ble to judge later, the manifold N u 
fulfills well a.ll the dutics of a complete transverse manifold. Therefore in spite 
of tbc above restrictions, we sha.ll call the manifold Nu a (complete) transverse 
manifold of F associa.ted to the cocycle U. As we always taJk a.bout complete 
tra.nsvcrse manifolcls wc drop "complete" whenever possible a.nd U whencver no 
confusion ariscs. 

Now wc are going to define the holonomy pseudogroup of a folia.tion. Let 
a: [0, a] -> Af be a. leaf curve, i.e. the image of a is contained in a. leaf of :F a.nd 
Jet T [0, Ea) --+M be a. curve tra.nsverse to the folia.tion such tha.t a( a)= ¡(0). 
Then there exist O < E < e:0 a.nd a smooth ma.pping 0': [0, a] x [0, E) --Jo 1\[ such 
that 
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l. for any tE [O,c),<YI[O,a] X {t} = <7t is a leaf curve called the holonomy lift 
of ato ¡(t) and a0 =a; 

2. for any sE [O,a],al{s} X [O,t:) = a• is a curve transverse to the foliation 
and a0 = ¡. 

This property ensures that for any leaf curve a: [0, a] -+ M such that a( O) E 
j(N) and a(a) E j(N) there exist open neighbourhoods U and V of a(O) and 
a( a), respectively, in j(N) and a difl'eomorphism h"': U -+ V assigning to any 
point of U the end of the curve a 1 starting at this point; we can always arrange 
that the end points of these curves belong to V. Moreover, for any two leaf curves 
a and j3 which are homotopic relative to its ends in the leaf the corresponding 
local diffeornorphisms hcx and hp have the same germ at a(O) = ¡3(0). ha is called 
the holomorny mapping along a and the germ of ha at a(O) the holonorny of 
a. Taking various leaf curves with ends in j (N) we obtain a collection of local 
diffeomorphisms of the transverse manifold N which generates a pseudogroup 
called the holonomy pseudogroup (representative) of :F on N. 

On the transverse manifold N associated to the cocycle U the local diffeornor­
phisms g;j generate a pseudogroup Hu which is called the holonomy pseudogroup 
representative on N associated to U. If the manifold N is a 'real' complete trans­
verse manifold, then the pseudogroup Hu is equal to the holonomy pseudogroup 
defined on this manifold by leaf curves. Therefore we can use in this case the 
term 'holonomy' pseudogroup representa.tive without any restriction. 

These definitions raise a very important question of relations between various 
holonomy pseudogroup representatives. In fact, all these pseudogroups are ec¡uiv­
alent in the following sense; the definition is due to A. Haefliger, cf. [HA3,HA4]. 

Let H and H' be two pseudogroups of local diffeomorphisms of rnanifolds N 
and N', respectively. A morphism if>: H-+ Tí' is a collection <I> of diffeomorphisms 
of open sets of N on open sets of N' such that: 

i) the sources of rp belonging to <I> cover N; 

ii) if hE H and tpr, tp2 E <P, then rp1 ohorp2 1 EH'; 

iii) if hE H, h' E H',rp E (P, then h'orpohE (J); 

iv) <I> is dosecl under uníons. 

Any collection <Í> such that 

a) the H--orbit of each point of N intersects the so urce of an elemcnts of <Í>; 

b) if hE 1í a.nd 'Pl,'P2 E <Í> then 'Ptohorp2 1 EH' 



I. Preliminaries 5 

can be uniquely extended to a collection <I> satisfying the conditions i)-iv) by 
considering all unions of elernents of the forrn h'ocpoh, <pE 4>, hE 'H, h' E 'H'. Such 
a collection 4> is called an atlas generating the rnorphisrn <I>. 

Let <I>' is a rnorphisrn of 1{' in 'H", then the collection of all cp' o <p, <p E 
<I>, cp' E <I>' genera tes a rnorphisrn of 1í into 'H". Therefore pseudogroups with their 
morphisrns form a category. A collection <I> of local diffeomorphisms satisfying 
the conditions a) and b) generates an isornorphism (or an equivalence) of 1{ 
on 'H' iff the union of targets of elements of <I> intersects ea<;h orbit of 1{' and 
for any cp1 ,<p 2 E <I>,h' E 1{' cp;1 oh'ocp1 E 'H. In that case we say that 1i is 
equivalent to 1i'. For instance, let U be an open subset of N and let 'Hu be the 
pseudogroup of local diffeomorphisms of U whose elements are the restrictions 
to U of elernents of 'H. Then the inclusion of U in N generates a morphism of 
'Hu in 'H, and an isornorphism iff U meets each orbit of 'H. In the case when 
the space N /'H of 'lí-orbits is a differentiable manifold, the natural projection 
p: N ---+ N /1i being locally a diffeomorphisrn, the pseudogroup 1{ is equivalent to 
the trivial pseudogroup on N /1i, i.e. the pseudogroup generated by the identity 
transformation. 

To complete this short résumé on pseudogroups we recall Haefliger's definition 
of a complete pseudogroup, cf. [HA3,SA2]. 

Definition 5 A pseudogroup 1i on a manifold N is complete if for any two points 
x and y of N there exist open neighbourhoods U and V of x and y, respective/y, 
such that any element h of 1{ with domain in U and target in V can be extended 
to an element of 1i defined on the whole U. 

The following lemma linking leaves of F with orbits of the holonomy pseu­
dogroup 1í seerns to be well-known. 

Lemm.a 1 Let L be a leaf of the foliation F and Xo be a point of L n U¡. Then 
a point x E Ui belongs to the leaf L iff the point fj(x) belongs to the 1{-orbit of 
the point f;( xo). 

Let us take two transverse manifolds (Nt,j1) and (N2,h). The holonorny 
transforrnations ha defined by leaf curves a: [O, a]---+ M with a(O) E j 1(N1) and 
a(a) E j 2 (N2 ) generate the equivalence between the holonomy pseudogroup rep­
resentatives on N 1 and N2 • Similarly for cocycles. Let U and V be two equivalent 
cocycles and W be the third one realising this equivalence. Then the transfor­
rnations 9st with lV. e Va(•) and W 1 e Ui(t) generate an equivalence between the 
pseuclogroups 'Hu and 'Hv. Our previous consiclerations ensure that all holonorny 
pseudogroup representatives for a given foliation are equivalent. Therefore the 
equivalence class of these pseudogroups we call the holonorny pseudogroup of the 
foliation F. Moreover one can easily prove the following lemma: 
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Lemma 2 Let 1-{ be a repr·eseniative of the holonomy pseudogmup of a foliation 
:F. For any pseudogroup 1-{' equivalent to 1t the¡-e exists a cocycle U = {U;, .h 9ij} ¡ 
defining :F wüh transformation 9ii being elements of the pseudogmup 1-{'. 

Lemma 2 can be formulated very neatly using the notion of a K>foliation, cf. 
[HAl]. Let K be any pseudogroup of local diffeomorphisms on a q-rrmnifold Na. 
A K-foliation is a foliation defined by a cocycle U modelled on Na with .% being 
elements of the pseudogroup K. Then the holonomy pseudogroup associated to U 
is equivalent toa subpseudogroup of K. With this in mind we have the following. 

Lemma 3 Let :F be a foliation defined by a cocycle U and let (1-l', N') be a 
pseudogroup equivalent to (1-í, N). Then :F is an 1-{' -foliation. 

Remark If the manifold M is a compact one, we can consider only adapted 
atlases and cocycles consisting of a finite number of elements and for whose the 
sets U; are relat.ively cornpact. 

Now we are going to give various examples of foliations and their holonomy 
pseudogroups. 

Example 1 Simple foliation 
Let A1 and N be two srnooth manifolds and f: A1 __, N be a surjective sub­

mersion with connected fibres. The fibres constitute a foliation whose space of 
leaves is N. A representative of the holonomy pseudogroup on N is the trivial 
pseudogroup. 

ExaiT.tple 2 Fibre bundles with discrete structure group 
Let B and T be two s1nooth ma.Hifolds and h: 1r1(B) __, Diff(T) be a repre­

scntation of the fundamental group 1r1 (B) into the group of diffeomorphisms of 
T. Consider the simple folia.tion J: of thc product fJ x T given by the projec­
tion fJ x T __, T where lJ is the universsal covcring of B. The representation h 
,defines a.n equivalence relation fl:.h on /3 x T, narpely (x', t)Rh(.T, tj iff .1:' = J;a 
and t' = h( a )t. We denote by B x h T the qnotient manifold of B X T by t. he 
equivalence relation Rh· It is a fibre bundle over B ami with the standard flbre T. 
The foliation J: is invaria.nt by the relation Rh ancl thus project.s to tbe foliat.ion 
:F of the manifold fJ x h T. 

It is evident frorn the construction that T is a tra.nsverse manifold of F ancl 
the holonorny pseudogroup on T is generated by the group im.h. 

This construction provides us with sorne very interestíng exarnples. 

a) Linear foliations 
LeL B = TP and h1 = (ai, ... o;), ... hP = (ai, ... an. The recluctions of 

h; mod zq represent rotations of ·p ::.::: 8 1 X ... 8 1. The choice of h¡' ... hp ele­
termines a representation h of 1r1 (TP) = lP into Dif](T 1 ) defined by putt.ing 
h(e;) = h;, i = 1, ... p, where e; are the genera.tors of the abelian group zr. In t.his 
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case É x h T is diffeomorphic to the torus TP+q = TP x P and the foliation :F is 
the linear foliation. 

b) Suspension of a diffeomorphism 
Let B = SI, then a representation of the fundamental group 1r1(S1 ) = Z 

is defined by a choice of a diffeomorphism h of T, and the construction leads 
to a ene-dimensional foliation on R xh T. In particular, let us take T = T 2 

and a diffeomorphism hA defined by a matrix A E SL(2, Z). We obtain a ene­
dimensional foliation :FA on R xhA T 2 = T~, cf. [GSS]. 

To obtain more examples we can modify the construction of Example 2 in the 
following way. 

Example 3 Let us assume that on the manifold T there is a foliation :F0 and the 
representation h has the image in the group Dij](T, :F0 ) of global diffeomorphisms 
of T preserving :F0 • Thus on the manifold É x T there are two new foliations: :F0 

whose lea ves are just { b} x L, and j: x :F0 whose lea ves are É x L, where L is a 
leaf of :Fo. Both foliations are invariant by the relation Rh and, therefore, define 
foliations on the quotient manifold É xh T. 

As an example of the above construction we consider the following, cf. (GSS]. 
Let us take the space T~ for a matrix A whose trace is strictly greater that 
2. Then the manifold T~ is called the hyperbolic torus. The matrix A has two 
irrational eigenvalues .\ and 1/ .\. The corresponding eigenvectors v1 and v2 define 
linear flows f:1 and f:2 on the torus T2. The matrix A having integral coefficients 
defines a diffeomorphism of T 2 which preserves the foliations f:1 and f:2 • The one 
dimensional foliations :F1 and :F2 of T~ defined by f:1 and f:2 are called the proper 
fiows corresponding to eigenvectors v1 and v2 • The two-dimensional foliation :F1 

defined by f:1 is transverse to the flow :F2 and vice versa. 
R x S 1 can be considered as a transverse manifold of :F1 • In fact, the corre­

sponding foliation of R x T 2 admits R x S 1 as a transverse manifold, where S 1 is a 
transverse manifold of the foliation f:1 of T 2 • Thus R x S 1 is a transverse manifold 
of :F1 and the holonomy pseudogroup is generated by the mapping id X Ra where 
Ra denotes the rotation of S 1 by the angle a. 

In the case of :F1 we can take as a transverse manifold R immersed as Rv2 

into T~ a.nd the holonomy pseudogroup contains the homothety 1/ .\. In the 
fibre T 2 Rv2 is a tra.nsverse manifold of the linear foliation :F1 • The holonomy 
pseudogroup representative of this folia.tion on Rv2 is justa translation. Therefore 
the holonomy pseudogroup of :F1 is generated by these two transformations. 

Example 4 Actions of Líe groups provide us with a whole farnily of exarnples. 
Let a: G X M -t M be a smooth action of a Líe group G on a manifold M. The 
orbits of this action are submanifolds of M. Vectors of the Lie algebra Líe( G) of 
G define global vector fields on M which are tangent to orbits of G. Therefore 
the a.ction a defin~s singular (Stephan) foliation on M, cf. (DZ,ST,SM]. But we 
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are only interested in regular foliation, i.e. with leaves of consta.nt dimension. It 
is the case, for exa.mple, if the action of G is locally free. The a.dion of a Lie 
subgroup H of G on G by left translations gives such au example. Foliations 
obtained in this way can have very interesting geometrical properties, cf. [TY]. 
For more deta.ils on actions of Líe groups see [VA]. 

Example 5 Developable foliations 

Definition 6 A foliation :F on a manifold M is said to be developable ~( there 
exists a covering M of M and a subrneTsion f: 1V" -t N snch that lhe connected 
cornponents of jibTes off are the leaves of the lifted foliation :F. 

One can assume a líttle less restrictive definition, namely: 

Definition 7 A foliation :F on a manifold M is said to be developable if there 
exists a coveTing M of M and a suTjective snbmersion f: .Ü -+ N of connected 
fibres onto a non-necessaTily HausdoT.ff q-rnanífold N such that the fibms off 
are the leaves of the lifted folíatíon :F. 

A classical result of R. A. Palais ensures that a developable foliation in the 
first sense is developable in the second, cf. [PAl]. 

The following proposition characterizing clevelopable foliations is due to A. 
Haeflíger, cf. [HA4]. We recall that a group G acts quasi-analytically if for a.ny 
g E G the fact that thc transformation g restrictcd to a.n open suhset is thc 
identity irnplies tha.t it is the identity on thc whole manifold. 

Proposition 1 (Haefiigcr) Let :F be a foliation on a connectcd mamfold 1\1. 

i) lf the foliation :F is developable, then its holonomy pscudogroup has a rcpresen­
tative which is a psendogmup generated by a g¡-oup of lransfonnations G of 
a connccted non-neccssaTíly HausdorjJ rn.anifold N. There is a Oalois cov­
CT'Íng Nl of .M wilh its Galois grov.p isomor-phic to G and a G--equivaTiant 

submersion .f: i1 -+ N (called the development) snch that the !caves of the 
liftcd .foliation :F of 1\1 are thc jibrcs o.f f. 

ii) lf the holonomy pseudogroup has a repTcsentalive gcncmtcd by a gronp G act­
ing qnasi-analytically on a connected, non-neccssaTily Hausdmff manifold 
N, then theTe exists a Galois coveTing Ü of the manifold M un:th the Ga­
lois gmup G and a G-equivar·iant surjeclive subrneT'sÍon of connectcd fibT-es 
f: Ü -+ N such that thc leaves of the lz(tcd foliation :F of 1\f aTe lhe ji/n-es 

off. 
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Proof i) In virtue of the hypothesis the space of leaves N o[ the lifted foli­
ation F of the universal covering spa.ce Ji;¡ of k! is a connected, non-necessarily 
IIa.usdorff manifold and the ca.nonical projection f: M---+ N is a submersion with 
connccted fibres. The fundamental group 6 of !vf acts by deck transformations 
on lff ancl preserves the foliation F. So each element of the group 6 projects, 
relative to j, onto a diffeomorphism of N. Let 0 0 be the normal subgroup of 
6 consisting of elements of 6 projecting onto the identity of N. Then the quo­
tient manifold M of if by G'0 is a Galois covering of M with the Galois group 
G = 61 CJ0 , and the factor rna.pping .f: J'Yf ---+ N of j ís a G-equivariant submersion 
wi th connected fibres. 

ii) Let us assurne that the holonorny pseudogroup has as its representative a 
pseudogroup generated by a group G of transformations acting quasi-analytically 
on sorne manifold N. According to Lemma 2 there exists a cocycle {U;,.{;, .rlij} 
modellecl on N such that the transforrnations .rlij are restrictions of elernents of 
G. 

Let S be the space of genns of submersions g o f¡ where gis an elernent of G: 

S= {(g o J;)x:g E G} 

where (.f)x denotes thc germ of a mapping f at the point x. We endow the spa.ce S 
wi th thc shea.f topology. Let 111 be a. connccted componen t. of S. Then ;.'{ with the 
projection a.ssigning to ea.ch germ its source is a. Galois covering with the Ga.lois 
group isornorphic to G. The evaluation ma.pping h: 111 ---+ N, h( (go f¡)x) = g(f;( x)) 
is a su bmersion into N consta.nt along the lea. ves of the lifted foliation F. O 

Rernarks 1) The part i) of the proposition a.sserts tha.t a developa.blc folia.tion 
is a ( G, N)~structure, cf. [TII2], [CAG]. 

2) The part ii) a.sserts tha.t a.ny ( G, N)~structure with the group G acting 
qua.si-analytica.lly is a. developa.ble foliation. 

3) If :F is developablc in the sense of Definition 6, it cloes not mean that it is 
a (G, N)-structurc for the manifold N of Definition 6. 

4) It should be stressed tha.t in the part ii) of the proposition the manifold N 
( from the ( G, N)-structure) could be different frorn t. he q-rna.nifold which a.ppea.rs 
in Dcfinition 7. Thc submersion constructed in the proof does not need to be 
eithcr surjectivc or of connectcd fibrcs. La.ter we sha1l find examples illustra.ting 
well thesc points. 

Example 6 Let. (M, :F) be a folia.ted manifold. Assurne that a Lie group G a.cts 
freely a.nd properly on /!![ and that the foliation :F is G-invaria.nt. Let T be a. 
smooth manifold on which the group G a.cts as wcll. Then the diagonal a.ction of 
G 011 l\.1 x T is also free a.ncl propcr. The product foliation w hose lea. ves are of 
the form L x { t} where t E T and L is a leaf of :F, is G~-invariant. Thereforc it 
induces a folia.tion on the quotient manifold M x T 1 G. 





Chapter 11 

Geometric structures, general 
approach 

In this chapter we study geometric structures from the general point of view. 
Three types of structures are distinguished: foliated, transverse and associated 
ones. We give formal definitions as well as many examples. Moreover, we explain 
relations between these structures. 

II.l Foliated and transverse geometric struc­
tures 

We present many examples of geometric objects which have been studied on foli­
ated manifolds. Then we give a formal definition of a foliated geometric structure. 
Next we show that various well-lmown geometric objects fit into this general def­
inition. We complete the chapter with the definition and exarnples of transverse 
geometric structures of a foliation as well as with the precise description of rela­
tions between foliated and transverse structures. 

Let T:F be the tangent bundle to the leaves of :F. It is a subbundle of.TM 
of constant dimension p = n- q. The bundle N(M, :F) = T M /T:F is called the 
normal bundle of :F. N(l\1, :F) is isomorphic to any supplementary sub bundle Q 
to T :F, and very often it has been identified with su eh a sub bundle; e.g. in the case 
of a Riemannian foliation many authors identify N(M, :F) with the orthogonal 
complement. of T:F. Let U= {U;,J;,g;j} be a cocycle defining :F. Then on U; 
the differential df; defines a linear mapping /;: N(M,:F)IU; ~ TN; which is an 
isomorphism on each fibre. Therefore V; = N(M,:F)IU; ~ ftTN;. Moreover 
{V;,f;, dg;j} is a cocycle defining a foliation :FN of dimension p and codimension 
2q on the total space of the normal bundle. Leaves of this foliation are covering 
spaces of leaves of :F. It is not difficult to verify that equivalent cocycles lead to 
equivalent cocycles and thus give the same foliation :F N· 

11 
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The tensor product bunclles 

r 

@N(M,F) = N(A1,F) ® ... ® N(M,F) ®N*(M,F) ® ... ® N*(A1,F) 

also aclmit a foliation F';.[" whose leaves are covering spaces of lea ves ofF. 
Let L( M, F) be the bundle of linear frarnes of the no mal bundle N (M, F). It 

is a principal iibre bundle with the st.ructure group CiL(q) and its elements are 
called transverse linear frames. The bundle L( M, F) is also called the bundle of 
transverse linear frames of F. Over U; the differential df; defines the mapping 
}';: L(lvf, F) IU; -+ L(N;) which is an isomorphism on each fibre. Therefore L; = 
L(M, F)IU; is isornorphic to ft L(N¡) and {L;, J;,[j;j} forma cocycle defining a 
foliation FL of dimension p and codimension q + q2 of the total space of the 
bundle L(A1, F). As previously, equivalent cocycles define the same folia.tion. 
Thus we have associated in a canonical way to Fa foliation FL of the total space 
of L(A1, F) whose leaves are covering spaces of lea ves ofF. 

Any associated fibre bundle to the bundle of tra.nsverse linear fra.rnes inherits 
a foliation whose lea.ves are covering spaces of leaves ofF. In this way by taking 
as the standard fibre P = Rq we recover the normal bundle N(lvi,F) with its 
foliation F N· 

Now we sha.ll present some more exa.rnples of fibre bundles which can be 
constructed on a foliated manifold. 

Example 1 Transverse (s, r)-velocitíes (sr -jets) 
Let m be a point of the manifold M and j, g: (R", O) -+ ( A1, m) be a.ny local 

smoo1,h ma.ppings of R" into M mapping O on m. Let us choose an adopted cha.rt 
(U,c.p) at m, c.p = (c.p 1 ,c.p2) = (x 1 , ... xp,y1 , ... yq)· We say tha.t the mappings f 
and g are equivalent if i6'Pd = j6c.p 2g. This is equivalent to [JI'-'Ijot."(y;J)(O) = 
(Jfvfjot"(y;g)(O) for any multiindex v E NS, 1 v ¡::; r, i = 1, ... q. We denote 
the set of such índices by N(s, r) and their number by s(r). This cc¡uivalence 
relation does not depend on the choice of an adapted cha.rt at the point 1n. Tbe 
ec¡uivalence class of a ma.pping f is denoted by [!J:. The set of al! equivalence 
classes ata point m we denote by N,~r(A1,F), a.nc! the spacc U,nEMN,~r(A1,F) 
by N"·r(M,F). By 1r; Jet us denote the natural projection of N"•r(M,F) onto M, 
i.e. Jr:(lft;) = f(O). One can easily check that for a.uy adapted chart (U,c.p) the 
set UmEU N,~;"( M, F) is isomorphic to U X Rq·s(r)-q and tha.t the isomorphism is 
given by the correspondeuce 

This mapping defines a. chart c.p:, c.p:: (7r;)- 1(U) -+ rr•-q X Rq·s(r) a.nd the col­
lection of all such 'P: given by an adapted atlas on M, defines an atlas on the 
spa.ce N•·r(M, F). To see that one has only to notice that if c.p;, 'P.i are two 
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adaptecl charts the composition 'Pi o 'Pj1 : Rn-q X Rq -+ Rn-q X Rq is of the form 
(f¡(:r,,y),h(y)) and theu 'Pis o ('Pj.t 1: Rn-q X Rq·s(r)-+ Rn-q X Rq·s(r) is equal to 

(!1 , 7';(!2 )) where T;(f2 ) is the mapping of T;(Rq) ~ Rq·.•(r) incluced by 12, cf. 
[MM]. Thus {'PiJ forman aclapted atlas of a foliation of codimension q · s(r). 
Moreovcr, equivalcnt atlases give the same foliation. 

Summing up, we have proved that Ns,r(M, F) is a locally trivial fibre bundle 
whose total spa.ce admits a codimension q·s(r) foliation F; projecting by 1r; onto 
the initial foliation F. Leaves ofF; are covering spaces of leaves ofF. For s = 1 
the bundle N 1·r(M, F) ís denotecl by Nr(M,F) and is called the normal bundle 
of ordcr r of the foliation F. If s = q and we take only mappings transverse to 
thc foliatíon thc above construction gives a bundle L"( M, F) callee! the bundle 
of transverse frames of orcler ¡· of the foliated manifold (M,F). L"(A1,F) is a 
principal fibre bundle with the fibre L:. Sornetirnes this bundle is called the 
bundle of tra.nsverse r~~fra.mes. 

In the sarne way as N''(M,F) we define the spa.ce P(R,.M;F) -- the space 
of transverse r~jets of ma.ppings of R into M. P(R, M; F) is a fibre bundle over 
both R a.nd /11. Its fibre over any point v of R is diffeomorphic to Nr(M,F). On 
thc total spa.ce of P(R, .M; F) there is a foliation Fr which induces on each fibre 
tbe foliation Fr. 

Remarks 1) Similar constntctions can be carried out using a. sub bundle Q 
supplemcntary to F. By Qr we shall denote the subset (subbundle) of Tr(A1), 
the r~ta.ngent bundle of the manifold Af, consisting of r~jets of curves tangent to 
Q. The bundle Qr is isomorphic to Nr(M,F). The bundle F(R,Q) of r~-jets of 
mappings f frorn R ínto M tangent to Q is isomorphic to J"(R, M; F) and thus 
admit a foliat.ion :Fr of the same dímension as F. 

2) A leaf curve a: [0, 1] -+ A1, a(O) = :r, a(l) = y, defines a holonomy isomor~ 
phisrn J.'c,: N( M, F),, -+ N(M, F)y of the fibres of the normal bundle as well a.s 
Nr(Tcx):Nr(!lf,:F),-+ Nr(M,F)y- In fact let 7 be a t.ransverse curve at x, and 
Jet a 1 be the curve starting at 7(t), the holonomy lift of a t.o 7(t). Then the curve 
t 1-+ a 1(1) is a curve at y tra.nsverse to F. The equiva.lence class of its tangent 
vector at O in N (M, F)y do es not clepend on the choice of 7 aml therefore defines 
the mapping. 

ln tbe light of our previous considerations these mappings can be iuterpreted 
as follows: 

Let e E Nr(M,:F)x and ñ be the lift of the leaf curve a to the leaf of the 
foliation :Fr passing through e then the vector Nr(Tcx )( 0 E N'( M, F)y is the end 
of the curve a. 

All these bundles are particular examples of the following general notion: a 
foliated natural bundle. 

Let Folq be the category of foliated manifolds with codimension q foliations. 
Global mappings which preserve foliations and which are transverse to them are 
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the morphisms in this ca.t.cgory, í.e . 
.fE Mor((Mll:F1 ),(M2,F2)) iff df(T:F1 ) C TF2 a.nd J*F2 = :F¡. 

Definition 1 A covariant (resp. contravariant) functor F on lhe catcgory Mq 
into the categor·y of locally trivial jib1·e bundles and iheil· fibre mapping8 is called 
a fohated natural b1mdle if the following conditions are satisjied: 

i) for any foliatcd manifold (M, :F), F(l\1, :F) i8 a local! y trivial fi/n·c bundle o ver 
M· 

' 
ii) let fE Mor((M¡,:F¡),(M2,:F2)). Thcn the fibre rnapping F(f) has the fol­

lowing propertics: 

a) covariant case: 

• F(.f) cover·s j, i.e. the following diagmrn is cornmutative: 

• for any point x of M 1 , the mapping 
F(.f)x: F(M¡, Fl)x ---t F(M2, :F2)J(x) is a diffeornorphisrn; 

b) contravariant case: 

• for any point x of 1111 , the rnapping 
F'(f)x: F(M2, :F2) !("') _ _, F( 1\[1 , :F1 ).-e is a dijJcomm7Jhism, 

• the following d1:agrarn is cornrnutative: 

] "( '1 :F) _L j*F'( '1 '1-) F( f) · F'( '1t, r.t) · H 2, 2 . J> 2, .r2 1l .r 

id 

iii) the functor F is regv}ar·. 
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Remarks 1) In [W07] we have called such functors transverse natural bun­
dles. 

2) If a foliated natural bundle is a principal fibre bundle as well, then any asso­
ciated fibre bundle to this foliated natural bundle is also a foliated natural bundle, 
cf. Example I.6. Therefore the tensor bundles ®~ N(M, :F) are foliated natural 
bundles, as they are associated fibre bundles of the bundle L(M, :F) of transverse 
frames. The same is also true for the exterior product bundles 1\k N(M,:F)*. In 
this way these bundles can be considered as covariant foliated natural bundles. 

The use of the adjective 'foliated' is best explained by the following. Let F 
be any covariant foliated natural bundle functor. If the foliation :F is defined by 
a cocycle U then {F(U;,:F),F(f;),F(9ij)}r is a cocycle defining a foliation :FF 
on the total space of the bundle F(M, :F). The leaves of the foliation :FF are 
covering spaces of lea ves of :F. In the contravariant case we define this cocycle as 
follows: 

We start with the commutative diagram: 

h F(h) 
F( N;) ---'--- ft F( N;) _ _.:..;._;__- F(U;,:F) 

N; U; id U;. 

Then take F(f;): F(U;, :F) --t F(N;) equal to ];F(f;)-1 and g;j = F(gj¡). Indeed, 
{F(U;,:F),F(h),g;j}I is a cocycle defining a foliation :FF on the total space of 
the bundle F(M, :F) whose lea ves are covering spaces of leaves of :F. It is not 
difficult to verify that to equivalent cocycles defining the foliation :F correspond 
equivalent cocycles on the total space of F(M, :F). Therefore the foliation :FF 
does not depend on the choice of a cocycle defining :F. 

The following lemma explains the action of morphisms on fibres of foliated 
natural bundles. Let J, g be two morphisms of ( M 0 , :Fa) into ( M17 :F1) su eh that 
f(x 0 ) = g(x0 ), dimM0 = n, dimM1 = m. Let (U,(¡?) and (V, 1/!) be adapted 
charts at x0 and f(x 0 ), respectively. Since f and g preserve the foliations, the 
mappings ] = 1/J o f o(¡?-\ g = 1/! o g o (¡?-1: Rn-q X Rq -t Rm-q X Rq are of the form 
](x,y) = (f¡(x,y),J2(Y)), g(x,y) = (g¡(x,y),g2(Y)) where f1> g¡:Rn -t Rm-q, 
and !2, 92 : Rn -t Rq. 

Lemma 1 Jf the 9erms of the mappin9s h and 92 at (¡?-1(xo) are equal, then the 
mappíngs F(f) and F(9) define the same mappin9 on the fibre F(Mo,:F)xo· 

ProofWe can take U, V so small that hi(¡?(U) = g2 I(¡?(U) and (¡?(U)= nn-qx 
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Dº, 1p(V) = vm-q X Dº where Dk denotes the k-disc. Assume that cp(m) = o 
and .P(f(m.)) =O. Then the following diagra.m is commutative. 

u __ _..f~IU::..o,_.,_g"'-"IU_____ V 

p 

where i 0: Dq ~ Dn-q X ])Q is given by i 0 (y) = (0, y) and p: Dm-q X Dº ~ Dº by 
p(x, y)= y. 

Since F is a functor it is sufficient to show that the mappings .f and g induce 
the same mapping in the fibre over O. As p.fio = f 2 and pgi0 = g 2 , F'(f2 ) = 
F'(p) o F(f) o F(í0 ) = F(g2 ) = F(p) o F'(g) o F(i0 ). But F(p) and F'(io) induce 
isomorphisms on the fibre, hence the mappings F(J) and F(g) are equal on the 
fibrc over O, which ends the proof.D 

Definition 2 A foliated natural bundle F i.s of finite order r 1:¡ for any lwo rnor­
phisrn.s J, g: (l\10 , .1'0 ) --+ (M~, .1'1 ) the integer r í.s the smalle.st one for which the 
following implication is true: 

for any point y o.f the jibr·e F(M0 , .Fo)x· 

Having this dcfinition we can formulate the following theorem. 

Theorem 1 Le!. F be a JoUated covariant natuml bundle. Thcn thcre exists 
an integer r and an L~ -space W such that F is isomorphic to the jibre bundle 
associated with the tmnsverse r-jmmc bundle with standard fibre vV. Thc smallest 
su eh 1:ntcger· r is the oTder of the foliated natur·al bundle F'. 

The proof of the theorem is easy but technica.l. All details can be found in 
[W07]. In fact one can easily verify that a.ny folia.ted natural bundle is detcrmincd 
by its values on q-ma.nifolds. In fact, the bundle .Fu = U f¡*F(N;)/ "' wherc 
(x,i,v)"' (x',j,v') iff :r = .T' a.nd v' = F(gj;)(v) (resp. v = F(g,i;)(v') in thc con­
tra.varia.nt case), is a well-clefined loca.lly trivial fibre bundle over M. Two equiva­
lent cocycles define isomorphic bundles. Morcover this isomorphism preserves the 
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natural foliations which, locally, are defined by projections ftF(N;) ~ F(N;)). 
The bundle F(M, :F) is isomorphic to Fu and this isomorphism is foliation pre­
serving. Therefore any natural functor can be uniquely extended to a foliated 
natural one. 

We ha ve noticed that any foliated natural bundle F(M, :F) admits a foliation 
:FF of the same dimensionas :F. Therefore we can talk about foliated subbundles 
of F(M, :F), i.e. those whose total space is saturated for :FF, cf. (KTl,MOl,Mll). 
This leads us to the following definition of a foliated geometric structure. 

Definition 3 A foliated subbundle E of a foliated natural bundle F(M, :F) is 
called a folíated geometríc structure. 

Now we proceed to give sorne examples of these structures. First of all we 
notice that a foliated section of a foliated natural bundle is a foliated geometric 
structure, i.e. a section which as a mapping of foliated manifolds is foliation 
preserving. This gives us a whole family of vary interesting structures. 

A foliated section of the normal bundle is called a foliated vector field. It is a 
section of the bundle TM /T:F, which is a local adapted chart r.p = (x1, ... xp, y1, ... yq) 
can be represented as L., a;(y )8 / 8y; sin ce the equivalen ce classes of vector fields 
8f8y; span TM/T:F and the foliation :FN is given by 

where v1 , .. Vq are the coordinates of a vector with respect to the transverse basis 
8/ 8yt, ... 8 / 8yq. Therefore a foliated vector field can be considered as an equiva­
len ce class of infinitesimal automorphisms of the foliation :F relative to the vector 
fields tangent to leaves. In other words two infinitesimal automophisms X 1 and 
x2 define the same foliated vector field iff their difference xl - x2 is tangent to 
the leaves, or iff they have the same transverse part, i.e. if, locally, in an adapted 
chart r.p X, = L,b~(x,y)8/8x01 + L.,aHy)8/8y;, f = 1,2, then they define the 
same foliated vector field iff a~ = ar for i = 1' ... q. 

A foliated section a of the bundle /\k N*(M,:F) is called a k-base-like form. 
It can be characterized as a k-form a such that ixa = ixda = O for any vector 
X tangent to :F. Locally in an adapted chart such a form can be written as 
L, a¡1 , ••• ik (y )dy¡1 1\ ... dy;k. A base-like 0-form is a function constant along the 
leaves. It is called a foliated or base-lil'e function. Base-like forms constitute a 
complex denoted by (A*(M,:F),d). The cohomology ofthis complex, H*(M/:F), 
is called the base-like cohomology of the foliated manifold (M, :F). 

A G-reduction B(M, G; :F) of the bundle of transverse frames L(M; :F) is 
called a foliated G-structure if B(M, G; :F) is a foliated subbundle of L(M; :F). 

A foliated section of the tensor product bundle®: N(M, :F) is called a foliated 
tensor field of type (r, s ). La ter we shall demons"trate a relation between foliated 
tensor fields and foliated G-structures which is well-known for the non-foliated 
case. 
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As a foliated section of the associated fibre bundle to B(M, G; F) with the 
standard fibre g = Lie(G) we get transversely projectable connections, i.e. a 
cormection in B(M, G; F) whose connection form is a base-like form. We shall 
discuss connections in foliated e-structures in Chapter IV. 

It is wcll-known that many properties of a foliation can be rcad from the 
properties of its holonomy pscuclogroup. Therefore it is of irnportance to know 
whether sorne representative of the holonorny pseuclogroup is a pseudogroup of 
local autornorphisms of a geometric structure. \Vith this in rnind we introduce 
the following definition. 

Definition 4 Let N be a transverse manifold of the foliation F and 1i a rep­
resentative of the holonorny pseudogroup on N. An 1{ -invariant subbundle E 
of a natural fibre bundle F(N) is called a transverse geometric structure of the 
foliation F. 

It is not clifficult to see that thc definition cloes not clepend on the choice of 
a cocycle U clefining the folia.tion, i.e. on the choice of a tra.nsverse manifold and 
holonomy pseuclogroup. Let (1i', N') be a. pseudogroup equivalent to (H, N) and 
let <P = ( rfto:) be the equivalence. Then the sub bundle 

E11> = {v'EF(N'):v' = F'(rfta)(v), vE E} 

(resp. E<J> = {v'EF'(N'):F(rftcx)(v')EE} for a contra.va.riant functor) is an 1{'-­

inva.ria.nt subbunclle of F(N') which is locally isomorphic to the subbundle E. 
Therefore, we can talk about holonomy invariant subbundles on the transverse 
manifold. Moreover, when solving a. particular problem, we can choose a cocycle 
making our foliation a A>foliation for a suitable pseudogroup K. 

Example 2 l. Let L be the functor associating to a rna.nifold its bundle of linear 
frames. Then any H-invariant C-recluction of L(N) is a transverse geornclric 
structure. Su eh a foliation is called a C-foliation, cf. [KT2,M01 ,DU ,RM]. 

2. Any 1-i-invariant section of a fibre bundle F(N) is a transverse geometric 
structure. Thus, if we ta.ke the functor of the ta.ngent bundle we get holonomy 
invaria.nt vector fields on the transverse manifold. For the contravaria.nt functor of 
the cotangent bundle we get 1{-invaria.nt 1-forms and as 1-i-invariant sections of 
the tensor products of these bunclles (functors) we get H-invaria.nt tensor fields. 

U sing a suitable associated fibre bundle to the bundle of linear frames ( such 
functors are natural fibre bundles), we obtain that any 1-i-invaria.nt linear con­
nection in an 1-i-inva.riant G-structure is a transverse geometric structure. Such 
foliations we ha.ve ca.lled \7 - C-foliations, cf. [W03]. Riemannian and trans­
versely affine folia.tions belong to this dass. 

We obtain holonorny invariant connections of highcr order or Car·tan connec­
tions a.s holonomy inva.riant sections of associated fibre bundles to the bundle 
of frames of higher orcler. Such connections exist for tra.nsversely conforma! or 
transversely projective foliations, cf. [BL6]. 
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Many geometric constructions provide useful wa.ys of constructing new trans­
verse geometric structures. In fact, the holonomy pseudogroup is a pseudogroup 
of local automorphisrns of a given transverse geometric structure. Any geomet­
ric object relat.ed to this structure and invariant under the action of the pseu­
clogroup of local autornorphisms of the initial structure is itself a transverse geo­
met.ric structure. For example, take a holonomy invariant G-struct.ure B(N, G). 
Then its prolongations ancl their structure tensors are also holonomy invariant, cf. 
[K02,SB]. lf \7 is a holonorpy invariant connection in B(N, G), then its torsion 
ancl curvature tensor fielcls T and R, respectively, are holonorny invariant as well 
as \7kT and \7kR. 

Let us look closer at the relation between foliated and transverse structures. 
Let U = {U;, J;, 9ij} be a cocycle defining :F and N and 1i the transverse 
manifold and the holonomy pseudogroup representative a.ssociated to U, respec­
ti vely. Let B be the total space of a foliated structure B( M, :F) which is a 
foliated sub bundle of a foliated natural fibre bundle F(M, :F). Then the im­
age F(J;)(B) is a submanifolcl B; of F(N;) C F(N). Moreover as Ji = 9idi 
over U¡ n Ui F(fi)(B) = Bi = F'(gi¡f;)(B) = F(gi;) o F'(J;)(B) = F(gi;)(B;). 
Therefore BN =U B; form a.n H-inva.ria.nt sub bundle of F'(N), thus a. tra.nsverse 
geontetric structure of :F. Vice versa, to any 1{-invariant. subbundle of F(N) cor­
responcls a foliated subbunclle of (1\J, F). Therefore foliated geometric structures 
are in one-to-one correspondence with transverse ones. This correspondence can 
be presen ted in the following dictiona.ry: 

Dictionary 

foliated 
normaJ bundle of order r 
bundle of transverse (s, ¡-)--velocities 
bundle of transverse k-points 
foliated natural bundle 
foliated vector ficld 
base-like 1·-forn1 ( on the normal bundle) 
foliatecl tensor fiel el of type ( s, 1') 
foliated e--structure 
fundamental forrn of " '' 
struct u re tensor of " " 
ktb prolongation of " " 
transvcrsely projectable G-connection 
torsion tensor of " " 
curvature tensor of " " 
bundle-like rnetric ( on the normal bundle) 
transverse scctiona.l curva. t. ure 
foliated Cartan connection 
curva.ture of" " " 

holonomy invariant 
tangent bundle of orcler r 

bundle of ( s, 1-}-velocities 
bundle of A-points 
natural bundle 
vector field 
r-form 
tensor fiel el of type ( s, 1') 
e-structure 
fundamental form of" 
structure tensor of" 
kth prolongation of " 
G --connect ion 
torsion tensor of " 
curvature tensor of" 
Riema.nniau metric 
sectional curva.ture 
Carta.n connection 
curvature of " " 
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In [M02] P.Molino considers folia.tions a.dmit,ting transversely projectable con­
nections. The correspondence between structure tensors and prolongations have 
been proved in [.M0l,W04]. Foliated Ca.rta.n connections were introduced by 
M.Takeuchi in (TA] and R.A.Blumenthal in (BL6] and transverse sectional cur­
va.ture in [BL5]. 

Having established the correspondence bctween folia.ted and transverse struc­
tures we return to foliated tensor fields. We are going to prove the proposition 
rnentioned earlier. 

The vector bundle 0: N(M, :F) is the fibre bundle associated to the bundle 
L(M, :F) of transverse frames with the standard fibre ®~R9 • Therefore to any 
section t of 0; N(M, :F) corresponds a mapping l: L(M, :F) --¡. ®:Rq such that 
lo R9 = h(g- 1 )l and h is the natural representation of the group G L( q) on the 
vector space ®:,Rq. 

A transverse frame v ata point x, considered asan linear isomorphism v: Rq __, 
N(M, R)x, defines an isomorphism v- 1 : 0~ N(M, :F)x ---> ®;R 9. For any vector 
w E 0;N(M,:F)x the vector v- 1(w) is called the representatíon of w in tite 
transverse frame v. A foliated tensor field t of type ( s, r) is said to be O-deformable 
if there exists an element u of ®:R 9 such that for any point x of the manifold M 
there exists a transverse frame v at this point in which the representation of t is 
equal to u. 

Proposition 1 Let t be a foliated O--deformable tensor field of type (s, 1) on a 
foliated manifold (M, :F). T'he subspace 

B(t) ={vE L(M,:F):v-1 (t) =u} 

is a foliatcd subbundle of L( M, F) and a ¡n·incipal fibTe bundle with the stntcture 
gmup GL(u) = {g E GL(q): h(g)u =u}. 

Proof A foliated O--deformable tensor field t defines a. O-deformable tensor fiel el 
t N on the transverse manifold N. The tensor fíeld t N is H--invariant. The space 
B(tN) =={vE L(lV):v- 1(tN) =u} is a subbnudle of L(N) with t.he structure 
group G L( u). This sub bundle is preserved by H. The corresponding folia.ted 
subbundle of L(M,F) is precisely B(t).D 

The dictionary reduces the study of "foliated" problems to holonomy invariant 
ones a.nd sornetimes to the rigbt choice of a cocycle defining the foliation. This, 
owing to Lemma. I.2, is equiva.lent to a. good choice of a. representa.tive of the 
holonomy pseudogroup. It is a very powerful tool. vVe shall sbow its strength by 
analyzing the results of R. A. Blumenthal presented in [BLl ,BL2,BL:J,BL1,BLG], 
cf. Chapter IV. 
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II.2 Associated structures 

On a foliated manifold there are other structures than foliated ones. Let us 
consider the following two examples. 

Example 3 A foliated vector field, which is a foliated section of the normal 
bundle, is a foliatecl structure. On the other hancl it is an equivalence class of 
global infitesimal automorphisrns of the foliation F. Such a global infinitesimal 
automorphism is a foliated section of the tangent bundle T lvf with the foliation 
Fn.I defined by the atlas of T M associated to the adapted atlas of (M, F). The 
foliation FTM has codimension 2q. Its leaves project onto the leaves ofF and the 
natural projection PN: T1\J --7 N(M; F) is a morphism in F'ol2q. 

Exarnple 4 Let L:;:( M) be the bundle of linear frames adapted to F, i.e. ( v;)í' E 
L:;:(.Ai)x iff v1 , ••• vn-q span the subspace tangent to F at the point x. There is a 
natural mapping PL from this bundle into the bundle of transverse linear frames 
L( M; F) assigning to any frame ( v1 , •.• vn) the frame ( v1 , ... vq) corresponding to 
the vectors Vn-q+b ... Vn. As in the previous example the adapted atlas of F 
defines a foliation FL o[ codimension q + q2 on the total space of L:;:(M). 'I'he 
leaves of FL project onto the leaves ofF. The mapping J1L is a rnorphism in the 
ca.tegory Eolq2+q· 

In the above examples we have presented two structures which are not foliated 
in our tlensc, but which are closely related to the structure of a folíated manifold. 
These two structure are, what we cal!, associated geornetric structures. Now we 
are going to present a formal definition. 

Lct Fot; be a category of foliated manifolds with foliations of codimension q. 
'rhe morphisms in this category are the following: 

fE Mm·((M1,F1),(.i112,F2)) iff 

l. dimM1 = climM2 , then f: .i\11 --7 M 2 is an embeclding and f* F 2 = F 1 ; 

2. dimJ\11 > clirnM2 , then dirn.i\12 = q, F 2 is the foliation by points ancl 
f: M 1 --7 M 2 is a subn1ersion clefining F 1. 

Definition 5 An associated natural bundle is a functor defined on Foz; with 
values in tbe category of loca1ly trivial fibre bundles such that: 

i) the bundle F(M, F) is a locally trivial bundle over M; 

ii) for any morphism fE Mor((M1,F1 ),(M2,F2 )), F(f) is a bundle mapping 
sud1 that: 
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a) covariant case: the dia.gra.m 

is commuta.tive. Moreover, for any x E !111 , if dimll11 = dimll12 the 
ma.pping F'(J)x: P(M¡, Ft)x-+ P(M2, F2)J(x) is a diffeomorphism, and 
if dirnM1 > diml\12 = q then this mapping is a surjectíve submersion; 

b) contra.varia.nt case: the diagram 

F'(f) • F'(M F) 1> 1 

id 

is commutative, where j is the natural projection induced by f. l\1ore­
over, for any points y E Af2 , x E .r-· 1(y), if dirnM1 = dimM2 the 
mapping F(f)y: F(Mz, F2)y -+ F'(M1, F1)x is a diffeomorphism, ami if 
dirnJ111 > climAf2 = q then this mapping is an embeclcling; 

iii) the functor F is regular. 

H..emarks 1) lf we consicler the category Manq as a subcategory of Fot;, 
the restriction of a.ny associated natural bundle functor to this subcategory is a 
natural bundle functor. In genera.!, it does not seem to be possible to reconstruct 
an associatecl natural bundle functor frorn its values on !vfanq. But owing to 
the consiclerations of the previous section, any associated natural bundle defines 
a foliated natural bundle, e.g. the passage from the bundle of linear frames 
adapted to the foliation to the bundle of tra.nsverse linear frames. Moreover, a.ny 
foliatecl natural bundle functor is a.n associated one. 

2) Assume that an associa.tecl natural bundle F is a principal fibrc bundle as 
well. lt means that if fE Mor((M1 ,F1 ),(M2,F2 )) then F(f) is a.ma.ppingin the 
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category of principal flbre bundles: Jet F(M1 , :F1 ) be a G(M¡, :FI) principal flbre 
bundle and F(M2 , :F2 ) be a G(M2 , :F2 ) principal fibre bundle, then there exists a 
morphism h¡ o[ Lie groups G(M1 ,:F¡) and G'(M2 ,:F2 ) such that 

F(f)(p · g) = F(f)(p) · h¡(g) 

Assume that we have a corresponding systern T of G'-spaces 1.e. T(J1.11 , :F1 ) 

is a G(M1 ,:F¡)-space and for any .fE Mm·((M¡,:Ft),(M2 ,:F2 )) T(f)(t · g) = 
T(.f)(t) · h¡(g). Then the functor :Fr: 

the associatecl fibre bundle to F(M1 ,:F1 ) with the standard fibre T(M¡,:Ft), is an 
associated natuntl bundle. Therefore, if we choose a supplementary sub bundle to 
T:F, the bundles 0: TM* and (\k TM* can be considered as associated bundles 
in the above sense and thercfore they are covariant associated natural bundles. 

Definition 6 Lct .f be a nwTphism in Foz;, .fE Mor·((M¡,:F1),(M2,:F2)). Two 
svbbundles 131 of F(M1 , :F1 ) and 132 o.f F(M2 , :F2 ) aTe said lo be .f -Telated i.f the 
fi/n·e mappú1.g F(.f) rTstricted to 131 is a surjective submasion onto 132 (resp. it 
r:s a diffcomor·phism of .f* B2 onto 131 in the contravariant case). 

Let U be a cocycle defining the foliation F modelled on N. In the covariant 
case this cocycle defines a cocycle UF on the total space of the bundle F(M, :F), 
namely: {11¡, j;,.i'Íij} 1 where F(M, :F)!U; = V;, J¡ = F(.f;), g¡j = F(g;j)· The 
foliation :Fp defined by this cocycle ( equivalent cocycles of :F give equivalent 
ones) is not of the same dimcnsion as :F but it projects onto :F. The codimension 
of :Fp is equal to dimF(N). In the contravariant case, we obtain a subbundle 
fi'(M,:F) ofthe fibre bundle F(J1.1,.'F). Over U;, it is isomorphic to ftF(N) and 
therefore it is naturally foliated. This subbundle and its foliation :Fp does not 
depend on the choice of the cocycle U. The foliation has coclimension equa.! to 
dimF(N) and is of the same dimensionas :F. 

Definition 7 A foliatc.d sub-bundle E of F(M,:F) (Te.sp. of fi'(M,:F) in the con­
lnwariant case) is called an associated geometr·ic stntctur·e on the foliated mani­
fold (M,.F). 

It is not diffi.cult to see that for a given associated natural bundle F(M, :F), as­
socíated geometric structures on (M, :F) which are foliated subbundles of F(M, :F) 
define holonomy invariant subbundles of F(N) to which they are U-related, i.e. 
J;-related for any i E f. 

Example 5 l. A global infinitesimal automorphism of tbe foliation :F is an 
associatcd geornetric structure; a base-.like form is such a structure as well. 
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2. Lel us consider the bundle L:r(M) of adapted linear frames to the foliation 
F. It is a reduction of the linear frame bundle L(M) to thc structure group 
GL(n, n - q). The foliation FL of L:r(M), locally, is given by tbc following 
submersion: let (U,</;), rP = (rP¡, r/l 2 ): U--+ Rn-q X Rq be an adaptcd cbarL, thcn 
the mapping ~: L:r(M)IU--+ L(Rq), 

is a submersion defining FL over U. 
Associated G-structures are foliated reductions of L:r( lvf) to groups consisting 

of matrices of the form ( * ~ ) where A is a matrix of a given Lie subgroup 

G0 of GL(q). 
3. A linear connection w in the bundle L:r(M) is given by a G-invariant 

section S'w of the sheaf A 1(L:r(Nf), E( L:r( M), gl(n, n- q))) of 1-forms on L:r(M) 
with values in the associated fibre bundle E(L:r(M),[!}_(n, n-q)) (to be precise we 
take the pull-back of tbis bundle to the total space of L:r(l\1) ). Su eh a connection 
is an associated geometric structure (oran associated connection) if in the bundle 
L(N) there exists a connection WN given by a section SN which is U-relatccl to the 
gl(q)-component of S'w. Locally, it means that for any subrnersion f: U --+ N 
defming the foliation F the following diagram is conuTiutative: 

A 1(U, E(L:r(M),gl(r¡))) __ _.._ _ _,.. A 1(U, J* E(L(N), gl(q))) 

p* 

A 1(U, E(L:r(M),gl(n, n- r¡))) A 1(L(N), E( L( N), gl( q))) 

[¡ ----"------ L(N) 

where [! = L:r(M)IU, j ís the rnapping of frame bnnJles induced by .f, ]. 
ancl J the corresponcling mappings of the shcaves ancl associated fibre bundles, 
respectively, and p* the mapping induced by the homomorphisrn p: jJ_l(n, n-q) --+ 
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gl(q) defined by the correspondence 

gJ_(n, n- q) 3 ( * ~) ,____,A E gJ_(q). 

Thus 

and therefore 

To be absolutely precise, such a connection itself is not an associated structure, 
but rather a class of connections in LF(M) having the same gJ_(q)--component. 

In terms of geometric properties it means that the para.llel transport on M 
defined by the connection w projects onto the parallel transport on the transverse 
manifold N dcfined by the connection WJV. Such pairs of connections were studied 
by R. A. Blumenthal in [BL 7,BL8]. 

4. Let us consider associated {e }-structures. An associatecl {e }-structure 
is a folíated section of the bundle L:F(M); thus at each point x we ha.ve a 
linear frame (v 1 , .•• vn) of L:F(A1). Moreover, at any two points x 1 and x 2 of 
U; such tha.t J;(x 1 ) = J;(x 2 ), the value of the rnapping j; on these frames is 
the sarne, i.e. df;(vj(x 1 )) = df¡(vj(x 2 )). Therefore, the global vector fielcls 
Xj,Xj(x) = Vj+n-q(x), j = 1, ... q, are infinitesimal automorphisrns clefining a 
transverse parallelism ofF. 

It is easy to verify that on the total space of L:F(M) an associated connection 
defines an a.ssociated {e }-structure for the foliation FL. 

5. Prolongations of associated G-structures provide other examples of asso­
ciated gemnetric structures. Let us consider the vector space An as the product 
AP X Aq, p = n - q, the natural projection p0 : An -+ Aq and the natural inclu­
sion s 0 : Aq --+ An. Then Jet us take the Lie subgroup G of G L( n, p) consisting 

of matrices of the form ( * ~ ) with A from a Lie subgroup G' of GL(q). 

The correspondence p: ( * ~ ) f----7 A defines a. hornomorphism of Lie groups 

p: G ---+ G' and of Líe algebras p: [!_ ---+ !J..'. The mapping s: [!_' ---+ f!.. clefined as 

s(B) = ( O O ) is a section of p. 
O B 

It is straight-forward to verify that the mapping p induces surjective homo­
morphisms Pk of the subsequent prolonga.tions of the Líe algebras of g and g'; 
(Jk: [j_(k) ---+ !l..'( k). - -

As t.he result of tbese considerations we obtain the following lemma. 

Lemma 2 Jf lhe Lie algebra [!_ is oftype k, the Lic algebm [!_' is oftype k', k' :S: k. 
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Let J: ¡\1 ---t N be a surjective submersion. Let B( M, G, 1r) be a G--structure 
on the n-manifold M and B'(N, G', 1r') a G'-structure on the q-manifold N 
which are J-related. Then for the fundamental forms ()andO' of B(M,G,1r) 
and B'(N, G', 1r'), respectively, we have the following: 

(II.l) O' o d} =Po o O 

Let X E TpB, then O'(d/(X)) = }(p)- 1d7r'(d}(X)) = }(p)-1 o df o d7r(X). As 
}(p)-1 o daJ = PoP- 1 where 7r(p) = x, we have 

O'(d/(X)) = pop-1d7r(X) = PoO(X). 

'vVe would like to show that the consecutive prolongations of the .f--related 
structures B(M,G,7r) and B'(N,G',1r') are .f-related. First of all, we shall 
demonstrate that their structure tensors are }-related. 

The structure tensor e of B(.l\1!, G, 1r) takes values in 

Hom(R" 1\ Rn,Rn)/8Hom(W,g) = H 0 •2 (g). - -
The mappings p and p0 induce the mappings 

aml 
p: Ho,2(fJJ ---t Jfo,2(JL'), 

the second one being the quotient of the first. The ma.ppings s and s 0 define the 
corresponding sections of p and p, respectively, i.e. 

The equality (1) ensures that 

(II.2) e' o j == p o c. 

Take a subspace S of Ji om(Rn 1\ Rn, Rn) supplementary to 8Hom(Rn, g) such 
that the space S n .5(Jf om(Rq 1\ R", Rq)) is supplementary to s( oH orn(Rq, fl.')) 
in .§(Horn(Rq 1\ Rq,Rq)). Then p(S) =S' is supplementary to 8Jlom(Rq,fl._') in 
Hom(Rq 1\ Rq,Rq). 

Let V be a horizontal subspace of T~B such that Cv E S. The equality (1) 
ensures tha.t for the horizontal subspacc V' = d/(V), Cv' E S', as pCv = Cv'· 
This implies that the correspondence V r--+ di( V)= V' defines a transformation 
f 1 of the first prolongation B(ll(M, G, rr) of the G-structnre B(M, G, 1r) onto the 
first prolongatíon B'(1l (N, G', 1r') of the G'-structure B'( N, G', 1r'). ]1 covers / 
and makes these two structures /-related, and thus tbe bundles IJ(l) ---+ .M 
and B'(l) --+ N .f-relatecl. Repeating the construction we obtain mappings 
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fk: fl(k)(f.1, G, 1r) ---r B'(k)(N, G', 1r 1) covering the mappings fk-l and f, and 
making these structures f-related. If the group G is of type k + 1, the total 
spaces of the bundles fl(k)(M, G, 1r) and B'(k)(N, G', 1r1) are parallelisable and 
these parallelisms are r-rela.ted. 

In t. he case of a foliation :F defined by a cocycle U, the above construction 
yields structures B(k)(J\1, G', rr) and B'(k)(N, G', rr') wbich are U-related. For a 
group G of type k + 1, the foliation :Fk+l of the total space Bk of the bundle 
fl(k)(J\1, G, 71") is transversely parallelisable. The parallelisms of the manifolcls Bk 

ancl JJ'k are uk+r-related where uk+l is the cocycle defining :Fk+l derived from 
the cocycle U. 

Before we can formulate our rnain theorem on associa.ted geometric structures 
we need the following definitions. 

Definition 8 A G'-structure B(M, G, 1r) of type k+ 1 is complete íf the paral­
lclism of ihe total spacc Bk of the kth-prolongation B(k)(M, G, 71") is complete. ,. 

Definition 9 1. A n associated geomet.ric structure E(M, :F) is of finite type if 
ihe total space E of this bundle is parallelisable and this parallelism is UE-related 
to a pamllelisrn of the total space of the co11esponding bundle on the transverse 
manifold. 

2. An associated geometric structure E( M, :F) of finite type is complete if 
the vector space spanned by the vector fields of the parallelism of E consists of 
complde vcclo1· fields. 

8. A n associated ge01netric st1·ucture E(A1, :F) is a Sen·e slructure if the 
projection in the bundle E(N) is a Se1·re fibration. 

Example 6 Associated G-structures of finit.e type a.nd G-structures of higher 
order, cf. [OC,BL9], are Serre associated geometric structures of finite type. 

Theorem 2 Lct the foliation :F be an (N, K)-structure on a manifold M. If 
( !11, :F) admits a complel.e Se1Te associated geometric slructure E(M, :F) of jinite 
lype, then the natural projcction p: S,¡ ---r i1 1 J: of the universal covering space 
i!f of l'vi onto the space of leave.sl\1 1 J: of the lifted foliation :f is a S erre fibmtion 
and the space 1\f 1 :f is a Hausd01j] manifold. 

Proof Frorn the very beginning we can assume that the manifold N is simply 
connected. '0/e can alwa.ys ta.ke its universal covering a.nd the group genera.ted by 
the action of ]( on it. Since elements of J( lift to diffeomorphisms preserving the 
parallclism of the total space of E( N), J( acts qua.si-analytically on N. Therefore 
:F is devclopa.ble. Let h: i1 _ ......... N be the developing mapping. Thcn we have 
thc following cornmuta.tive dia.gram: 
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É ___ .....;E=->..:..(h'-'-) __ _ 

M---~h'----- N 

where É(M,F) is the lift of the bundle E(M,:F) to M. The parallelisms of the 
total spaces É andEN of the bundles É(M,F) and E(M,:F), respectively, are 
E{h)-related. Therefore, the lifted foliation j:E of É which is defined by the 
global submersion E(h) is a complete transversely parallelisable foliation. Thus 
the submersion E( h) is a local! y trivial fibre bundle, and the developing mapping 
is surjective. The fact that the projection EN~ N is a Serre fibration ensures 
that the developing mapping itself is a Serre fibration. Since .the manifold N 
is simply connected, its fibres must be connected and the space of leaves of the 
foliation j: is just the manifold N.O 

Remarks This theorem generalizes results of R. A. Blumenthal contained in 
[BL 7 ,BLS,BL9]. In its main outline the proof is the same as the one presented 
by him and can be considered as a kind of 'proof scheme'. By adopting various 
assumptions on geometric structures and imposing the completeness conditions 
we can prove a series of results on associated geometric structures. It is worth 
stressing that the completeness of an associated structure does not imply the 
completeness of the corresponding foliated structure. 

This kind of theorems is quite useful in the study of homotopy and homology 
groups of leaves and their rela.tions with the corresponding groups of the arnbient 
manifold, cf. [BL 7,BL8,BL9]. As an example we can give the following corollary. 

Corollary 1 Let the model space N be contmctible and the holonomy pseu­
dogroup equivalent to the one generated by a group J(. Then for any leaf .L of 
the foliation :F the homotopy groups 7r;(L) in}ect into the corresponding homotopy 
groups of the ambient manifold M. 

N o tes Most of the results of this chapter ha. ve been published in [W07] and 
[W013]. 

For another approach to the transverse structures of foliations see [M03] and 
[MOS]. There are very few papers concerned with general theory of geornetric 
structures of foliations. In addition to the ones mentioned earlier we should add a 
very interesting paper by P. Libermann, cf. [LIB], and the book of P. Molino, cf. 
[MOll]. One should also mention a thesis by A. Mba written under supervision 
of Woufo Kamga. 



Chapter III 

Foliations admitting transverse 
systems of differential equations 

Iliemannian foliations have been for a long time the subject of particular a.ttention 
and a.t present we know a. lot a.bout their properties. It turns out that ma.ny of 
these properties are the consequence of two facts. First, that the geodesics are 
global on compact manifolds, a.nd secondly tha.t if a. geodesic is orthogona.l to 
the foliation at one point then it is orthogonal to the folia.tion a.t any point of 
its doma.in. A quick look at the equation of the geodesic of the Levi-Civita. 
conncction of a bundle-lil<e metric revea.ls tha.t this equation is of a specia.l form 
w hich we shall call a. foliated system of differential equations. 

Foliations a.dmitting 'foliated' differential equations ha ve ma.ny properties of 
Riemannian foliations. Unfortuna.tely we have to a.ssume some additional prop­
m·ties like completeness of the equation a.nd smooth dependence on the initial 
condition. For example, the equation of the geodesic is complete iff the geodesics 
are global It is obvious that on compact H.iemannian manifolds the equation 
of tbe Levi-Civita connection is complete, and it is not coincidental that for 
non-cornpact manifolcls one a.ssumes that the metric is complete. For other con­
nections the completeness of its geodesics must be provee!. Even for the flat 
connection of a compact affine manifold it is a non-trivial ma.tter, cf. [FR2]. 

In addi tion to Riemannian foliations foliated equations admit, among others, 
transversely a.ffine, transversely homogeneous, conforma! and V - G-foliations. 
Until now they have been considered separa.tely. In all these cases we take the 
equation of the geodesic of some connection a.nd the completeness of this equa.tion 
means prccisely tha.t geodesics are global. 

In this cha.pter we are going to study foliations adrnitting such 'foliated' sys­
tems of ordinary differential equa.tions (SODE). We show tbat, in many respects, 
their properties are similar to those of Riemannia.n foliations. In other cha.p­
ters dealing with V - G- a.nd transversely affine folia.tions we sha.ll stress the 
el i ff eren ces. 

29 
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III.l P reliminaries 

At the very beginning we recall sorne definitions concerning systems of ordinary 
differential equa.tions. 

Definition 1 A subbundle E of Jk(R, A1) is callcd a systcm of ordinary dij]ú­
ential equations of orde1· k on the manifold .M. 

A rnapping f: R _, lvf of connected domain is a solutíon of the syslcm E if 
the mapping]: domf 3 t 1--+ H f E Jk(R, M) is a section of E 

Let r be an integer srnaller or equal lo k, O :::; r :::; k. F'or ea eh su eh an r the 
system E defines a subset E~ ofTr(M); 

E~= {j~J o r 1: f is a solution of E at tER} 

where Tt is a translation in R by the vector t. Tite sct E~ is called the set of inítial 
conditions of o·rdn· r of lhe system E. 

A system E is called a USP (Uniquc Solution Pmperty) system if there exists 
O :::; r :::; k such that thc set E~ is a subbundle of Tr(M) and for any pair 
( t, ~) E R x E~ there exists exactly one solution f in a neighbour·hood of t su eh 
that j~f o r1 = ~. A1oreover, we assume thal the solutions depend smoolhly on the 
initial condition. 

Let r be the smallest integer having the above prope1·ty, then the bundle E0 is 
called the bundle of initial conditions of the system E. 

We say that solutions of the system E depends smoothly on the initial condition 
if for any smooth mapping f: W --+ E~, W an open subset of Rm, the mapping 
r.p: W X R --+ M defined as r.p( t, v) = 'Pt( v), 'Pt tite solution with the initial condition 
f(t), is a smooth map¡ring. 

A system E is called transitive if Jor any tangent veclo1· X there e:rísts a 
solution f of the system E such that )( E imd0 f. 

lt is our aim to explain the iniluence of systems of differential equations on 
the structure of foliations. To have any relation bctween properties of tbese two 
objects on the manifold they must be in sorne way compatible, i.e. the system 
should be 'adapted' or 'foliated'. We sha.ll work with the following clefinition of 
a foliated system of differential equations. 

Definition 2 A SODE E is called foliatcd if there exists a subbundle Q supple­
mentary to T:F such that the set Jk(R, Q) n E = EQ is a foliatcd subbundlc of 
Jk(R, Q). . 

The foliated subbundle Eq defines a system EN of ODE on the transvcrse 
manifold N, i.e. EN C Jk(R, N), a.nd Eq is the subbundle of J''(R, q) cor· 
responding to EN. The holonomy pseudogroup 1í is a pscudogroup of local 
autornorphisms of the system EN. 

The following lemma can help to cha.racterize FSODE. 
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Lemma 1 Let (M, :F) be a foliatcd manifold, Q a S1tpplementary subbundle lo 
T:F andE e Jk(R, 111; Q) be SODE. Then the system E is .folialed for :F iff for 
any vector ficld X tangent lo F its flow consists o.f automorphisrns o.f E. 

Proof. The foliation Fk of Jk(R, M; Q) is defined by the lifted action of the 
sheaJ S :F of gerrns of vector fields tangent to F. The condition means precisely 
that the subbundle E is foliated in Jk(R,M; Q). O 

Sin ce we are interested in the transverse structure of the foliation, therefore we 
shall look only at solutions transverse to the foliation. The following definitions 
will be very useful. 

Definition 3 A so/u !;ion .f: R -) M o.f E is said to be tangent to Q if imdtf e Q 
for any t E dom.f. 

Lct the sy.stem EN be USP andE~( N) be its bundle of inüial conditions. The 
corresponding subbundle of Qr we denote by E~( Q) and it is called the b1l7tdle of 
tmns1Jerse initial conditions. A foliated system E i.s called a TUSP (Tmnsverse 
Uníqu.e Solntion Pmpedy) system if solutions with initial conditions from the 
bundle E~( Q) are 1t11.ique and dcpcnd smoothly on the initial condition. 

A solution ís said to be tmnsve1·se if its initial condition belongs to the bnndle 
of tmnsver·se initial conditions. 

A systcm E is (tmnsver·sely) complete if any (tmnsverse) solution can be ex­
tended to a global one. 

A foliated system E is tmnsversely tmnsitive if for any vector X of lhe bundle 
Q ther·c eústs a transverse solution f of the system E such that imf 3 X. 

A cw·ve ¡: (-E, e) --+ A1 is called a solution c·u¡·ve of the sy.stern E if there exist.s 
a solution f of the system E at x = "Y( O) and a curve ;y: (-E, e) --+ R, i(O) = O 
such that "Y = f o ;:;l. 

A curve ¡: [0, 1] --+ M ís callcd a piecewise solution curve o.f ihe system E 
if there e:cists a sequence of nmnbcr·s t 0 < t 1 < ... < tm·H = 1 such that for 
i = O, ... m the cw·vc "Y 1 [ti, ti+l] is a soltdion cm·ve. 

Remark If the system E is tra.nsversely tra.nsiLive then any two lea.ves of the 
connected manifold 111 can be joinecl by a piecewise solution curve. 

T'o complete the introduction we provide a method of producing examples of 
foliations with FSODE. 

Example 1 Let F be a foliation of the manifold B x h N constructed in Exam­
ple 1.2 . If the group imh is a. group of automorphisms of a SODE EN on N then 
the foliatíon :F aclmits an FSODE. 

Example 2 Let N be a tra.nsverse manifold of the folia.tion F and 1i be the 
holonorny pseuclogroup representatíve on N. Let us assume tha.t there exists a 
G-connection on N of which the pseudogroup 1i ís a pseudogroup of local affine 
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transformations. Thus in the induced foliated G-structure there is a transversely 
projectable connection. Let us take a supplementary sub bundle Q. The trans­
versely projectable connection defines a covariant differentiation in Q. We can 
extend this operation to the whole tangent bundle by choosing any covariant dif­
ferentation on T :F. The equation of the geodesic of this connection is a foliatccl 
one. 

This class of foliations also inclucles transversely parallelisable foliations. Let 
us choose a subbundle Q a.s before and vector fielcls X 1 , .. Xq, sections of Q, defin­
ing the transverse parallelism. The connection making the vector fields X; parallel 
is a transversely projectable one and segrnents of the flows of the vector fields 
X¡ are geodesics. The equation of the geodesic of this connection is transversely 
complete iff the vector fields 2:: a;X; are complete. 

We can do the same for connections of bigher order. 

Let us return to our general considerations. 
On any transverse manifold N of (.M, :F) an FSODE E defines a holonon1y 

invariant SODE EN. Vice versa, for any choice of a supplementary subbundle Q, 
a holonorny invariant SODE EN defines a foliated systern EQ. Having chosen two 
supplementary subbundles Q and Q' we get two different FSODE Eq and EQ'· 
They are isomorphic as fibre bundles, but this isomorphism does not need to be 
holonomíc. Therefore these FSODE can have very different properties. There 
is no problem with local existence of solutions. However, tbe global existence 
of solutions ( transverse completeness) of Eq do es not insure that for so me other 
subbundle Q' the system EQ' has the same property as the following example 
shows. 

Example 3 Let us consider the set V = R3 \ {(:r, y, z)!Y == z = O} and the 
projection p1 : V__, R, (x, y, z) H x. The homothety h,,: (x, y, z) H (,\:r, ,\y, Az), 
O < ,\ < 1, preserves V and the foliation of V defined by Pl· The induced 
foliation :F>. of the quoticnt manifold V>. = V/ h>. is transvcrscly affine. The 
transversely projectable flat connection of tbis foliation is tra.nsversely complete 
for the supplementary subbundle Q genera.ted by the vector field éJjax of \1. For 
subbunclles generated by vector fields ofthe form ajéJ,r+aajay+bajDz, o2 +b2 j, 
O, the corresponcling transversely projectable J1at connections are not transversely 
complete. 

The transverse completeness plays a cruci<d role in thc study of folialions 
admittíng FSODE. In Section 5 we a.re going to look into this particula.r qucstion, 
a.ncl, additionally, we give some conditíons on the holonomy pscudogroup and t.he 
transverse system EN which ensure that for a.ny supplementa.ry subbundle Q the 
system EQ is transversely complete, 
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III.2 Basic properties of solutions 

In thís section we cstablish basíc properties of transverse solutions. In particular 
we look into relatíons between transverse solutions of an FSODE and solutions 
of the corresponding system on tbe transverse manifold. 

Lenuna 2 Let :F be a simple .foliation given by a submersion p: JI;[ ----? N and E 
be foliated TS UP system of (l1f]c7'ential equations on (M, :F). Denote by EN the 
induced system on N. Let. eo be an element of the bundle E~(N) of the initial 
conditions of the system EN over a point x 0 . lf f is a solution of the system EN 
such that ióf o Tt = eo, then for· any X E p-1(.ro) ~ = (Nr(p).Y 1 (~o) E Eó(Q) 
there exists a solution fx of the system EQ such that jófx o Tt = e and p o fx = f 
in a neighbourhood oft. 

Proof The mapping f is the solution of the systern EN with the initial con­
dition ~0 , so its lift fx at x tangent to Q is a solution of the system EQ. As 
Jl o fr = f in a neíghbourhood of t a.nd Nr(P)x(O = ~o the r-jet of fx o Tt at O 
must be e.o 
Corollary 1 Lct :F be a simple foliation defined by a submcrsion p: M ----? N and 
let E be a tmnsverscly complete, TUSP foliatcd system. Let f 1 and f 2 be two tmns­
vcr·se solulions of E such lhat pf¡(O) = pfz(O) and Nr(p)(jóf¡) = Nr(p)(j~fz). 
Then Jo¡' any t of the intcrsection domf1 n domf2 the points / 1 ( t) and fz( t) belong 
to the sarne fib¡·c of p. 

Proof The mappings pfl and pfz are solutions of the systern EN wit.h the 
initiaJ coudition Nr(p )(j~/1 ). F'rom Lemma 2 it follows that pf1 and pfz are cqual 
on the intersection of dornains. O 

Lemma 3 Let E be a TSUP foliated SDE. Let a: [0, s 0] --. E~(Q) be a leaf curve 
and f., the solntion of the system E wilh the initial condítion a( s) at O. IJ fo7' any 
.s E [0, s 0 ] the solution fs is defined on a compact connected neighbourhood Hl of 
O in H, then for any l o.f H1 the points fs( t ), 8 E [0, s 0 ] be long to the same lcaf of 
the folia/.ion F. 

Proof Since E is a TUSP system, the mapping F: [O, s 0 ] X W --. M, F(.s, t) = 
fs(t), is a srnooth mapping. The set F([O, s 0] X W) is cornpact and we can cover 
it by a finite nnmber of adaptecl charts. Let us choose an .s 1 E [0, s 0] and adapted 
charts ( ul' '{Jl)' ... ( Urn' 'Pm) covering thc set .fs¡ CW). Then thcre exists E > o and 
compact sets K 1, .. Kv covering W such that each sct F([s¡ - e, .St + e] X !(¡) is 
containcd in so me Uj for so me .i = 1, ... m. Corollary 1 ensures that for a.ny t E 1\."; 
the points .fs( t), s E [s1 - e, s1 + e], belong to the same lea.f of the foliation :F. 
Thus for any tE W thc points fs(t), sE [s 1 - c,s 1 +e], belong to the same Ieaf 
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of :F. As we can cover the interval [0, so] with intervals [s1 - e, s 1 +e] having the 
required property, the lemma has been proved. O 

The best known example of a foliated SODE is the equation of the geodesic 
of the Levi-Civita connection of a bundle-like metric on a foliated manifold. 
Bundle-like metrics are characterized by the following property, cf. [Müll,RE,YO]: 

on a foliated manifold (M, :F) a Riemannian metric g is bundle-like 
iff any geodesic of g orthogonal to :F at one point is orthogonal to :F 
at any point of its domain. 

We have showed that for a TUSP system foliated for a subbundle Q supplemen­
tary to T :F any solution tangent to Q at one point remains tangent to Q at any 
point of its domain, cf. Lemma 2. However, this property does not characterize 
foliated systems as the following example illustrates. 

Example 4 Let :F be a transversely oriented codimension 1 foliation on a com­
pact manifold. Any global non-vanishing vector field X transverse to :F defines a 
system E of ODE on this manifold. Its solutions are integral curves of this vector 
field. Let Q be the sub bundle generated by X. Any solution of E is tangent to 
Q. But the system E is foliated only if X is an infinitesimal automorphism of 
:F. There are many examples of foliations which do not admit such infinitesimal 
automorphisms, e.g. the Reeb foliation of S3 . 

We continue our considerations with the study of properties of the transverse 
system EN and of the holonomy pseudogroup 'H. The transverse manifold N is 
rarely connected. Therefore, we propose the following definition of completeness 
for transverse SODE. 

Definition 4 The system EN of ODE on the transverse manifold N is called 
complete if 

i) for any solution ¡: ( a0 , b0 ) -+ N, there exist solutions ¡¡: (a;, b;) -+ N, i. E 
Z, a¡-+ -oo as i-+ -oo, b¡-+ +oo as i-+ +oo, and local diffeomorphisms 
h; of the pseudogroup 'H such that a¡ E (ai-t,bi-t),b¡ E (ai+t,bi+t) and 
hm-ti(a;, bi-1) = ¡;l(a;, b;_l)¡ 

ii) let ¡ 1 and ¡ 2 be two solutions of EN with initial conditions 6 and 6, respec­
tively. If there exists an element h of 'H such that jr h( et) = e2, then for 
any t of the common domain, the1·e e.rísts an element ht of 'H such that 
jrht(j[¡t) = i;/2· 

It is easy to verify that for complete pseudogroups the condition (ii) of Defi­
nition 4 is always satisfied. 
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Lemma 4 Let 'H be a complete pseudogroup of local diffeomorphisms and E an 
1-f--invariant USP system of ODE on N. Then the condition (ii) of Definition 4 
is always satisfied. 

Proof Let ¡ 1 : [0, a] --+ N and ¡ 2 : [0, a] --+ N be two solutions of E with initial 
conditions ~ 1 and ~2 at x1 = ¡ 1(0) ancl x 2 = ¡ 2(0), respectively. Assume that 
there exists an element h0 of 'H such t.hat j"h0 (6) = ~ 2 . 

Let. us co11sider the set: 

Sin ce the system E is USP the solut.ions h0 ¡ 1 and ¡ 2 are equal at a neighbourhood 
of O, and thus this neighbourhood is contained in A. The same considerations 
ensure that A is open. We sha.ll prove that it is also closed. Let us assume tha.t the 
intervaJ [O,s) is contctined in A. Consider two points x = ¡ 1(s) and y= ¡ 2(s), and 
ta.ke open neighbourhoocls U and V of x and y, respectively, from the definition 
of completeness. For t sufficiently close tos, ¡ 1(t) E U a.ncl 12(t) E V. Moreover, 
as t E A, there exists an element h1 of the holonomy pseudogroup 'H such that 
.i'h1(j[¡1 ) = j[¡2 • Thus hn1 = ¡ 2 whenever both curves are defined. But the 
ma.pping h1 is defined on the whole set U, thus also in an open neighbourhoocl of 
¡ 1(s). Hence ho1 = ¡ 2 as well in a ncighbourhood of s, so j'h 1(j;¡1 ) = .7:¡2 ancl 
s E A. Thercfore thc set A is closecl ancl thus equal to [O,a]. O 

The next lemma eluciclates the relation between solutions of the foliated sys­
tern EQ on (!11, :F) ancl solutions o[ thc transversc system EN on the transverse 
manifold N. 

Lemma 5 Let EQ be an FSODE on (M, :F) such thal the syslem EN is USP 
and the holonomy pseudogroup 'H is complete. Let y E U¡ and f¡(y) = x. Let us 
take an T-veclor ~o E E~(N)x of the bundle of initia1 conditions of EN and let ~ 

be lhc coTTesponding lmnsverse T -vector· at y, i.e . .irf¡(O =~O· If¡o: [O, a]-+ N 
and ¡: [0, a] --+ M are the solutions of ihe systerns EN and EQ with the initíal 
conditions ~o and ~' respeclively, then for· any tE [O, a] ther·e exists an clement 

h1 of H su eh t.hat ,i"ht.i; Un) = J;-¡0 for sorne j. 

Proof Let us consider the set: 

A= {tE [O, a]: 3h E 1-f:.irh(j;-(fn)) = J;¡o}. 

It is obvious that the definition docs not clepend on the choice of .i. The set 
A is non--empty as O E A. Moreover, some open neighbourhood of O belongs 
to A. We sha.ll prove that A = [0, a]. In fact, there exits t0 , O < t 0 :S a such 
that ¡I[O, t0 ) E U¡ a.nd ¡(t0 ) E oU¡. If it were not the case ¡([0, a]) e U¡ ancl 
immediately [01 a]= A as the EN is USP. Thus we have fni[O, to) = loi[O, to) and 
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[0, t0 ) e A. Let us show that t 0 E A. There exists Ui for which ¡(to) E Ui· Then 
we can find t1 and t2 , O ~ t1 < t0 < t 2 ~ a such that ¡((t¡, t 2 )) e Ui. Hcnce 
¡((t11 to)) e U; n Uj and fnl(tt> lo) = giJiil(tt, to)· Lemrna 4 cnsures that for 
any t E (t1 , t 2) there exists h1 E 'H such that jrh1(j;(fn)) = j[¡0 • This mcans 
prccisely that (t 1 , t 2) e A and t0 E A. As the set A is always open, ami we have 
just demontratecl that it is closed, A= [O, a]. D 

Remark The statement of Lemma 5 can be shortened using thc notion of a 
Q-horizotal lift of a curve in the transverse manifold. In fact, in Lemma. 5, the 
solution ¡ is a Q-horizonta.llift of ¡ 0 . 

Definition 5 A cur'Ve ¡: [O, a] -+ M tangent lo Q ís callcd a Q -horizontal lift 
of ¡o: [0, a] -+ N if for any t E [0, a] there exists ht E 'H such that Ffi(j;¡) = 
j"h 1 (j;~¡o) for sorne j. 

The same considerations as in tbe proof of Lemma 5 show tha.t if the systcrn 
Eq is tra.nsversely complete, then the condition i) of Definition 4 is sa.tisfied. As 
we have aJready proved that for a complete holonorny pseudogroup the coudition 
ii) is always fulfilled, cf. Lemrna 4, we ba.ve the following. 

Proposition 1 Let Eq be a tmnsversely complete, TUSP, FSODE on a foliatcd 
manifold (!vi, :F). If its holonomy pseudogr·oup is complete, then the transversc 
system EN complete as well. 

III.3 Properties oftransversely complete SODE 

To obtain more information about a folia.tion admitting an FSODE we rnust kuow 
tha.t this system is sufficiently rich in 'good' solutions, namely we a.ssume that it 
is tra.nsversely complete and transversely transitive. In this section wc study the 
properties of lea.ves of foliations with sucb FSODE. 

Let us consider the bundle E~( Q) x R. This manifold is foliated by the prod uct 
folia ton :F" and the foliation by points of R. To any pa.ir ( ~, t) E E~( Q) x R we 
can a.ssociate thc point fe( t) E M, where fe is thc solution of the system E 
with the initial condition ~ a.t O. This correspodence defines a. smooth rna.pping 
Exp: E 0( Q) X R -+ M. In thc case of thc equation of thc geodesic this ma.pping 
becomes the real exponential mapping. 

Lemma 6 Lct x be a poútt of M, ~ E Eb( Q)x and L~ be the leaf of lhe folia.tion 
:Fr passing throngh ( lf L 1 ís the lcaf of :F passing thmugh Exp(~, t), then .foT' 

any t E R thc mapping Exp!L~ X { t}: Le --+ L 1 is a eovering. 



llJ. Foliated DifTerential Equations 37 

Proof Lemma 3 ensures that Exp(Le x {t}) is contained in a lcaJ of :F. It 
is sufficient to show that the mapping in question is a local diffeomorphism and 
that it has the property of lifting curves. Let y be any point of Lt and a be a 
lcaf curve linking .Tt = E:rp(e, t) to y. Let et = j~(fe o Tt) E E~(Q)x, anda¡ be 
the lift of a to e¡. Then the correspondence S 1-Jo iófa,(s) is a curve in the leaf 
Le as j~fa,(O) =e Ucx,(s) is thc solution of E with the initial condition a¡(s) at 
t). The fact that transverse solutions project onto solutions of the system EN 
ensures that the mapping is a local diffeornorphisrn. O 

Actually, we have proved the following. 

Corollary 2 { of the pr·ooj) Let x be a point M, e E E&( Q)x, Le and Le, be the 
leaves of the foliation .P passing through e and et, respective/y. Then for any 
t E R thc leaves Le and Le, ar·e diffeomorphic. 

From the above corollary we irnmediately obtain the following proposition. 

Proposition 2 Let (M, :F) be a foliated manifold admittíng a transversely com­
plete, transvcrsely transitive, foliatcd TUSP system of di.fferential equations. Then 
the !caves of the Joliation :F have the common univer·sal coveríng space. 

Proof Corollary 2 asserts that two leaves joined by a solution curve have 
the sa.me universal covering space. This fact coupled with the rema.rk that for a 
transversely transitive system any two leaves can be linked by a piecewise solution 
curve completes the proof. O 

Lemma 6 leads us to the formulation of the following proposition. 

Proposition 3 Lct E be a transve1·sely complete, foliatcd TUSP systern on a 
foliatcd manifold (1\i,:F). Then the rnapping Exp:E~(Q) X R ~Mis smooth 
and foliated. 

It results frorn Proposition 3 that any global section X of the bundle E~( Q), 
for a.ny t E R, defines a global foliatcd mapping expx,t.: M ~ M, expx,t(x) = 
Exp(X(x), t). We denote the semigroup gcnerated by mappings of this forrn by 
MapE(M, :F). Then, as one can easily show, we obtain the following proposition. 

Proposition 4 Lct E be a transve¡·sely complete, foliated TUSP system of d'iffe7'­
ential cquations on a foliated manifold (M, :F). Then the lcaf of :F passing through 
a point x is a covering space of any leaf passing through the MapE(M, :F)-orbit 
of the point x. 

Lct X11 ... Xw be foliated sections of E~( Q) over an open subset U. Then we 
can define the following mapping: 

exp};: R'" x U ~ l\1, 
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exp'§: ( t1, ... tw, X) = Exp(Xw, iw) o ... o Exp(Xt, l¡)( :e) 

where Exp(X;,t;)(x) = Exp(X;(x),t;). 
The smooth mapping expx is foliated for the product foliation of F[U and 

the foliation by points of R'". 
Before going further we need the following notation. Let 1rr: T'"(M) -t T(M) 

be the natural projection. Then 1rr maps E0( Q) into Q. We con elude our consid­
erations with the following theorem which is a generalization of Hennan's theorern 
about Riemannian submersions, cf. [HN]. 

Theorem 1 Let h: M --+ N be a submersion with connected fibres of a manz{old 
M of dimension n into a connected manifold N of dímension q. lf for the foliation 
F defincd by thc submersion h there exists a transversely complete, transvcrscly 
transitivc, foliated TSUP syslem E of differential eqnations, then the submersion 
h is a locally trivial fibre bundle. 

Proof Let us consider two mappings 

ExpQ: E~(Q) x R--+ M and ExpTN: E~( N) x R--+ N 

defined as above. The second mapping Ex]JTN is defined by the induccd system 
EN which is, obviously, a foliated system for the foliation by points. Lemma 2 
ensures that the following diagram is commutative. 

EX]JQ 
E~(Q) x R---....:.....:.-............ M 

Nr(h) X id 

E~(N) x R 
ExpTN 
·--'-----N 

h 

Since thc system E is transversely t.ransitive, thc system EN is also transi­
t.ive. Therefore for any point x 0 E N therc exist a ncighbourhood U and scc­
tions X1 , •.. "Yq of E0(N) over U su eh t.hat for any point x E U the vectors 
nr(X1 (a:)), ... 1rr(Xq(x)) spa.n TNx· Thus for some neigbbourhood W of O of Rq the 
mapping exp~[Wx {x0 } is a diffeomorphism on the image IV. As the foliation de-

fined by h is without holonorny, the sections .\'¡, ... Xq define the foiiated scctions 
X 1 , ••. Xq of E~(Q) over h-1(U). The irnagc of the ma.pping e:rp.X[W X h-1(x 0 ) is 
precisely h - 1(vV). For each t E W, the rna.pping ex¡¡); 1 { t} x h -l ( x 0 ) is a diffeomor­
phisrn of h -l ( x 0 ) onto h -l ( exp'g (t, :r0)) as the lea ves of t. he foliation ;:r of E~( Q) 
are diffcornorphic to the corresponding leaves ofF. The fa.ct that exp'g[W x {:¡;0 } 

is a diiTeomorphism on the image insurcs that thc ma.pping exp.X[W x h- 1(a: 0 ) is 
itself a. diffeomorphism on the image which precisely means that the wbmcrsion 
h is a locally trivial fibre bundle. O 
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Remark It is possible to drop the assumption 'with connected fibres'. Then 
the systern E rnust be induced by a. SODE EN, i.e. E= p*EN. 

Having proved a theorem about submersions we go back to study of foliated 
manifolds a,nd, in particular, of the universal covering of the manifold itself. But 
first sorne preparatory explanations are nccessary. 

Let o:: [0, 1] ---+ M be any leaf curve, and ~o be an element of the fibre E~( Q)a(O)· 

Thc bundle E~( Q) is foliated by :F". Thus the curve o: adrnits a lift 0: to ~o su eh 
that 0: is a leaf curve. In this way we have obtained a differentiable field of initial 
conditions along ex. 

Let us assurne that the TUSP foliated system E is transversely complete. 
If at a point x 0 of M we ha ve a pair of curves o:: [0, 1 J ---+ M, o-: [0, e] ---+ M 
whcre ü is a leaf curve and o- is a solution curve, then there exists a mapping 
IC [0, 1] X [0, E] ---+ M such that Ki[O, 1] X {0} = o: and Ki{O} X [0, fj = o-, for 
any tE [O, e] Ki[0,1] x {t} is a leaf curve, and for any vE [0,1], Ki{v} x [O,c] 
is a solution curve tangent to Q. Since o- is a solution curve therc is a solution 
f: R -* M of the system E at O and a curve¡: [0, t] ---+ H for which o- = f o 'Y· 
Denote by ~o the initial condition of the solution f, i.e. ~o= j~f. Let 0: be the lift 
of the cnrve ü to ~0 . Then the mapping K: [0,1] X [O, E]---+ M, K(v,t) = .fv O"f(t), 
whcre .fv is the solution of the system E with the initial condition a( V), has 
the required propcrties. Moreover, if we take at a point x 0 a pair of curves 
o:: [0, 1] ---+ !11, o-: [0, e] ---+ M such that o: is a leaf curve and o- is a piecewise 
solution curve, i.e. there is a sequence t0 = O < t1 < ... < tm+l = E for which 
o-l[t;, i;+1 ], í =O, ... m, is a solution curve of the system E tangent to Q, then there 
exists a mapping K: [0, 1] x [0, t]---+ M with the same properties as above but with 
the follo,ving change: for any vE [0,1] the curve ~;;!{v} x [t;,t;H] is a solution 
curve ot the systcm E tangent to the bundle Q. 

Now we shall deal with the universal covering space of a folíated manifold 
a.clrnitting a foliated system of differential equations. First of all we shall prove a 
prcparatory lcmma. 

Lemrna 7 Let o-: [0, l] ---? ~M be a CU1'Ve. Then o- is a homotopic, relaüve to its 
ends, io a curve of ihe fo7'm fJ *o: su eh that o: is a leaf cm·ve and fJ is a piecewise 
solution cnrve of the system E tangent to the bundle Q. 

Proof For any poiut x of thc manifold 111 there exist foliated sections X 1 , ••• Xq 
defined on a neighbourhood V of x in the leaf passing through x and a neigh­
bourhood W of O in Rq such that the ma.pping exp'§.; IW X 11 is a diffeomorphism 
on the imagc. By taking smallcr 1V and V wc can assume that both sets are 
contractible. Then it is obvious that the lemma is truc for curves contained in 
e.?:p'§.:(W x V). 

The lernma results casily frorn thc following two facts: 

i) any curve o- can be covered by a f-inite number of sets of the form as above; 
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ii) a curve of the formO:* ¡3 is homotopic relative to íts ends to a curve of the form 
¡3' *o:' where o:, o:' are leaf curves and ¡3, ¡3' are piecewise solution curves. 
(It is a consequence of the considerations preceding the lemma).D 

Using a standard method, cf. [BHl], we can prove the following proposition. 

Proposition 5 Let (M, :F) be a foliated mamfold. Let E be a transversely com­
plete, tmnsversely tmnsitive, foliated TS UP system of differential equalions. ff 
the bnndle Q is integmble, then the universal covering space Ñ! of the manifold 
M is diffeomorphic to L x k where L is the universal cove1-ing space of a leaf 
L of the foliation :F, and k is the 1tnive1·sal covering space of a leaf [( of the 
foliation Q. 

Corollary 3 If the foliation :F is of codimension 1, then thc universal covcring 
space !VI ·is diffcomorphic to L X R whcre L is the nniversal cove1·ing space of 
/caves of the foliation. 

Corollary 4 If M is a compact manifold and the foliation :F is of codimension 
1, then the fundamental gmup 1r1 (M) of the manifold M is infinite. 

Proof If the group ·rr1 (M) were finite, then the universal covering space Ü 
would be compact and homoemorphic to L x R; contradiction.D 

If the foliation :F is Riemannian and Q a supplementary foliations, then the 
leaves of :F and Q intersect one another; this can be proved by a wcll--known 
method, cf. [BH2], also in our case. 

Proposition 6 Let (M, :F) be a folialed manifold with a tmnsuel·sely complete, 
tm,nsversely tra.nsitive, foliated TUSP system E of diffc¡·ential equat?:ons. 1/ the 
normal bundle Q is integmble, thcn any lcaf L of the folialíon :F údersccl any 
leaf 1( of !he foliation Q. 

.III.4 The graph 

Folia.ted manifolcls with tranversely complete FSODE have anotber very impor­
tant property: the source projection of the graph of such a. foliation is a loca.lly 
trivial fibre bundle. This fact is of grea.t consequcnce for the C* -algcbra asso­
ciated to the foliation, but this goes beyond the scope of our study. [MS] can 
provide t.he reacler with more ínformation and details about ()*-algebra.s a.ssoci­
ated to foliations. 

The graph GR(:F) of the foliation :F is the space of equivalence classes of 
triples (y, o:, x) where x and y are points of the same lea.f L of :F and cv is a 
path in L linking x to y. Two triples (y, o:, x) and (y', o:', x') are equivalent iff 
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x = x', y= y' and the holonomy of the curve a-1 *a' is trivial. A neighbourhood 
of (y, a, x) consists of elements represented by the triples of the form (y', a', x') 
where x' belongs to sorne neighbourhood of x is a transverse manifold passing 
through x, y' belongs to sorne neighbourhood of y is a transverse manifold passing 
through y anda' is the holonomy lift of ato x', cf. [Wll]. In the same paper the 
author proved that the graph of a foliation is a manifold of dimension n + p but in 
general non-Hausdorif. Moreover, if the elements of the holonomy pseudogroup 
are detennined by their jets the graph is a Hausdorif topological space. · 

In our case we can prove that the elements of the holonomy pseudogroup are 
determined by their r-jets . 

. Lemma 8 Let E be a transitive USP SDE of order k on a manifold N. lf f and 
g are two automorphisms of E such that j;f = j;g for sorne point x of N, then 
they are equal in so me neighbourhood of x. 

Proof Let h be a solution of the system E with the initial condition ( at x. 
Then fh and gh ate two solutions of E at J(x) with the initial conditions j;f(() 
and j;g(O, respectively. As j;f(() = j;g(() fh = gh in some neighbourhood of 
h-1(x). Then as the solutions of the system E cover a neighbourhood of x the 
germs off and g at x must be equal.D 

In this way we have obtained the following proposition. 

Proposition 7 Let E be a FSODE of order k on a foliated manifold (M, :F). If 
E is transversely transitive TUSP system, then the graph GR(:F) of the foliation 
:F is a Hausdorff manifold of dimension n +p. 

The correspondences 
p 1: (y,a,x) f--+ x, 

the source projection, and 
pz: (y,a,x) f--+ y, 

the target projection, define two submersions 

p1 : GR(:F) ---+ !11 and p 2: GR(:F) ---+M. 

In local coordinates they can be wri t ten as follows. Let (y, a, x) be a point of 
GR(:F) and (U,<p), (V,7/>) and (Ux 01 V,<pxa7f>) be adapted charts at x,y and 
(y, a, x), respectively, where 

Ux,,V = {(y',a',x') E GR(:F):x' E U,<p(x') = (x¡,x 2 ) E RP X Rq, 
y' E V, 1/>(y') = (y¡, Yz) E fi!P x Rq, ha(xz) = Yz 
and a' is the holonorny lift of a to x'} 

and 
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Then 

and 

(xt, x2,x3) f---t (x3, ho(x2)). 

On G R(:F) there are three foliations: 

i) :F1 defined by the f1bres of p1 ; 

ii) :F2 def1ned by the f1bres of pz; 

''') :F 'L -l:F -l:F 111 1 EB .1 2 = P1 = P2 · 

Geomet;ric Structures 

The f1bres of the submersions p1 ancl p2 are the holonomy coverings of ]caves 
of :F. Let Q be a sub bundle of T M supplementary to T:F and Q be thc sub bundle 
of TGR(:F) defined as follows: 

Q ={X E TGR(:F): dp¡(X) E Q, dp2(X) E Q}. 

The tangent bundle of G R(:F) admits the following decomposition: 

TGR(:F) = TFt EB T:F2 EB Q. 
A curve¡ in GR(:F) is tangent to Q iff tlte curves p1 ~( and P2/ are ta.ngent to Q. 
Moreover, the fibre bundle Q is isomorphic to prQ ancl p;Q, and Q = pj1 Qnp;¡1Q. 

Let Eq be the transverse part of the system E. We would like to lift this 
system to GR(:F). First we describe the bundle Jk(H, G R(:F); Q) as 

Then the set 

EQ = {/J E Jk(H,GR(:F)):ykp¡f E Eq ancl/pzf E Eq} 

is isomorphlc to both p;Eq and p;Eq. It is a subbundle of Jk(H, Gli(:F); Q). The 
bundle EQ is a foliatecl sub bundle of Jk(R, GR(:F); Q) for the foliation :F1 (!) :F2. 
The bundle of initial conditions E~(Q), a foliated subbundle of Jk(R, GR(:F); Q), 
is isomorphic to pjE~(Q). In fact a ma.pping f: R-+ GR(:F) is a solntion of the 
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system Eq iff p¡f and pzf are solutions of the system Eq. Therefore if the system 
Eq is TUSP so is Eq. lt is not so simple with transverse completeness. 

Let f be an ¡·--jet from E~(Q) and put ~ 1 = N'(p 1 )(f}, ~2 = Nr(P2)([}. If [ 
is in the fibre over the point (y, a, x), then ~2 = Nr(1'c.)(~ 1 ), or equivalently 6 
is t he en el of the líft a of the curve a to the vector ~ 1 in E~( Q). Let ft be the 
solutíons of tbe system E with the ínitial condition a(t). Then for any vector v of 
R the curve u,: [O, 1] -r M, av(t) = f 1(v), tE [0, 1], is a leaf curve. Moreover the 
rnapping j: R ~ GR(:F), J = (!1( v ), av, Jo( v )), is srnooth. It is a solution of 
the system Eq with the initíal condítíon [ and tangent to Q. It is a Q-horizontal 
lift of f relative to the both projections p 1 and p2 • Thus we have proved the 
following lermna. 

Lemma 9 If lhe system E is tran.5ve1·sely complete and TUSP, so is the systern 
Eq. Aion:over, ihe tmnsver·se solntions of Eq a1·e Q hor·izontallifts of tmnsverse 
solntions of the system E. 

To show that the submersion p 1 ís a locally trivial fibre bundle it is sufficient 
to find a family of curves in Jv[ having the following properties: 

i) there exists a subbunclle S of TGR(:F) transverse to the fibres of p 1 such that 
the curves of this famíly can be Jiftecl 5-horizontaJly to GR(:F); 

ii) for auy point and any parametrized famíly of points of M it is possible to find 
a famíly of curves linking this point to the points of the family in such a 
way that the resulting mapping is continuous. 

Our family of curves will consists of curves whose pieces are either leaf curves 
or solutlon curves. We ta.ke T:F2 ffiQ as the subbundle S. We have already proved 
that we can lift 8-horizontally transverse solutions, so we can also lift solution 
curves. A leaf curve¡: [0, s] -r .M we can lift. in the following way. Let (y, a, .T) be 
a point over :r = 1(ü). For a.ny O::; t S s we define /t: [O, l.]-> l\1[ a.s lt(u) = 1(u) 
forO S u S t S.s. Then we put i'(t) = (y,a*r¡ 1 ,1(t)). The curve 1' is the 
8-horizonta.llift of 1· 

For any point x of Af there exists a neighbourhood U of this point which 
can be parametrized by such curves. Let. X 1 , ... Xq be foliated sections of E~(Q) 
over so me neighbourhood U of x. Tben there exists a neighbourhood .P of x in 
the leaf such that. the rna.pping exp'j,: Rq X P -r 111 is a. díffeomorphism of sorne 
neighbourltoocl of (0, x) on U. Therefore to any point. z of U corrcsponds a path 
lz:[O,q+l]-r M 

/z(s) = { exp:(sy(z),O) . 8 .E.[O,l] 
expx(y(z), t 1 (z), ... t¡_ 1(z),s;t;(z), ... ) 8 E [z, z + 1] 

where (exp~ )- 1(z) = (y(z), t 1(z), ... tq(z)) a.nd s; = 8- i for sE [i, i + 1]. 
Lifts of these curve gives us a. trivialisation of p1 over U. Thus we ha ve proved 

the following theorem. 
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Theorem 2 Let E be a transversely complete, transversely tmnsitive, foliated 
TUSP SODE on a foliated manifold (M,:F). Then the source pmjection of ils 
graph is a locally h·ivial jibre bundle. 

The graph GR(:F) = g is a groupoid, cf. [HA2], thus we can construct its 
classifying space. From our theorem results the following. 

Corollary 5 (ej. [HA2}} The mapping i of Af into BQ classifying G R(:F) as 
a g -principal fibre bundle is homolopy equivale ni to a local! y t1·ivial jib1·e bundle 
over BQ. 

H. Winkelnkemper informed the author that his results of [WI2] are also true 
in our case. For example: 

Theorem 3 (Winkelnkemper) Let (M, :F) be a foUated manifold with a tmns­
versely complete, tmnsversely tmnsitive, TUSP FSODE E. If M is compact and 
simply connccted then the univeTsal leaf of :F has at most two ends. 

III.5 Transverse completeness 

We turn our attention to transverse cornpleteness of FSOD E. We give conclitions 
on the holonomy pseudogroup and the transverse SODE EN which, in particular 
cases, ensure that the system Eq is transversely complete. 

At first, we shall deal with a foliation given by a smooth action of a Lic group 
G on the manifold J\.1. 'vVe assume that this action admits an almost conncction, 
cf. [M04], i.e. there exits a supplementa.ry subbundle Q to T:F which is ínvaria.nt 
by the action of G. For such foliations the following theorem is truc: 

Theorem 4 Let :F be a. foliation given by a smooth aclion of a Lic gmup Ci 
on a complete Riemannia.n 111 whose Aliyah--Molino class vanishcs. If on its 
transverse manifold N the7'C exLots a complete USP syslem EN of ODE ínvm·iant 
by the holonomy pseudogmup 1í, thcn there eJ:1:sts a supplcmentary subbundle Q 
to T:F joT which ihe system. Eq of ODE is tmnsversely complete. 

Proof The vanishing of the Atiyah- Molino cla.ss of the action defining thc 
foliation :F ensures that thcre exists a. supplemenLary subbundle Q Lo T:F which 
is invariant by this action. We shall demontrate tha.t the system Eq is transversely 
complete. Let a: [0, a) _, M be a solution of the system Eq, a E R. We ha ve 
to show that we can ext.end it to [0, a]. rt can be always done i[ thc length 
of a is finite. Let us assume that the leugt.h of a is ínfinite. Wc can covcr 
a([O, a)) by a sequen ce of sets Un, n E N, ancl therc cxists a sequen ce of munbcrs 
an ·4 a such that a([an,an+l]) E Un for n = 0,1, ... Let us considcr the solutíon 
ao = fonl[ao, al] of the systcm EN and tbc corresponding scquencc ü;, i E Z, of 
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solutions of EN from Dcfinition 4. For any t E [an, an+l] thcre exists an element 
ht of H such that j"hti[(fna) = j[a;, for i suitably chosen. Let. us take the 
curve a; whosc dornain contains a. Thcn thc point a;( a) belongs to sorne Ni and 
consider a.ny point y of Jj 1(a;(a)). Thcrc exist f > O and a solution a of EQ 
defincd on (a- E, a+ e), &(a)= y, such that Ji&= a;[(a- e, a+ e). Lemma I.l 
cnsurcs tha.t for any t E (a- e, a) the points a( t) and a( t) belong to the same leaf 
of :F. The curves ga, g E G, are solutions of the system EQ and thcy are the only 
solutions whose projedions on N have the initial condition of thc form jrh(j[a) 
<tt t E (a - f, a). Thcrefore, choosing t E (a - E, a) n [an, an+l], non-empty for n 
sufficiently large, we get that a[[an, an+l] = ga[[an, a,+l] for some g E G. Hence 
we can extend the solution a to [0, a+(); contradiction.D 

Remark The foliation of Example 3 is of the type considerccl in Theorem 4. 
The transversely projectable fla.t connection is transversely complete only for 
sorne choices of the supplementary subbundle. 

Transverscly affine foliat.ions form a very important class of foliations. We 
are going to give two theorems concerning transvcrse completeness of their trans­
vcrsely projectablc flat connections, for the cliscussion of this property and its 
importa.nce see Chapter VII. 

Let F be a transversely affinc foliation definecl by a cocycle V and let U be 
a relatively compa.ct cocycle which can be derivecl from V. Then the connectecl 
components of its transverse manifolcls N ancl N' corresponding to cocycles U 
and V, respectivcly, are open subsets of Rq. Let. g be the Riernannian metric on 
N' induced by the immersion of N' into Rq. The assumption of completeness of 
the holonomy pseuclogroup has important consequences. 

Theorem 5 Let :F be a transverscly ajjine foliation on a compact manifold M~. 

ff for so me relatively compact cocycle U = {U;, f¡, gii }~ the holonomy pseudogroup 
H associatcd to it and ihe transverse s¡¡stem EN are complete, then for any S1tp­
plcmeniar¡¡ subbundle CJ the corresponding transve7'sely projectable conneciion is 
transversdy complete. 

Proof First we are going to look at the consequences of the completeness 
a.ssumption. Lct J:, ¡¡ be two point.s of N and U, V be open neighbourhoods 
of x ancl ¡¡, respectively, of Definition I.5. By taking a smaller set U1 e U 
we can a.ssume that. there exist.s 6 > O such that for any z E U1 B(z, 6) = 
eJ:pz(B(Dz,6)) e u where B(Dz,8) ={vE TNZ: [[v[fg < 8}. Let hE H be dcfinecl 
on U. Then 

Thc set V ís contaínecl in some N; which is relatively compact in Rq. Therefore 
dzh(B(OZl8)) e B(Oh(z)' E) for sorne E > O. The same E can be chosen for all 
z E U1 . This mcans that the set {ffd)¡ffg: hE H, z E U1 , h(z) E V} is boundecl. 
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Let us denote by EN the equation of the geodesic of the fiat connection on 
N, and let us choose a supplementary subbundle Q to T:F. The correspouding 
transversely projectable connection defines a FSODE Eq, the equation of its 
geodesic. 'vVe have to demonstrate that its transverse solutions, i.e. geodesics 
tangent to Q, are globally defined. We are going to show that it is possi ble 
to lift Q-horizonta.lly any solution of the system EN. This fact coupled with 
the completeness of the system EN ensures tha.t the system Eq is tra.nsversely 
complete. 

Let us assume that there is a solution ¡: [0, s 0 ) --t N of EN which docs not 
admit a Q--horizonta.l lift. Let 7: [0, s) --t M be the lift of ¡ which ca.nnot be 
extended to [0, s], s0 > s. Thus the curve 7 must have infinite length. Let y0 be 
an accumulation point of the sequence 7( tn) for sorne sequen ce of numbers { t,.} 
tending to s. As jJ1 is compact such a point exists and we can assu.me that y0 

is the limit of the sequence i(tn)· The point y0 belongs to sorne U;, and let us 
denote by y the point j;(y0 ) E N. Then there exists a sequence of elements hn of 
the pseudogroup 1i for which jlf;(jL7) = Jlhn(jfn¡). Therefore hn(¡(ln)) --t y. 
The completeness of 1i assures that for n sufficiently large the mappings hn are 
defmed for ¡(s) = x •. There exist 8 > O and a curve~: [s- 8,s] --+ 'l'x .. N 
such tha.t e;¡;p~ = ¡j[s- 8,s]. Thus hn(¡(t)) = hnexp(~(t)) = exp(jlhn(e(t))). 
Therefore for a sufficiently large n we ha.ve a curve ~n: t f-t j 1 hn(e(t)) E 'I~,.N 
where Xn = hn(x.). The length of these curves is bounded frorn above. Tbus the 
curves /n: t f-t hn( ¡( t) ), t E [s- 8, s], have bounded length. This ensures that for 
n sufficiently large we can lift the whole curve rnlftn, .s] to any point in the fibre 
f;- 1 ( hn( ¡( tn)) ), in particular to 7(tn)· Contradiction. D 

Let Eq be a SODE on Rq and Aut(Eq) the group of its global autornorphisms. 
Let us consider an (Rq, Aut(Eq) )~-foliation :F given by a locally free actíon of the 
group RP on a manifold .M and assume that the universal covering Jfí¡ of 1\I is the 
product RP x Rq with the lifted foliation f: given by the projection onto the second 
factor. We would líke to apply the theory of clifferential inequalíties developecl in 
[SZ]. 

The tangent bundle to :F is trivial, thus we can take 1-fonns w1 , ... , wP on 
ll!P X Rq which are invaria.nt hy the deck transforma.tions and which at each point 
define a basis of the cotangent bundle of the liftecl foliation. 'I'he forms wi can be 
represented as follows: 

p q 

wi = ~a}(x,y)dxi + ~ b~(x,y)dyk 
j=l k=l 

where x E RP, y E Rq and det(a~) f:- O, i,j = 1, ... ,p. 
Thus for any deck transformation cp the form cp•wi is the following: 

<fi*w/x,y) = L~=l,k= 1 (a}(c/J(x, y))r}4>1 jaxk)dxk 

+ I:~=l I:k,.,= 1 (a~(cp(x,y))1Jpijayk + b~(p(x,y))8cp"'/8yk)d¡/ 
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as arf} fax j = O for k = 1, ... , q, j = 1, ... , p, sin ce e/; preserves J:. 
Since the forms wi are r/;-invariant we get 

(III.l) { 
a~(r/;(J;,y)) = I:~=l a:(x,y)a(r/;- 1 )·'./axj(r/;(x,y)), 

b1(r/J(x,y)) = I:;=l b~(x,y)a(r/;- 1 )•jayk(r/;(x,y)) 

+ I:~=l aj(x, y)a(rf;-l)i /ayk(r/;(x, y)). 

47 

Let lo: R -+ Rq be a solution of the systern Eq. The solution )' of t.he system 
EQ on Ü corresponcling to 1 is a curve)': R-+ RP X Rq, )'=(¡,lo). The tangent 
fiel e! along )' must be annihilatecl by wi, í = 1, ... , p; thus 

p q 

wi(¡(t)) = I>}(l(t),lo(t))dlj /dt(t) + 2::: b~(¡(t),¡0(t))d1Udt(t) =O. 
j=l k=l 

Hence tbe curve ¡ is a solution of the following equation: 

(III.2) 

where ( at) is tbe in verse matrix of (a{). 
Since the manifold A1 is compact, there exists a. compact subset J( of RP x Rq 

such t.hat. u<i>ED e/;( K) = RP X ¡:;¡q where D is t.he group of deck transformations. 
Combining ( 1) a.nd (2) we get the following: 

Hence 

d1j / dt = - I: arf;i 1 axkafai( r/;-1( ¡,lo) )8( r/;-1 )1/ay.( 1, lo)d¡0/ dt 

- I: arf;/ a;-cka7 b~ (e/; - 1 (¡'lo) )a( r/;- 1 ) 1V 1 ay.( 1' lo)d¡ü/ dt. 

"'e would like to find a cornpa.rison system for the system (2). On the compact 
sct r/;(K), r/J E D, wc ha ve the following estirnation: 

\d¡Jjdt\::; I:\ar/;1 /axkr/J- 1 \\a(rf;-l)kjay.\\d¡g/dt\ 

+ I: \De/Ji /axkr/J- 1 \Ia?r/J-1\\b:"r/J--1\\a(r/Y-1)w /ay.\\d¡Udt\ 

::; I:\arf;Jjaxkrf;-1\\8(r/;-1)kjay.\\d¡g/dt\ 

+ I:;pC2\arf;ijaxkr/J-1\\a(r/;-1)wjay.\\d¡gjdt\ 

where e is an upper bound 011 J( of coefl:kients a~ and b}. 
About the partial derivatives of e/; (E D) we know that: 

j) ar/;k /ay 8 depends only 011 t. he Variable !J for k, S = 1, .. · q; 
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ii) fJq} / Oy8 =: Ü for k = 1, ... p, S = 1, ... q if the transverse buncJ]e is integrable; 

iii) orpijox,, = 6~, i,s = l, ... p for a suitable choice of ada.pted charts. 

If M is compact, the group D of deck transforma.tions is finitely generated. 
Let { r/;1 , ... , rpk} be a symmetric set of generators. If rp; ha ve bounded partia.l 
derivatives, we get a following compa.ríson systern for the norm: 

dr) dt ::.::: ceg(t,r) 

where g is a smooth function and e E A. However, even in a very simple case: 
g(t, r) = t + r, this system does not have global solutíons. It is clear from the 
comparisons theorems that if we can find a comparison system depending only 
on the independent variable t, then the system (2) rnust have global solutions. 
Thus from the above considera.tions we can deduce the following: 

Theorem 6 Let F be an (Rg, Diffi.Rg)) -foliation given by a local! y free action o.f 
the gmup RP on a manifold M. If the .foliation F adrnits a transverscly transi­
tive, TUSP system E of ODE folialed and transverscly complete .for an integrable 
subbundle, then the systcrn EQ is transversely complete for· any supplernenlm·¡¡ 
subbundle Q. 

Proof Since the systern E is transversely complete for an interable sub bundle, 
the universal covering A1 of A-1 is the product RP x Rq and the lifted foliation is 
given by the projection onto the second factor. Moreover, in this case we can find 
a cornpa.rison system which depends only on the variable t. Then the compa.rison 
theorems ensure that solutions ¡ of (2) ha.ve the sa.rne domain as ¡ 0 . Sincc the 
transverse solutions of E are global the system Eq must have global solutions, so 
the system EQ is transversely complete. D 

Corollary 6 Let F be a tran.sversely afl!ne .foliation dejined by a local!¡¡ free 
action of RP. l.f F i.s tmnsver.sely geodesically complete for an integr·able .sv.pple­
·mentary subbundle, so is il .for· any snpplcmenla1'1J .subbnndle. 

III.6 Transversely parallelisable systems 

In this section we are going to consider a specia.l cla.ss of foliated systems of 
differentia.l equations called tra.nsversely para.llelisa.ble. Foliations admitting such 
systems have properties similar to transversely para.llelísa.ble (TP) foliations. 

A foliat.ed system E is transversely pa.rallelisable if there exist foliated sections 
X;: M-·+ E~(Q), i = t, ... q, such that the vector ficlds 1rrX;,i = I, ... q, forma. 
tra.nsverse parallelism of the folia.tion F. 
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A foliated system E is locally tra.nsversely pa.rallelisahle if there exist foliated 
sections X;, i = 1, ... m, of the bundle of transverse initial conditions such that 
the vector fields 7rr X;, i = 1, ... m, span the vector bundle Q. Although we restric.t 
our atteution to transversely para.llelisa.ble systems, all the results of this paper 
are truc for loca.lly transvcrsely parallelisable ones. 

Tbe interesting case is that of a non--cornpact manifold as in the compact case 
we have Molino's structure theorem, c.f. [M05,M011]. 

Any foliatcd ficld X of initiaJ condition, (a foliated section of Eó(Q)), defines, 
for any t E R, a smooth folia.t,ed mapping expx,1: 1\1 ----. Af. Sincc our foliation is 
without holonomy, the restriction of this mapping to any leaf is a difTeomorphism 
onto the irnage which is also a leaf of the foliation :F. 

Now we shall study the semigroup A1 ap00 (M, :F) of global smooth rnappings 
of M preserving the foliation. For transversely complete and tra.nsversely paral­
lelisable systems the semigroup M ap00(.M, :F) is transversely transitive in the fol­
lowing sense. For a.ny two lea. ves L a.nd L' of the folia.tion :F there exista sequence 
of leavcs Lo, ... Lk+l, Lo= L and L' = Lk+J, anda seqllence of mappings Jo, ... fk 
of MaJ!""(M,:F) such that h;(L2i) = L2i+l and hi-t(L2;) = L2i-1,i = l, ... [k/2]. 
This result.s from the fact that any two lea.ves can be joined by a piecewise solu­
tion curve whose pieces are solution curves with initial conditions given by the 
fields X; allCI that the system is transversely complete. 

Lemma 10 lf the system E is transversely parallelisable and transverscly com­
plcle ihen the semígmup 1\1 ap00 (M, :F) is lmnsversely transitive. 

lf the subbundle Q of the definition of a foliated system is integrable, we can 
consider the semigroup .M ap"'.,( 1\1, :F; Q) of mappings preserving both foliations. 
Lcmrna 10 is also true for this semigroup, or for the semigroup l\1ap[)(M,:F) 
whose clernents are additionally difTcornorphisrns when rcstricted to any lea.f. 

For further consiclera.tions we need the following lemrna whose proof is classi­
cal. 

Lemma 11 Le! F: W x M -+ l'vf be a smooth mapping. Denote by Fw: 111 -+ 111 
the mapping Fw( x) = F( w, :e). If for· so me point ( w0 , x0 ) ther"E exists a neighbour­
hood 110 o.f x0 su eh that the mapping F'w0 1110 is a diffeomorphism onto the image, 
lhcn there exist ncighbourhoods W0 o.f w0 and V o.f x0 having the property that 
.for any w o.f W0 the mapping Fw fV is a dijjeomorphism ardo the image. 

Let us consider tbe space c=(1\1, :F) of basic funclions. The mapping rankF 
assigning to ca.ch point x of the manifold M the dirnension of the space 

is scmi--continuous from abo ve. Moreover, for any ma.pping <P of 1\1 ap00 ( M, :F) 
ancl ba.sic functíon .f, the function .f rjJ is ba.sic. Therefore Lemma. 11 ensures 
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that the function rank:F is also serni-continuous from below, and hence it is a 
continuous function. As it takes only integer values, it is a constant function. 
The space of vectors annihilated by basic functions 

F& ={X E TM:df(X) = O,f E C00 (M,F)} 

is an involutive vector subbundle of Tl\1 o[ constant rank. It defines a foliation 
F&, called the basic foliation, whose leaves contain leaves of the foliation F. 

\Ve shall investigate foliations with a closed leaf on non-cornpact manifolds 
admitting a transversely complete, transversely parallelisable TUSP system of 
differentia1 equations. 

For complete TP foliations the existence of a closed leaf ensures that all leavcs 
are closed and that the natural projection onto the leaf space is a locally trivial 
fl.bre bundle. In our case it is not so simple. The main reason is that the rna.ppings 
exp x,t, a.lthough global! y defined, are not diffeomorphisrns as it is in the case of 
vector fields. 

First of al! we are going to consider the rnapping exp); defined by {X1, ... Xq} 
in a neighbourhood of a closed leaf. We would like to show that such a leaf has 
a basis of open satura.ted neighbourhoods as it is in the case of complete TP 
foliations. In general, it seems not to be true. One has to impose the followíng 
condition, which links the length of a solution curve with the initia.l condítion 
and parametrízation. We a.ssume that the manifold M is a Riemannian manifold. 

1) Let ¡:[O,a] ----t Af be a solution curve givcn by ¡(t) = Exp(~,t) for some 
r--vcctor e. Then the lcngth of ¡ is smaller lhan cf(II~JJ,a), where e E R+ 
and f: R+ X R+ ----t R+ is a continuous function non-decreasing in ea eh 
variable with f(.,O) =O 

The condition (1) is a. natural one. It is verifted by the equation of the geodesic 
of a Riemannia,n metric and on compact nmnifolds, any linear SODE satisfies ít. 

Lemma 12 Lct E be a syslem of dijjerential equations satisfying the conddion 
(1) and the1'e exisis an open satumled ncighboudwod of L on which the norms of 
the scctions X; are boundcd. Then is a neighbourhood H! of O in Rq for which the 
mapping exp); JW x L is a dijfeomorphism onlo thc inwge. 

Proof The proof ís essentially the same a,s in [M05]. The ma,in difiiculty is 
the fact that for sorne neíghbourhood W of O the ma,pping eJ:p); J W X L is only 
a, loca,! diffeomorphism, and, a priori, the !caves can rneet any eJ:p);(TV X {x}) 
at more tha.n one point. Ihving demonstratcd this fact we procecd as in [MOS] 
with only minor changes which the rea.der can easily do, 

For some small open neíghbourhood l:V0 of O the ma.pping eJ:p); JW0 x Lis a lo­
cal diffeomorphísm. Let us assume that for any open neighbourhood ¡,jf containcd 
in vVo there exists a, leaf L' which meets the transvcrse manifold expj(H! X {X o}), 
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x 0 EL, at more than one point. Let us ta.ke a sequcnce of balls Vlln = B(O, 1/n) in 
FF. For cach n there exists a leaf Ln su eh that Lnnexp1 (W,. X { x0}) = { x?, x~, ... } . 
Thus tbere are t'¡', t~ E l.:Vn for which expX( t?, x0 ) = x~ and expX( t~, x0 ) = x;'. 
As the mapping exz;1 restricted to any lea.f is a diffeornorphism, we can find a 
point :rn of the leaf L such that exp1(q,xn) = x2. Since t? -+O and t2 -+O 
with n -+ oo, the sequence of points xn o[ the leaf L has x 0 as its limit. As L is 
el o sed there exists a.n adaptcd chart (U, ¡p) a.t x 0 meeting L a.t one plaque P only 
su eh that for n sufficiently large x" E U. By ta.king a smallcr U we can as sume 
tha.t e:cp1 IV X P is a. diffeomorphism on U for so me neighbourhood V of O in Rq. 
Contradiction. O 

Exarnple 5 Let us consider the folia.tiou on iV \ {(O, O)} defined by a global 
vector J1cld with one hyberbolic singularity a.t the origin. It convinces us that in 
order to have tbe spa.ce of leaves I-Iausdorff we have to assume rnuch more than 
in Lemrna 12. 

Lemma 13 Let E be a transversely complete system of dij]áential equations 
sal.isfying the condition {1). Assume that allleaves of :F are closed. If for a leaf 
L ihc following conditions are satisfied: 

i) there e.rists an open neighbom-hood 117 of O in Rq su eh that the set of m.appings 
W 3 w 1-4 expx(w, x), x EL, is equicontinuous, 

ii) there exists an open satumted neighboudwod of L on whích the nonns of the 
:~cctions X¡ are bounded, 

lhen th e leaf L has a basis of el o .sed satumted neighbo11.1'hoods. 

Proof Lernma. 12 ensures that for sorne neighbourhood lV of O in Rq the 
ma.pping e:rp), IVV x L is a diffeomorphism on the image. Ta.king a decreasing 
sequence of neighbourhoods Hin of O in Rq, nl'Vn = {O} we obtain a sequence of 
foliatcd ncighbourlwods Wn = exp;,(vVn x L) of L with the intersection equal 
to L. Therefore the proof would be complete if wc rnana.ge to show that for a 
sufficiently small closed neighbourhood W of O the set exp1 (W X L) is closed in 
M. 

Let {Yn} C e:cp),(W XL) be a sequence of points with the lirnit y E M. We 
must show that y E vTI. Let us take W equa.l to a small closecl ba.ll B(O, r ), tben 
Yn = exp1(t," .rn) where tn E B(O, r) and Xn E L. By taking a subsequence we 
can a.ssume that tn -+ t0 . The points x~ = e:cpi(to, xn) forma sequence of points 
of the leaf expi(t0 , L) = L 0 . The assumptions i) ancl ii) ensure that as n -+ oo, 
thc clistance between Yn and .T~ tends to O, thus the point y is also the limit of 
{.r~}. Sin ce the leaf L0 is closed, y E L0 , a.nd it also belongs to the set ¡;\f.o 

Lcmma. 13 leads us to the formulation of a proposition for which we need the 
following de11nition. 

\ 
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Definition 6 A tmnsve7'sely parallelisable systern E is called locally bounrlcd if 
for any leaf there exists an open satumted neighbov.rhoorl of this lcaf on which lhe 
sections of the tmnsverse pamllelism of E ha ve bounded norm. 

Proposition 8 Let E be a tmnsversely parallelisable, tmnsversely complete, fo­
liated TUSP systern of diffe7'ential equations on a foliated manifold (M, :F). Jf 
the following conditions ar·e satisjied: 

i) allleaves of the foliation :F are closed, 

ii) the system E has the property (1}, 

iii) (condition (E)) for any leaf L of :F the1·e ex1:sts an open neighbov.rhood W of 
O in Rq such that the set of rnappings 111 3 w ~-----+ expx(w,x), x EL, is 
equicontin v.o11s, 

iv) the system E is locally bounded, 

then the space of leaves is a Ila11sdorjJ manifold and the nat11ml projection onto 
the space of leaves is a localiy trivial jibre bundle. 

Proof According to [PAl] the space of leaves is a 1'¡-manifold and Lemma 
13 ensures that it is a Hausdorff manifold. Theorem 1 tells us tba.t. the natural 
projection onto the space of lea ves is a locally trivial fibre bundle. O 

In Proposition 8 we have assumed from the very beginning that all leaves 
are closed. It is quite a strong assumption. We would like to weaken i t in the 
following sense. We want to find sorne conditions whích ensure that if one leaf 
is closed, then all leaves are closed. Por example, it is easy to verify tbat if 
one leaf is compa.ct, then all leaves are compa.ct. As the foliation is without 
holonomy the assertion of Proposition 8 is classical. Moreover, the hypotheses of 
this proposition are satisfied in this case. If the subbundle Q is integrable we can 
obtain a much stronger result. 

Lemma 14 If the supplementm·y snbbundle Q is inlcgmblc and has a compact 
leaj, thcn the foliation :F has a closed lcaf ifT all leaves of :F are closed. 

Proof Let L be a closed leaf and L' any leaf of :F. Under the hypothesis 
of Lemma. H the semigroup Af ap[)(M, :F; Q) is tra.nsversely transitive. Tbus 
there exist a sequence of lea.ves L0 , ... Lk+I> L0 = L and Lk+t = L' and a se­
quence of ma.ppings f 0 , ... .fk of Af ap[)( l'vl, :F; Q) su eh tha.t j 2;(L 2;) = L2i+J a.ncl 
hi+I(L2(i+l)) = L 2i+l· Therefore to prove that L' Íii closed it is sttfficient to show 
that 

l. if Lis a closed leaf, sois f(L) for any fE Afap[)(Af,:F; Q), 
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2. if for sorne rnapping fE Map[J(M,:F; Q) f(L) is closed, sois L. 

Let K be a cornpact leaf o[ Q. Proposition 6 ensures that t.he leaf J{ is a complete 
transverso manifold of :F. Therefore a leaf L of :F is closed iff its intersection with 
]( is finite. One can casily check that a.s the mapping f preserves the foliation 
Q, !(K n L) = j(J() n f(L) = f(L) n K. Morcover, sin.ce f rcstricted to any leaf 
of :F is bijective, the set f(L) n K is finito iff L n K is finite. 

This lernma. allows us to formulate the following corolla.ry to Proposition 8. 

Corollary 7 Let E be a system of differentia.l equations satisfying the conditions 
ii) --ív) of Proposdion 8. Assume that the subbundle Q ís integrable and the 
folia/ion Q has a compact leaf. Then if the foliation :F has a closed lea!, all 
/caves of :F are closed and the natuml projectíon onto the space o.f !caves of :F is 
a locally f¡·ivial.fibrc bundle. 

Now we shall present a condition which together with (1) will ensure that the 
un ion A of points of closed lea ves is an open--closed subset of the manifold. Sin ce 
we have assumed that the manifold is connected the set A ís either the whole 
manifold or empty. 

2} There e.úst an open covering U of the manifold M by adapted ¡·elatívely com­
pact charts { ([!;, 7f';)} and a nurnber 15 > O such that for any plaque P of 
the covering U the sct P( 15) = {y E .M: d(y, P) > 8} is con.taincd in sorne 
relat.ively com.pact adapted chart. 

Ler, us assume that the conditions (1) and (2) are sa.tisfied a.nd that the norms 
of the sections X; are loca.lly bouncled. First of al! we sha.ll prove that the set A 
is closed. Thc closure ii of A is a sa.tura.ted set a.nd let L be a leaf of A\ A. Then 
tbere exist a curve T [0, a] -> M, a > O, starting a.t a. point of L transverso to 
the foliation, and a. sequence of numbers tn ---+ O such that the leaf Ln passing 
through the point ¡( tn) is a el o sed one. There exists a lea.f L 0 , different from L, 
contained in L. Let ul e u2 be the pa.ir of cha.rt domains at a point X of Lo 
satisfying the condition (2). Since the lea[ L 0 is in the closure of L, there is an 
infinite nurnber of plaques Pm of U1 belonging to L. For n sufficiently largo there 
is an inflnite number of points Ym, Ym = e.rpl-,1Jxm), :rm E Pm, of the leaf Ln 
at the distance not grea.ter tha.n 8 from the point x. As the !eaf Ln is closed, it 
meets U2 a.t a finito number of plaques, and one of the plaques conta.ins an infinito 
number of points of {Ym}· Since the plaques are rela.tively compact these points 
are contained is a compa.ct set K. However, the points :rm = (cxp1-, 1JLt 1(ym) 
belong to clifferent plaques of U2 ancl the irnage of K by (e:rpl-,1,.11)-1 is not 
cornpact. Contradiction. 

Now, we shall dernonstrate that thc set A is open. Actually, we sha.ll prove 
that if L is a closed lea.f, then for a sufficiently small neighbourhood W of O in Rq 
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the set exp)..:(W XL) contains only closed leaves. Namely, let us take W so small 
that for any t E W the curve s ~ expx;,s-t'-' (x;_1) where s E [t•-t, t1], ti = 
L,j<iti, t = (t 1 , ... tq), x; = expx,,t; o ... o expx1 ,t1 (x), x EL, is of the length 
smaller than 8/2. 

Let us assume to the contrary that the leaf L' = exp)..:t0 (L), toE W, is not 
closed. Thus there exista a leaf Lo C L' \ L'. Let us ch~ose a point x0 of Lo 
and an adapted chart (U¡, 'if;¡) at x0 satisfying the condition (2). Then the leaf 
L' meets U1 at an infiníte number of plaques, say Pm. Using a similar argumcnt 
as previously, this time for the points of the leaf L we obtain a contradíction. 

We can summarize our considerations in the follwing theorem. 

l'heorem 7 Let (M, :F) be a foliated connected manifold admitting a transversely 
parallelisable, locally bounded, transversely complete, TUSP system of differential 
equations. If the foliation :F has a closed leaf and the conditions (1), (2) and (E) 
are satisfied, then al/ leaves of :F are closed and the natural projection onto the 
space of leaves is a locally trivial fibre bundle. 

In attemps to prove a structure theorem along similar lines as for complete TP 
foliations one meets severa! difficulties. Since global foliated vector fields of the 
foliation :F are also foliated for the basic foliation, their flows map leaves of the 
basic foliation onto themselves. It is not so in the case of equations. In general, 
we cannot prove that the image of a leaf of the basic foliation by expx,t ís a leaf 
of this foliation. It is a consequence of the fact that we do not know whether the 
system is foliated for the basic foliation. In our study we would like to point out 
when it is, in fact, true. 

The projections of the section X;, i = 1, ... q, define a transverse parallelism 
X;, i = 1, ... q. Thus the normal bundle N(M, :F), isomorphic to Q, is a triv­
ial bundle, i.e. N(M, :F) ~ M X Rq and the natural foliation of N(M, :F) 
goes to the product foliation of :F with the foliation by points of Rq. This 
induces a global trivialisation of the fibre bundle Jk(R, M; :F) = Jk(R, Q), i.e. 
Jk(R, M; :F) ~ R x M x J;(R, Rq). Namely, to [f]t E Jk(R, M; :F) corresponds 
the point (t, f(t),jf- 1e) where !ff¡ = L.r=t e; X;. Then the natural foliation :Fk is 
isomorphic to the product folíatíon of :F and the foliation by points. Therefore 
the sub bundle EQ of Jk(R, Q) corresponds toa field of submanifolds of J;(R, Rq), 
all of them being diffeomorphic. 

Let us consider a system of linear differential equations of constant rank, i.e. 
the subbundle EQ is a vector sub bundle of Jk(R, Q) of constant rank m. To 
such a sub bundle corresponds a field of vector subspaces of J;(R, Rq) = V of 
constant dimension m. Thus the subbundle EQ is given by a smooth mapping !E 
of R X M into the Grassmann manifold GR(V). The property that the bundle 
EQ is foliated translates itself into the fact that fE is constant on leaves of the 
foliation :F. Thus the mapping fE is constant on leaves of the basic foliatíon as 
well. 
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The vector fields X;, i = 1, ... q, define a bunclle--like metric g on the normal 
bundle, i.e. g(X;, Xj) = 8j. We denote the orthogonal complement of T:Fb by 
(J 0 . The bundle Jk(R, Q0 ) can be consiclered as a foliated vector subbundle of 
Jk(R, CJ). Thus it can be represent.ed as a srnooth mapping 

f8: M x R-+ GRp(V), 

p = dim Jk(R, Q 0 ) = Va, constant on leavcs of :F, and, thcrcfore on ]caves of the 
basic foliation as wcll. For this rea.son the mapping 

R X M 3 X 1---4 !E(:r) n !q(x) E u Gilr(Vo) 
r$m 

is consta.nt on ]caves of :F&. This mapping defines a. system of differential equa.­
tions on Q0 , to be precise, it describes thc system EnJk(R, Q0 ) = EQnJk(R, Q 0 ). 

Loca.lly, the intersection of EQ with Jk(R, Q0 ), to the system Aa(x, O =O, a= 
1, .. v, a.dcls the system Li c~~i = O,j = 1, .. vll the conclition of orthogonality to 
T:Fb o[ 6, ... ~q ancl its prolongations up to order 1.:- L As the functions A., aml 
e; are constant on the !caves of :F&, the system thus obtainecl is foliated for the 
basic foliation. It is not clifficult to verify that although EQ 0 is not a subbundle 
of Jk(R, Q 0 ), it is a tra.nsversely complete, transversely transitive, TUSP foliatecl 
systern on (111, :Fb)· Since the orthogona.l projections of the vector fields X¡, ... Xq 
define a local transvcrse parallelism of the ba.sic folia.tion, the corresponcling sec­
tions of thc bundle E~( Q0 ) = E[,( Q) n Q~ ensure that the systcm EQ 0 is a. locally 
transversely parallelisable system on thc folia.tecl manifold (M, :Fb)· Therefore we 
havc the following theorem. 

Theorem 8 Let E be a lransversely pamllelisable, tran8ven;ely complete, foliated 
TUSP linear systern of d~fferenlial equations of constant mnk on a connected 
foliated manifold (M,:F). If the conddions (1) and (E') a¡-e satisfied and the 
sustem is locallu bonnded then the closures of !caves are .fib1'CS of a locally l1'ivial 
ji/n-e bundle. The foliation indnced on each fibre is a Lie folialion. 

Proof The previous considerations ensure tha.t we can apply Proposition 8, 
which asserts t.ha.t the !caves of the basic foliation are fibres of a locally trivial 
fibrc bundle. The proof that. the closures of leaves are lea.ves of the basic foliation 
and that of the last statcment is made in thc samc way as for TP foliations, d. 
[M05,M011]. 

Let us look at. foliated equations from the point of view of holonomy pscu­
dogroups. The fact that the system E is locally bounded means that. the holonomy 
pseudogroup is of compa.ct type. The conclition (1) and local bouncledness to­
gether with the assumpt.ion that. the system is transversely complete ensure that 
the holonomy pseudogroup is a complete pscuclogroup. Thc fact tha.t this pseu­
clogroup preserves a parallelism of the transverse manifold allows us to apply t.he 
theory devcloped in [W015], cf. a.lso Section VI.2. Thus we have the following. 
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Theorem 9 Let E be a transversely parallelisable, transversely complete, foliated 
TUSP system of differential equations on a foliated manifold (M,:F). If the sys­
tem E is locally bounded and the condítíon (1) ís satisfied then the closures of 
lea ves of the foliation :F are submanifolds of M. 

At the end we formulate a technicallemma which can be useful in the study 
of flows admitting transverse systems of differential equations. 

Lemma 15 Let W be a dense fiow on a connected manifold M of dimensíon 
greater that 1. If W admits a transversely parallelísable, transversely complete, 
foliated TUSP system E of di.fferential equations which is locally bounded and 

Jhe condítion (1) is satífied then the manifold M is diffeomorphic to the torus 
Tk, k> l. 

Proof The tools which we have developed allow us to follow the method of 
Ghys and Molino, cf. [GH2,M010].D 

Remarks In our considerations we did not assume anything about the Rie­
mannian structure of the manifold. The nontrivial case, not covered by P.Molino's 
results, cf. [M05,M011], is that of a non-compact manifold, or even non­
complete Riemannian manifold. If the Riemannian manifold is complete the 
assumption of only local boundedness only ensures that Theorem 7 is true, cf. 
Section IV.2 for a discussion and a proof of a very similar fact. For the other 
results completeness is not sufficient. 

The condition (1) is quite a natural one. It means that at infinity solutions 
does not behave 'wildly', i.e. the norm of the tangent vector to them does not 
grow too steeply. 

The condition (E) is very important. It is a 'foliated' condition, saying that 
the exponential mapping associated to the system behaves topologically in the 
same way along any chosen leaf. 

'Local boundedness' is a technical assumption which together with the condi­
tion (1) allows us to estímate the length of solutions emanating from the leaf. 

All these conditions together with the completeness of the system of differen­
tial equations, in fact, replace the assumption that the bundle-like Riemannian 
metric defined by the transverse parallelism is transversely complete. In the TP 
case the transverse completeness of this Riemannian metric, or of the correspond­
ing equation of the geodesic, is equivalent to the fact that the vector fields of the 
transverse parallelism are complete. In this case the condition (1) and (E) are 
satisfied. Moreover, the vector fields are of constant norm. 

The condition (2) is purely topological and very well-known; essentially saying 
that the 'diameter' of charts is bounded away from O at infinity. It is a purely 
technical assumption. 

We can meet the equations considered in this section in the following context. 
Let us considera non-compact parallelisable manifold with vector fields X¡, ... Xn 
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of the pa.rallelism being non-complete. Then a.ssume that. on this manifold we 
have a. complete linear connection, ([FR2] provides a.n interesting condition en­
suring the cornpletcness of a fla.t connection). Then any global infinitesimal a.ffine 
tra.nsformation X such that [X, X¡] = j;X for i = 1, ... n defines a foliation we 
are intercsted in. More generally, we can take any system of ordinary differential 
cqua.tions on a para.llelisable manifold, and look for an infinitesimal symmetry 
X of this system for which [X, X;] = f¡X for i = 1, ... n. Any such infinitesimal 
symmetry defines a foliation of the required type, cf. [O L,OV]. It is not, usual! y, 
too difficult to fine! such a infinitesimal symmetry as the conditions (equations) 
we have to solve are linear ones. Tben we have to check whether our conditions 
are satisfied, but in any particular case this should not be too tedious. 

N o tes The chapter contains results of four papers. Sections 1 and 2 are hased 
on [WOS] and [WOH]. Section ::> presents facts published in [WOS]. The results 
of Section '1 correspond to [WOl 0]. Section 5 contains the rest of the paper 
[W014] and Section 6 is based on [W09]. 





Chapter IV 

G-foliations 

In this chapter we are going to study G-foliations, or equivalently foliations ad­
rnitting a foliated G-structure. We start by dernonstrating sorne general prop­
erties of these structures. Then we turn our attention to G-foliations with the 
group G of finite type. The chapter is cornpleted with a review of sorne results 
of R. A. Blurnenthal. We provide a 'proof scherne' based on our considerations 
from Chapter II. In this way we sirnplify the proofs and get sorne interesting 
generalizations of these results. 

The theory of foliated G-structures has been developed by P. Molino in 
[MOl,MOll]. The characteristic classes of G-foliations have been studied by 
F. W. Kamber, Ph. Tondeur and Th. Duchamp, cf. [DU,KT2]. 

IV.l Preliminaries 

First we recall sorne basic definitions: 

Definition 1 i) A tmnsverse G-st1·ucture E( M, G; :F) is a G-reduction of the 
GL(q)-principal bundle L(M,:F). 

ii) A foliated G-structure B(M,G;:F) is a G-reduction of L(M,:F) whose .total 
space is :F1 -saturated (i. e. with a point it contains the whole leaf of :F1 
passing through this point). 

Definition 2 i) A connection in a transverse G-st1·ucture is called a transverse 
connection. 

ii) A connection in a foliated G-st1'Ucture is called: 

a) basic if ils connection form vanishes on vecto1·s tangent lo the foliation 
:Fl; 

b) foliated ( or transversely pmjectable) if its connection form is base-like. 

59 
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In Chapter Il we have already mentioned the following fact wbich is due to 
P. Molino, [MOl,MOll] . 

Lenuna 1 A foliation F admits a foliated G -struciu!'C ij] on the transvcrse mrm­

ifold N the1·c e.rists a G-struciure of which the holonomy pscudogmup 1-í is a 
pseudogmup of local a1domorphisms. 

It is wcll known tha.t in any foliated G--structure therc cxists a basic G-- · 
connection, cf. [MOl,MOll]. 

Lemma 2 (Molino) In any foliated G-structure B(M, G; F) tlm·e cxists a ba.sic 
conncction. 

Proof On any open set U; thc foliated 0--structure B(M, G; F) is isomorphic 
to ft B(Ni, G). In B(N;, G) therc exists a C.-connection witb the connectiou 
form w¡. Then the form ftw; = W¡ defines a foliatecl connection on U¡. Taking a 
pa.rtition of unity {h¡} suborclinated to {U;} a.ncl pntting w = 'E, h;Jrw; we gct a 
connection form of a. basic connection.D 

The necessary and sufficient algebraic condition for the existence of foliated 
connections have becn found by P. Molino, see [M02,M011]. The followiug is 
e as y. 

Lemma 3 (Aiolino) A foliaterl G--structu!'e B(M, G; F) admits a foliaied C:­
connection íj] the C01Tesponding G-.structunc on the transverse manifold admits 
an 1-í-·imwriant G -connection. 

Now we are going to define the At.iyab·-Molino class of a. folia.ted G-structure 
whose vanishing ensures that in this G-structurc there exists a folia.ted connec­
tion, cf. [l\102,M011]. 

Let. w be a. k--form on B with va.lues in a G-vedor space (V, p). We assume 
tbat w vanishes on the vcctors ta.ngent to the foliation F 1 a.nd R;w = p(g-1 )Lv for 
any g E G. 

Lct us take the associaled fibre bundle E(l\1,0; V;F) to B(M,G;F) with 
the standard fibre ~1 . It is a foliatcd vector bundle. Then the Á:-form w can be 
consiclered a.s a k-forrn on B with values in 7r* E( M, G; V; F), the pull--back of the 
bundle E( M, G; V; .T) onto B. Assume that the k+ 1-form d:r,w = 1r*n for wrne 

~: + 1-form a on M. The forma is d:r-closcd as 1r'd:rct = d:r1 ;r*n = (d:r, )2w =O. 
Thus the fonn a defines a. cohomology class in JI k,J ( !11, E), e f. [MOll], [H.G2]. 

If the class [a] va.nishcs, then therc exists a form (3 o[ typc (k, O) on t. he 
manifold M with va.lues in E su eh lbéLt d:rfJ = a. The fonn ;r* f3 is a k:--form 
on B with val u es in 7r* E. Let us take the form w - 7r* (1, then d:r, (w - 1r* (3) = 
d:r,w- d:r1 1r*f3 = d:r,w- 1r'd:rfJ = d:r,w- rr*a =O. This prccíscly means tbat. 
w - ;r* f3 is a. base-likc form on B o[ type (V, p). 
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Definition 3 We say that two k~forms w and w' on B with values in 1r*E are 
congrucnt if the form w' ~- w is a pmjcctable fonn, that is there exists a k·-form 

w0 on 111 with val u es in E su eh that 1r*w0 = w' - w. 

The cohomology class dcfined above depencls only on the congruency cla.ss of 
the form w. In fact, let a and a' be two forrns on .M su eh that d;¡:1 w = 1r*a 

and d;¡:,w' = 1r*a'. Then d;¡:1 (w'- w) = 1r*(n'- a) = d;¡:1 1r*w0 = 1r*d;¡:w0 • Thus 
e/- a = d;¡:w0 • We call the cohornology class [a] the Atiyah-Molino class of the 
form w. 

Theorem 1 Let B(M, e; F) be a foliated p1·incipal fibre bundle. Let w be a k­
fonn on B of type (V, p) annihilated by vecto1·s tangent to thc foliation F 1 • Then 
the Abyah-Mólino class of the fo¡·m w cústs and it is ze¡·o iff thc cong1·uency 
class of this form therc is a base-~líke form. 

The theorcm is a consequence of thc preceding considerations. 
Let B(M, e; F) be a foliated e-structure on the foliateclrnanifolcl (M, F). It 

is not difficult to verify that any the connection forrns of two basic connections in 
this e--structure are congruent. Thereforc these forms define just one cohomology 
class in H 0 •1 (M, E( B( M,O; F); g)) which is ca.llcd the Atiyah-Molino class of the 
foliated e-structure B(AI, e; f). 

Now we can formulate the following corollary of Thcorem l. 

Corollary 1 (Molino) Let B(M, e; F) be a foliated e-structure. Then the bun­
dle JJ( M, e; F) adrnits a transve1·sly projectable connection íff its Atiyah-Molíno 

class is zcm. 

ITaving macle this sma.ll detour about foliatcd connections wc return to the 
study of e-structures. 

On the total space L of L(Af, F) or B of any transverse e-structure B(Af, e; F) 
WC define an RLvalued 1~-form e, the fundamental form, as follows: 

where 1r: L -+ J\1 and PN: TM __, N(M, :F) are the natural projections, and 
X= rr(p) ; or OP = p- 1]1Ndp1r· 

It is not difficult to check that if a. transverse G'-structure B(M, e; F) is 
foliatecl, thcn its fundamental form O Ís base-like, i.e. over U; O = .f;o where O 
is the funclarnenta.l form of the induced G'-structure on the tra.nsverse manifold, 
ancl ]; the mapping on the leve] of linear frames definecl by !;. Moreover, if the 
transverse G~strudure B(AI, G'; F) is foliatecl then the foliation F 1 of the total 
space 13 of B(M, e; F) can be clefinecl in yet another wa.y, namely: 

TF1 ={X E TB: ixO = ixdO = 0}. 
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Let w be a connection forro of a transvcrse Q,-connection. As in the case 
of e-structures 011 roanifolds we can define fundamental horizont<:tl vector fielcls 
B(e). Let Q be a supplernentary sub bundle to T:F in TM. Then there exists a Q,­
invariant sub bundle Q1 of kerw such that d1r!Q 1 is an isomorphism on each fibre of 
Q1 onto Q. Let e E Rq. Then for any point p of 13 there exists precisely one vector 
B(e)p of the tangent space of B at p such that B(OP E Q1 ancl Op(B(Ov) = ( 
We denote the vector field obtained in this way by B(e). One can easily check 
that if B( M, G; :F) is a foliatecl G-structure aild w a foliated connection, then 
the vector fields B(e) are infinitesimal automorphisms of the foliation :F1 and, 
locally, they project onto the corresponding fundamental horizontal vector fielcls 
of tbe G--structure on the transverse manifold. Moreover, R~B(e) = B(a-1e) for 
any a E G and [A*, B(O] = -B(A() for any A E g. 

The torsion tensor field T of a transverse conn~ction w is defined as follows: 

T(X, Y)= \7 xPNY- \lypNX- PN[X, Y], 

where \7 is the covariant differentiation operator associated to w and X, Y are 
vector fields on M. The tensor field T is a section of T*M&/l'*llf®N(M,:F). 
It is not difficult to verífy that the forrn e, e = dO - w A O is the tensor form 
a.ssociated to T and it is called tbe torsion forro of w. If w is basic, then its 
torsion tensor field T factorizes toa section of N*(M,:F)®N*(M,:F)®N(M,:F). 
The corresponding tensor to T ( or e) with val u es in H om(Rq ARq, Rq) we denote 
tw (or t if no confusion arises). Moreover, if w is foliated then e is a ba.se-·like 
forro, t.,., is constant a.long the leaves (foliated) a.nd T, considered as a section 
of N*(!vf, :F)®N*(M, :F)®N(/11, :F), is foliated. In the case of a transverse con­
nection to define well the tensor tw with va.lucs in H om.(Rq ARq, Hq) we ha ve to 
choose a. supplementa.ry subbundle Q to T:F in T M a.nd rest.rict the tensor fiel el 
T to Q*®Q*. Unfortuna.tely, this operation is not independent of the choice of 
Q. 

We will define the structnre tensor of a. tra.nsversc G-structurc B(M, G; :F). 
Let us fix a. sub bundle Q of the ta.ngent bundle TM supplementa.ry to T :F. Let V 
be any q-dimensional subspa.ce of the tangent space 'I;,B. We sha.ll cal! this sub­
space horizontal if d1r(V) = Q1rp· From now on we shall consider only horizontal 
subspa.ces. 

For any horizontal subspace V we define the rnapping 

Cv(nAv) =(X AY, dO) 

where X, Y E V ancl O(X) = 1l, O( Y) == v. As in the standard theory ( cf. [SB]) 
two such ma.ppings clef1ned for differcnt horizontal subspaces a.t a given point 
differ by an element of oH om(Rq, [J_), thus for any point p of B the mappings CF 
define the unique class c(p) in Hom(HYARq,Hq)/8Hom(Rq,[J_). We shaJI call the 
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tensor obtained in this way the structure tensor of the transverse G--structure 
B(M, G; :F) and we denote it by c. 

We assume the standard Spencer notation, cf. [FU,SP]: 

C 1•1(,q) = Ilom(R 7 ,[¡), a 1 = i*®ad; 

C0 •2 ([L) = Ilom.(R 7 ARq,RJ, a2 = Ni*®i; 

H 0•2([l) = Hom(Rqt\f{q, R7)/3Hom(Rq,fl_),a3qo = qoa2; 

where a;, i = 1, 2, 3, are representations of g on the respective vector spaces, i is 
the natural representation of g_ on R7 , and q~ is the projection of H om(R 7 ARq, R7 ) 

onto Hom(R 7 AR 7,R 7 )/8Hom(Rq,fl_). Then, we have the following proposition. 

Proposition 1 i) Let w be a transverse eonnection in a transverse G--structure, 
thcn its l01'SÍOn tensor ÍS a tenSO!' oj type ( a2, C0 •2 (fl_)). 

ii) The sl!·uctur·e tensor of a transverse G-structure is of type (a3 , H 0 •2 (g)). 

The following lemma is easy but important: 

Lemma 4 lf ihe tmnsverse G-structure B( M, G; :F) is foliated, then its structure 
tensor is folialed. 

Proof Since E( M, G; :F) is foliated, there exists a G-structure E( N, G) on 
the transverse manifold N such that B(M, G; :F)jU; = ft B(N, G). Therefore the 
horizontal subspaces at a point p of B over U; are in one-to-one correspondence 
with lwrizontal subspaces at the point /;(p ). Namely, if Vis a horizontal subspace 
at the point p, then dp];(V) = Vis a horizontaJ suhspace at ];(p). Moreover, 
as o¡rr- 1(U;) = ltiJ, Cv(ut\v) = Ct>(ut\v) for any u, V E R7. If vl and ¡;2 are 
two horizontal subspaces of B(ll1, CJ; :F) at points p1 and p2 , respectively, over U; 
such that d/;(11¡) = d];(112), it results from the above relation that Cv1 = Cv2 • 

In particula.r, it rneans that c(p¡) = c(p2 ); thus indeed Lbe structure tensor is 
folia.Led. O 

The relation beLween the torsion tensor a.nd the structurc tensor is expressed 
by the following proposition, which results directly from the definition of the 
structure tensor. 

Proposition 2 Lct t be the torsion tenrwr of a iransvcrse G-connection in a 
transve1·sc G -structure B(J\J, G; :F). Then for any point p of the total space of 
B(J\1, G; :F) qot(p) = c(p). 

Remark The structure tensor is functoria.l, i.e. if f: J\f'--+ 1\-f is a ma.pping 
transverse to the folia.tion :F, then the structure tensor e' of the G--structure 
.f*B(J\f,G;:F) on the foliated manifold (M',.f*:F) is equa.l to /•c. 

Using the rnethods of [FU] we can prove the following. 
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Proposition 3 Let (M, :F) be a foliated manifold with a tmnsverse G-slruclnre 
B(M, G; :F). lf the structure ten8or· of every tmnsvcrse G·-structure on (M, :F) 
vanishes identically, then the rnapping 

D: H om(Rq, fi) ---> Bom(Rq M~'~, Rq) 

is surjective. 

For the consequences of this proposition in the standard case ancl examples 
of Lie algebras for which 8 is surjective see [FU]. 

If we assume that the first prolongatíon g(ll of the Líe algebra g is trivial, 
we get a rnuch stronger relation between bas~ G-connections and their torsion 
tensors. 

Proposition 4 lf the jir8t prolongat.ion fl(l) of the Líe algebm fl Í8 tr·ivial, then 

ba8r:c connections in any foliated G-stTuctu·re m·e delennined by thei7· torsion ten­
sors. 

Proof Let w and w' be two basic connections and 0 ancl 0' be their torsion 
forms, respect.ively. From the structure equations we get that 0- 0' = 8t,1,( ()A()) 

where w - w' = 7./J and t,¡; is the tensor corresponding to 'ljJ. Thus, if (:) = f)', 
8t,¡; = O, and as ker8 = fl(l) = O, 7./J =O. Therefore w = w'.D 

Ren1ark For transverse connectíons the same proof yíelds a weaker result: 

Proposition 5 lj the first prolongalion g(l) of the Líe algebra g is trivial, then 
the tmnsverse part (i.e. the restrictúm to -;,ny supplemcntar·y subbundle Q) of any 
tmnsverse G--connection in a transverse G-sh·ucture is determined by its to1·sion 

tensor. 

Now we shall ínvestiga.te the existence of f.ra.nsverse G--connectíons with a 
prescribecl torsion tensor. With the standard Spencer notation ( dropping g_ ) wc 
have the followíng cxact sequencc of G-vector spaccs: 

(1) o-+ [l(ll___,cl,l _a_, co,2 _.!.()__, ¡¡0,2 ---t o 

and then of foliatecl G--vector bundles o ver the foliated manífol el (M, :F): 

(2) O -+ [L(l) B(M, G'; :F) -+ C1 •1 B( M, G'; :F) ___ , 

C 0•2 B(M, O; :F) ·-+ H 0•2 B( M, G'; :F) -+O. 

Let us assume that we have a G--invaria.nt subspa.ce S' of C 1•1 supplcrncntary to 
i([L(1)). Then the sequencc: 

o -+ fl(l) ---> C1•1 _!!_., /,:e¡·qo ---> o 
aclmíts a G-inva.ríant splitt.ing s: Á;e¡·q0 ---> C 1•\ as the spaces kerq0 ancl S' are 
isornorphic as G--vector spaccs. 

Now, we are in a position t.o provc t.hc following theorem: 
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Theorem 2 Let (M, :F) be a foliated manifold with a transverse 0-structure 
B(M, O; :F). Assume that the Líe algebra f!... has the following property: 
( *) the1·e exists a 0-invariant subspace S of C1•1(f!...) supplementary to fl_(l). Then: 

i) a tensor t of type ( a2 , C0•2 ) on B(M, O; :F) is the torsion tensor of a transverse 
0-connectíon iff q0t =e; 

ii) let B(M, O; :F) be a foliated 0-structure. Then a tensor t of type (a 2 , C0•2 ) 

on B(M, O; :F) is the torsion tenso¡· of a basic 0-connection iff q0 t =e; 

iii) let B(M, O; :F) be a foliated 0-stntcture admitting a foliated G-connection. 
Then a foliated tenSO!' t on B(M, O; :F) of type (a2, C0•2) is the torsion 
tensor of a foliated G-connection iff q0 t = c. 

Proof The necessity has already been proved. We shall demonstrate the case 
iii) of the theorem. The other ones are simpler and the proofs are similar. Let 
w be a foliated connection in B(M, O; :F) and lw its torsion tensor. Then as 
q0lw = e, q0 (tw- t) = O. Since the tensors are foliated, we can descend to the 
leve! of the transverse manifold N, and consider ?i-invariant objects only. The 
corresponding objects will be underlined. When the condition (*) is fulfilled the 
vector space C1•1 / fl_(l) is isomorphic to S as a O-vector space. Because of (*) 
L. - i defines a tensor ,i: E..( N, O) - S which is also 1{-inva.riant such that 
O§.= L.- t. Let p_ be the corresponding tensorial 1-form with values in fl_· It is 
an ?i-invariant 1-form. Therefore, it defines a foliated tensorial1-form 'ljJ on B. 
Then, w' = w- 2'1/J is a connection form such that iw•- tw = -(tw- t). Thus 
iw' = t ,O 

Corollary 2 In a foliated 0-structure the1·e exists a torsion-free basic 0-con­
nection i.ff the structure tensor vanishes identically. 

Corollary 3 Let B(M, O; :F) be a foliated 0-structure. Assume that there exists 
a foliated 0-connection and that the condition (*) is fulfilled. Then there exists 
a to1·sion-j1·ee foliated 0-connection iff the st!·ucture tensor vanishes identically. 

Using the above result we can demonstrate the existence of foliated connec-
tions in sorne other cases, ( cf. [FU],[W03]). . 

Proposition 6 Let B(M, O; :F) be a folíated 0-structure on a foliated manifold 
(M,:F) and g(l) =O. Then, 1j the structure tensor of B(A1, O; :F) vanishes, there 
exists a to1·sion-f1·ee foliated connection in B(M,O;:F). 

Remark The assumptions of the proposition are fulfilled by the bundle of 
transverse orthonorma.l frames of a Riemannian foliation. The torsion-free con­
nection obtained in this wa.y is the transverse Riema.nnian connection, ( cf. [LPl], 
[LP2], [M09], [MOll]). 

We can also prove the existence of foliated connections in a. more general 
situation. 
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Lemma 5 Let B(M, G; :F) be a foliated G-strueiur-e on (M, :F). Asswne that 
therc cxists a subspace S of H om(Rq t\Rq, Rq) invariant by the natural rcpresenta­
tion of the group G S1leh that H om(Rq t\Rq, Rq) = S@imo. If the fi¡·st pmlongation 
fl..(l) is trivial, then there exists a basic conr~eciion for whieh any a1domorphism of 
B(A1, G; :F) is an affine transfor-mation. 

ProofLct e be the structure tensor of B(M,G;:F). It takes valucs in 

H om(Rqt\Rq, Rq)/ oH om(Rq, g ). 

Let le be the tensor with values in S corresponding to the structurc tensor. For 
any automorphism f of B(l\1, G; :F), e}= c. Therefore tcf = le as well. From 
Proposition 4 it results that there exists at most one basic 0--connection whose 
torsion tensor is equal to le. On the other hand, from Theorern 2 ii) we obtain 
that such a connection exísts. Therefore the automorphísrns of B(M, G; :F) have 
to be affine transformations of this conncction.D 

As an ca.sy conscquencc of this lcrnma we get the following: 

Proposition 7 Let G be a closed subgroup of GL(q) sueh that the .fin¡f pm­
longation fl..(l) of its Lie algcbra is trivial and that there cxists a subspace S of 
H om(Rq t\Rq, Rq) invaT'iant by the natural r·epr-esentation of G and supplementar-y 
to 8Hom(Rq,g)in Horn(Rqt\Rq, Rº). Then there cxists a foliated eonnection m 

any foliated G~stru.cture E( M, G; :F) on a foliated manifold (M, :F) 

IV.2 G-structures of finite type 

In this section we defmc prolongations of foliated G-structures and 11se thcir 
properties to obtain somc more ínformation about G-foliations for tite group G 
of finíte type. 

Let Q be a sub bundle of the tangent bundle T M supplementa.ry to T:F. We 
have shown tha.t any horizontal subspace V of the tangcnt space 1~B defines an 
elernent Cv of Hom(Rºt\R'~, R'~), and that for a.ny two such subspa.ces V1 ancl V2 at 
a given point their difference belongs to 8Hom(Rq,g), i.e. C~~¡ -C\s = éJSv,v1 • Let 
us choose a subspace 8 of H om(R'~ t\ R'~, Rq) supple~entary to 8II om(Rq, a). This 
choice, at ea.ch point p distinguishes a family of horizontal subspaces V for which 
Cv E S. Then if V1 and V2 are two such subspaces Cv, - Cv2 = 8Sv2 V¡ = O a.s 
C~'Í -C112 belongs toS and ollom(Rº,g) at the same time. Thcrefore Sv2 v1 E g{ll. 

Thus this choice of a subspace C defines a Q{!Lreduction of L(B, :F1) wherc 

Q(l) = { ( il~ i~) E GL(R<J + _g): hE E;(l) }· Wc call this Q(!Lstructure the first 

prolongation of the foliatecl Gstructure B( A1, G; :F) and denote it by B 1 ( 111, G; :F). 
The bundle B 1 (1J1, G; :F) is a foliated sub bundle of L(B, :F1 ) corrcsponding to 
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the first prolongation B1(N, G) of the G-structure B(N, 0). The foliation of 
B1(M, G; :F) we denote by :F2. By the k+ lst-prolongation of the foliated G­
struct lll'C B ( Af, G; :F) we understand the first prolongation of the foliated Q(k)__ 

structure lJk(M, G; :Fk+J) -tbe kth prolongation of B(M, G; :F). Its foliation we 
denote by :Fk+2· 

Lemma 6 If lhe gmup G is of type k, then the foliation :Fk is transvC7'sely par­
allelisable. 

Proof The fact that the group G is of type k means that the group Q(k) 

is trivial. Thereforc the foliated structure JJk( M, G; :F) is an {e }-structure, the 
bundle Bk(.A1, G; :F) is a reduction of the bundle L(Bk-l, :Fk)· Thus, indeed, the 
foliation :Fk is transversely paraJlelisable. O 

Definition 4 Lei :F be a G-foliation for a Lie group G of type k. The foliation 
:F i.s called tmn.svcr.scly complete if the tmnsverse parallelísm of the foliation :Fk 
ís complete. 

Theorern 3 Let G be a Líe group of type k and :F be a tmnsve1·scly complete 
G-foliation. Then leavc.s of the foliation :F have thc same univer8a1 coveríng 

.space. 

Proof Let us consicler the foliation :Fk of the total space of JJk-1(1\1, G; :F). 
It is a complete transversely para.llelisable foliation. Therefore the leaves of :Fk 
are diffeon1orphic. H results from the construction that leaves of :Fk are covering 
spaccs of leaves of :Fk-l· Hence leaves of :Fk a.re covering spaces of lea.ves of :F, 
and thercfore !caves of :F have the sarne covering space. O 

Corollary 4 (Blumenthal) Leaves of a lmn.sversely complete confo7'mal foliation 

of codúncn.síon q ;:: 3 have the same universal covering space 

Proof The conforma! group CO(q) is of type 2 for q;:: 3, cf. [BL5]. O 

As an application of this mcthocl we consider the following foliations. 

Definition 5 Let N be a q-manifold and K a psev.dogmvp of local diffeomor­

phi.sms of N. For any open snbset U of N K(U) ={fE K:domf =U}. We say 
lhat the pscudogronp K has the property Ek, A~ E N, if for any point ;¡; of N there 

cx:isls a sequence of opcn sub.sets {un} snch that U o = N' n Un = {X} and ihe 

8JHLCC8 u;J: I E K( Un)} anc; eq1f.al. 

Example 1 J) Any pseudogroup gcneratcd by a group of global diffcomorphisms 
has the property Ek for any k:. 

2) Let B(N, G) be a regular G-structure on a simply connectecl compact 
manifold N for a group G of Jinite type k. The pseudogroup K generated by the 
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flows of infinitesimal automorphisms of this G-structure has the property Ek. 
In fact, the sheaf of germs of infinitesimal automorphisms of this G-structure 
is constant, cf. [FU]. Thus any germ of an infinitesimal automorphism can be 
extended to a global infinitesimal automorphism of B(N, G), hence any local 
diffeomorphism from some flow with the domain small enough can be extended 
to a global diffeomorphisrn, so the pseudogroup has the property Ek. 

Let G be a closed linear group of type k, B(N, G) be a G-structure on N, 
and K a pseudogroup of local automorphisms of B(N, G) ha.ving the property 
Ek. Let :F be a K-folia.tion on M. Then: 

Lemnm 7 The restriction mapping K(Um) -t K(U,+ 1 ) is bijective. In particu­
lar, any element of K can be extended to a global automorphism of B(N, G). 

Proof Let f E K(Um+d· Then the líft f of f to B"-1(N, G) preserves the 
{e }-structure on B"- 1(N, G), i.e. the parallelism {X11 •.• X,}. Hence fexp(tX¡) = 
exp(tX;)J for a.ny t and i = 1, ... r whenever exp(tX¡) is definecl. 

Let g be an element of K(Um) such that j!g = j~f. Then for the map­
ping jj we have the equality .iJ(p) = !(¡1) for any p over x. The sct A = {p E 
B"(N, G);f(p) = g(p)} is non-empty ancl closcd. Our previous consiclerations 
ensure that it is opcn as wcll. Hence over Um+l f = g. O 

Lernrna 7 ensures that our foliation is clevelopable. Therefore as a corollary 
we get the following fact. 

Proposition 8 Let :F be a K·-foliation on a compact man~fold M wilh ihe pscu­
dogroup K having the propcdy Ek. Then thc .foliation :F is developable. 

The following thcorcm is true for transvcrsely complete K-Jolia.tions. 

Theorem 4 Let :F be a transve7'sely complete K-foliation modelled on a q-­
rnanífold N with the pseurlogmup K having lhe pmperty Ek· Then the !caves 
of :F have the comrnon universal covering space and thc space of leaves of :F is 
horneomorphic to the orbit space of sorne gmup action on a covering space o.f the 
manifold N. 

Proof Accorclin& to Proposition 8 therc exists a cove~·in~ Ü of fl.f such that 
the liftecl foliat.ion :F is clefinecl by a. globa.l submersion f: M -t N. We rcstrict 
our attention to irnj which we denote al so by N. Thus the folia.tion J:,, of 
B"-1 (M,G;:F) ís clefined by the submcrsion /" 
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N 

Thc totaJ space of the bundle Bk- 1(JI.f, G; F) is a. covering spa.ce of the total spa.ce 
of the bundle Bk- 1(M, G; F) a.nd the folia.tion Fk is the lifted folia.tion of Fk. Fk 
is a. complete tra.nsversely para.llelisa.ble folia.tion, so is j:k· M oreo ver, as lea. ves 
of Fk are closed, the project.ion onto the leaf spa.ce Bk / F is a loca.lly trivial fibre 
bundle. Thus indeed ]caves ofF have the sa.me universal covering space. 

'J'he transverse parallelism of Fk projects onto a complete parallelisrn of Bk / F 
aml it is ma.pped by the induced mapping fk onto the natural pa.ra.llelism of the 
total spa.c:e B'¡;- 1 of Bk- 1(N,G). Hic:ks' Theorem, cf. [HK], ensures that the 
mapping Jk is a. c:overing ma.pping. Therefore we have the following commutative 
dia.gram. 

Bk-1 Bk/F !k B'J¡-1 

* 7r 7rN 

iJ if¡:t N 

where Ú/ F is a T1 manifold acc:ording to [PAl J. Hence the mapping j is a local 
horneomorphism. The next step is to sbow that j is a covering. To prove this need 
only to show tha.t J has the property of lifting curves. Sin ce Bk-J (N, G) ~ N 
is a. towcr of principal fibre bundles, for any curve ¡· in N there is a horizontal 
lift ;y of 1 to Bk- 1(N. G). Because jk is a covering mapping, the curve ;y can 
be lifted toa curve 1 in Bk/F. Thus the curve 7r o 1 is a lift of 1 to K1¡:F. 
The choice of a point y in j-1(¡(0)) forces the following c:hoices in the liftings 
executed: 7r- 1 (y) :;¡y ancl .fk(!]) E Irj;/(¡(0)). Therefore the manifold Af/F ís a 
covering of a Hausdorff manifold. We denote it by Ñ. 

Since the mapping J is a covering mapping we can lift /(toa pseudogroup K of 
N. The pseudogroup fC has the property Ek as well. Tlms F being a K-foliation 
ís a developable one. Therefore there exists a homomorphism h: 7r¡ (!11, x) ~ 
Aut(B(N, G)), cf. Proposition Ll. The space of lea.ves ofF is homeornorphic to 
the space of orbits of the group imh a.c:ting 011 N. O 

To complete Lhis section we turn our attention to foliations wíth all leaves 
cornpact. First wc csta.blish a simple bnt usefullernrna. 
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Lemma 8 A leaf of :Fk is compact iff the corresponding leaf of :F is compact and 
has finite holonomy group. 

Proof Let U = {U;,/;,g;j} be a cocycle defining the foliation :F with the 
following properties: 

i) the open covering {U;} is locally finite, 

ii) the open sets U; are relatively compact, 

iii) the submersions f¡ take values in a q-manifold N admitting a G-structure 
B(N, G) and have connected fibres, 

iv) the local diffeomorphisms 9ii of N are local automorphisms ofthe G-structure 
B(N,G). 

Then the foliation :F~c of the total space B"-1 of B"-1(M, G, :F) is given by a 
cocycle 

U" = {V;, B"-1(!;), B"-1(g)} 

where V¡ is the total space of B"-1(M, G; :F)JU;, B"-1(!;) is the fibre mapping 
corresponding to f; of B"-1(M, G; :F) into B"- 1(N, G) and B"-1(%) the cor­
responding local diffeomorphism of the total space B';¡1 of B"-1(N, G). The 
holonomy pseudogroup H" of the foliation :Fk given by the cocycle U" consista 
of local diffeomorphisms of B'¡.¡-1 preserving a parallelism of this manifold, cf. 
[K02,SB]. Therefore, they are determined by their values at any point, and the 
elements of the holonomy pseudogroup 1{ generated by the cocycle U are deter­
mined by their k-jets. The holonomy group of a leaf L of the foliation :F at a 
point x of U;, up to conjugation, is the group 

H.;;= {(h)x: h(x) = x, hE H} 

where x = J¡(x). The leaf Lis compact iff the H-orbit of x is finite. Therefore, 
the lemma is equivalent to the following one: 

an H-01·bit of x is finite and the group H., ís finite íjj for any point p over x 
of B'¡.¡-1 the H"-orbit of p is finite. 
The statement that the H"-orbit of p is finite means precisely that the set H~ = 
{j;h: h E H} is finite. The fact that local automorphisms of the G-structure 
B(N, G) are determined by their k-jets ensures that the set H~ is finite ilf the 
group Hx is finite and the H-m·bit of the point x is finite.D 

Let us assume that all the leaves of :Fk are compact. According to Lemma 8 
it is so if the leaves of :F are compact and have finite holonomy. Then the Reeb 
Stability Theorem, cf. [HH,LA], ensures that the space of lea ves M/ :F of the 
foliation :F is a Satake manifold. 
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The converse is also true. Let :F be a foliation on a compact manifold. If the 
space of leaves is a Satake manifold the foliation cannot have a non-compact leaf. 
Otherwise this leaf couid not be separated from any other leaf contained in íts 
closure. Moreover, the structure of a Sa.take manifold ensures that these cornpact 
leaves cannot have infinite holonomy. Therefore we have proved the following: 

Corollary 5 All the lea ves of the fohation :Fk are compact iff the space of leaves 
of the foliation :F is a Satakc manifold. 

This corollary leads us to the following theorem. 

Theorem 5 Let :F be a transve1·sely complete G-foliation of finite type k on a 
compact manifold M. All the lea ves of :F are compact iff the space of lea ves of :F 
is a Satake manifold. 

Proof The set of points of generic lea ves (i.e. without holonomy) is open 
and dense in 1\f, cf. [HC,EP]. Thus according to Lemma 8 the foliation :Fk has 
compact leaves. Moreover, as it is a complete T.P. foliation, al! its leaves are 
compact a.nd the theorem results from Corollary 5.0 

As a corollary we obtain the following fact dueto P.Molino, cf. [M09,M011]. 

Corollary 6 Let :F be a Riemannian foliation on a compact manifold with all 
leaves compacl. Then the space of leaves of :F is a Satake manifold. 

Proof A Riemannian foliation on a compact manifold is a transversely com­
plete foliation of type l.D 

As a corollary of the proof of Theorem 5 we get: 

Corollary 7 Lct :F be a transvc1·sely complete G-foliation of finite type. lf the 
folíation :F has a cornpact leaf with finile holonomy thcn all the !caves of the 
.foliation :F are cornpacl with finite holonomy and the space o.f leaves of :F is a 
Satake manifold. 

The assumption of transverse cornpleteness which ensures that all the leaves 
of :Fk are compa.ct can be wea.kened in many wa.ys. In fact, for us, it is enough 
to show tha.t. the union of the compact leaves of :Fk is open and closed, or just 
closed as it is alwa.ys open. For exa.mple, we ha.ve the following. 

Proposition 9 Let :F be a CJ-foliation of finite type k with allleaves cornpact on 
a compact manifold M. If one of the following conditions is satisfied: 

a) the foliation :Fk is a complete Riemannian foliation, 

b) on the 1nanijold Bk-t lhere e.ústs a complete Riemannian rnetric in which the 
vector ficlds of the transver·se pamllelism have locally boundcd norms, 
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e) the foliation :F is gíven by an action of a Lie group 1{ su eh that: 

i) the1'e exísts a supplementary subbundle Q to T:F invariant by K, 

ii) the gr-oup K acts by autorn01phisms of B(l\1, G; :F), 

then the space of leaves of :F is a Satake manifold. 

The proof of the part a) of the proposition is based on the following lemma 
for T .P. foliatlons. 

Lemma 9 If a lransversely parallelisable foliation :F has a compact lcaf and ad­
mits a complete bundle-like metríc for the foliation :F then the leaves of :F m·e 
compact. 

Proof At the very beginning let us stress that there is no connection between 
the T.P. and the bundle-like metric. Let us pass to the bundle of transverse 
orthonormal frames. lts foliation is a complete T.P. one as the bundle-like metric 
is complete. It has also a compact leaf. Thus al! lea.ves of this foliation are 
compact which implics that allleaves of :F are compa.ct. O 

Part a) of the proposition is a consequence of Lemmas 8 and 9 and the fact 
that the foliation has a compact leaf without holonomy. The proof of the pa.rts b 
ancle) depends on the fact that under these assumptions, using similar a.rguments 
as in Lercma 9, we can prove that allleaves of the foliation :Fk are compact.D 

Remarks 
1) The assumption that the manifold M is compact and that al! the leaves of 

the foliation :F are compact can be replaced by "therc exists a compact leaf with 
finite holonomy". 

2) If the group ]( of e) is compacta K--invariant subhundle Q supplementary 
to T:F always exists. 

3) The ahove consiclerations are also valid for V- G-foliations as the foliation 
:F1 of the total space of B(M, G; :F) is T.P. More genera.lly, it is also trne for 
foliations aclrnitting foliated Cm·ta.n connections, cf. [BU:)]. 

4) The lemrna for T.P. foliations corresponding to the point bis the wea.kest 
possihle as indicates the following example: 

Example 2 Let T 2 = 5 1 x 5 1 he the 2-torus foliated by circles {a;} x 5 1 • When 
we puncture it, we obtain a T.P.foliation of the punctured torus whose al! but 
one leaves are compact. We can make it a complete manifold, but then the vector 
field defining the T.P. will not have loca.lly houncled nonn. 
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IV.3 Applications: characteristic classes offlag 
structures 

A flag structme :F on a manifold l\J is a system of foliations 

The characteristic cla.sses of these st.ruct.ures were studíed by ma.ny authors, cf. 
[CB,CMA,DO,WC)l,W02]. We are goíng to apply Theorem 2 to obta.in va.níshing 
theorems for cha.ra.cteristic classes of flag structures with an adapted tra.nsverse 
gcornetric structurc. In particular, as a corollary we obta.in the va.nishing theorern 
ofF . .J. Carreras a.nd A. M. Na.vcira., eL [CN]. For simplícity's sa.ke we a.ssmne k 

2. Let q1 codim.:F1, q codirn:F2 a.nd p = q1 - q. 

Definition 6 A l.ransvcrsc G-struclv1·e adapled to ihc flag :F is a G 1 xG2 --reduc­
tion JJ(M,G 1 xCh;:F1 ) o.fthe bundle L(l\I;:F1 ) where G 1 e GL(p), G2 e OL(q), 
su eh that i.f p = ( v 1 , ... Vp, vp-1-l, ... Vp-t-q) is a transverse jl'ame of B( 1\f, G1 X 0 2 ; :F1) 

at a poi ni x, then lhe ·vcctors VJJ ... Vp span the veclor spa.ce T:F2/'T:F1,. 

If we ideut.ify tbe normal bundle of the foliation :F1 wíth a subbundle Q of 
TM supplementa.ry to T:F1 , the choice of a 0 1 x02-reduction of L(l\1; :F¡) as 
abovc means tbat we bave chosen suhbundles Q 1 ancl (]2 of Tl\1 such that Q 1 

is supplcmentary to T:F1 in T :F2 , Q 2 is supplementary to T:F2 in T l\1 a.nd Q = 
Q1 EB Q2 . Moreover, we have a 0 1-reduction B(!\1, 0 1 ; :F) of the fra.me bundle 
L(Q 1 ) of Q1 aml OT-rcduclion JJ(M, G2 ; :F2 ) of the frame bundle L(Q 2 ) of Q 2 • 

Let 11 1 : 13( M, G 1 x 0 2 ; :F¡) ---+ 13( M, 0 1 ; :F) be the projectíon defincd by the 
corrcs¡>ondcn ce 

a.nd Jr 2 :B(,~f,G 1 xG'2 ;:F1 ) -+ B(M,(i2;:F2 ) be thc projcctíon defined by the 
corresponden ce 

JVforeovcr, tbe princípa.l iibre bundle 13(1\1, 0 1 xG2 ; :F¡) is the fibre product of the 
lnmdles B(M, G1 ; :F) anci13(M, 0 2 ; F 2), i.e. 

Lct Ef, B1 ancl FJ 2 be tbe total spaces of the bundles B( M, G'1 X 02; :F,), B(A1, G ¡; :F) 
aml JJ(M, 0 2 ; :F2 ), rcspectively. 

Lct w be a. linear connedion in thc bundle B(M, 0 1 x02 ; :F1 ). Then w is a 
1-form ou 13 with values in Lic(01 xG2) = f1_1 EBfi_2 · Let. 
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be the natural projections. Then there exists exactly one linear connection w 1 

in B(M, G1; :F) (resp. w2 in B(M, G2; F 2 )) such that p 1w = 1r~w 1 (rcsp. p2w = 
1r;w2 ). Conversely, if w¡ and w2 are G1- and G2 - conncctions in the bundlcs 
B(M, G1 ; F) and B(M, G2 ; F 2), respcctively, thcn the form w = 1r;w1 ED 1r;w2 

defines a G1 xG2-connection in B(M,G1 xG2;F1). Moreover, the canonical form 
O of B(M, G1 xG2; F 1) which takes values in RP E1J Rq = r,¡v+q decornposes itself 
with respect to this direct su m into O = ( 01 , 02 ) and 01 = 1r;01 , 02 = 1r;02 

where 01 and 02 are the fundamental forms of the structures B( M, G1 ; F) and 
B(M, G2 ; F 2 ), rcspectively. 

Now, we are going to study the relationship between the structure tensors e, c1 

and c2 of B(Af, G1 X G2 ; :F1 ), B(M, G'¡; F) and JJ(.M, G2 ; F 2 ), respectívely. Let p 

be a point of B ancl V a horizontal spacc al. p. Then there exist (uní que) sub­
spaces V1 and V2 of V such that dp1r(V1 ) = Q 1x and dp1r(V2 ) = Q2x· Thus 
the subspa.ces V1 and V2 are horizontal. The mapping ev is a.n elemcnt of 
.H om(RP+'I ARPH, RP+q) which decomposes itself into: 

Jiom(RPARP,RP) Ell Hom(RPAIV,Rq) EB Hom(R 11ARq,filP) 
EB Hom(R 11 ARq,R'~) EB Hom(R'~AR'~,RP) 0B llorn(H'~i\Rq,Rq) 

The subspaces of this decomposition we denote V1 , V2 , V3 , 1;4, V5 ami V6 , rcspec­
tively. The corresponding components of ev we denote by eJ¡, i = 1, ... 6, rcspec­
tively, i.e. ev = e& Ell ... Elle~. 

We are going to calculate ev taking into account this decomposition. Let. 
u, V E filP+q' J5¡: np+q -----+ RP, fJ2: RP+q -----+ Rq be the natural projections and 
X(u), X(t) be the unique vectors of V such that O(X(u)) = u and O(X(v)) = 
v. vVe can cxtend these vectors to vector fields, denoted by the same letters, 
clefined on an open subset of B ha.ving the same properties, i.e. O(X(u))=:=u and 
d1r(X(u)) E Q. Then 

ev(uAv) dO(X(u), X(v)) = clfJl(X(u), X(v)) ED d0 2(X(u), X(v)) 
d(1r~0 1 )(X(u), )((v)) ([) d(1r;02)(X(u), X(v)) 

d0 1(d1r1(X(u), d1r 1(X(v))) w d0 2(dn 2(X(u), dlf2(X(v))) 

andas dO¡(d1r1(X(u))) =:: fi 1(u) and d02(d1r2(X(u)) =:: jJ2(u) 

If u, v E RP then the mapping 

ui\v 1---f -1/201 (d7r 1([X(u),X(v)])) 

is the component e&, and thc mapping 
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is t.he component et. If u, V E Rq, tben the mapping 

vJ\v f-+ -1/201 ( chr1 ([X (u), X ( v)])) 

is tbc component e~, and the ma.pping 

is the component e~. 
The st.ructure tensor takes values in the space 

which decornposcs itsclf in the following wa.y: 

V 1 /Dllom(RP,f!.) EH V 2 EH 1¡3/DHom(Rq,g_1 ) 

EH V 1 /Dlfom(HJ',g_ 2 ) ffi V 5 m V 6 /DHom(Rq,fl) 

The corresponding components of the structure tensor e we denote by e1 , ... c6 , rcs­
pectivc:ly. H results from this decomposition that e2(p) = et and c5(p) = ct for 
any horizontal space V a.t p. Sincc 01 (d1r 1(X(u))) = f1 1(u) and 02(d1r2(X(u))) = 
f!z(u ), C¡7f'¡ = c1 a.nd c21r2 = c6 . Thus wc ha ve identified t. he components e1 and 
c6 of the strncture tensor. 

Now, we shalllook at the component c2 . The vanishing of c2 means that 

for any '1! 1 v E RP, which is equiva.lcnt t.o 

Lct r be t. he horizontal bundle of a connection w. Re! a ti ve to the decomposition 
TF1 EEl Q 1 EB Ch of TM, the bundle I' decomposes it.sclf into TF{ EH Q 1 ED Q 2 

where a.ll the Uuee lnmdles are el X Gz-invariant. Thcn WC can as sume that the 
vector fielcls X(u) and X(v) are local sedions of Q1 aml 02 ([.\(u),X(v)]):=:O ís 
cquivalent Lo the fact that 

(V the vertical bundle). In its turn, this is equivalent to the condition that for 
any two secLions of qt its bracket is a section of T:FJ Cl:l (J 1 CD V. This condition 
on the leve! of the manifold M rnea11s prccisely that for a.ny Lwo sections of the 
bundle Q1 , thcir hrackct is a scction ol' TF1 m Q1 ; i.e. the subbundle TF2 is 
integrable. Snnnning up, c2:=:0 i(l" :F2 is a. l'oliation. 

Similar considera.tíons lead to the followíng conclusion: c5 :=:0 iff F 1 Cl:l CJz is a 
foliation. 
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The restriction of the G1-structure B(M, G1 ; :F) toa leaf L of the foliation :F2 
is a transverse G1-structure B(M, G1; :Ff) for the foliation :Ff of L by the leaves 
of :F1• The restriction wf of the 1-form w1 to the total space BLof B(M, G1; :Ff) 
defines a transverse G1-connection in this G1-structure. Its structure tensor cf 
is the restriction of the tensor c1 to BL. 

Let us assume that there exists a supplementary subspace S = EB1 S; 

8Hom(W+q,fl.1 EB fl2) EB S= H om(W+qi\RP+q, w+q), 

where S; is a supplementa.ry subspace of Ai in Vi, Al= 8Hom(RP,fl1 ), A 2 =O, 
A3 = 8Hom(Rq,fl.1 ), A4 = 8Hom(RP,fl2 ,), A5 =O and A6 = 8Hom(Rq,fl.2 ); 

moreover the subspaces S; are invariant with respect to the natural representation 
of G 1 xG2 on Hom(RP+qf\RP+q, RP+q). 

Let w be a G1 xG2-connection in B(M, G1 xG2 ; :F1) whose torsion tensor takes 
values in S. Then the torsion, tensor of the connection wf takes values in 51 and 
of the connection w2 in 56 • Therefore the results oí Section 1 ensure the following: 

Lemma 10 a) lf flp> =O and the G 1 -structure B(L, Gt; :Ff) is foliated then the 

connection wf is foliated. 

b) If flP) = O and the G 1-structure B(M, G 1 ; C) is foliated then the connection 

w1 is foliated and í[,w1 = wf. 

e) Jf fl~t) = O and the G 2 -structure B(M, G 2 ; :F2) is :F;-folíated (i = 1, 2), then 
the connection w2 is :F;-foliated. 

Summing up, we have proved the following: 

Theorem 6 Let :F be a flag structure on a manifold M with an adapted trans­
verse G 1 xG2-structure B(M,G1 xG2;:F¡). 

i) If the G 1 -st7-ucture B(M,G1;:F)is foliated, fl.\ 1) =O and there exists a G1 -

invaríant subspace S of Hom(RPf\RP,RP) supplementary to 8Hom(RP,fl), 
then there exists a transverse connection w in the transverse G 1 xGL(q)­
structure e.Ttending B(Af, G 1 x G 2; :F1) su eh that the connection Wt induced 
by w on B(M, G1 ; :F) ís the uníque foliated G 1 -connection whose torsion 
tensor takes values in the subspace S and w2 is a basíc conncctíon for the 
foliatíon :F2. 

ii) Jf the G 2-st7·ucture B(M, G2 ; :F2 ) ís folíated, fl.~t) =O and the1·e e.Tists a G2-
invariant subspace S of Hom(Rqi\Rq,Rq) supplcmentary lo 8Hom.(Rq,fl2), 
then thcrc exists a transverse connection w in the tmnsverse G L(p) X G2-

sf¡·ucture extending B(M,G1 xG2;:F1 ) such that the connection w2 induced 
by w on B( lvf, G 2; :F2 ) is the unique foliated G 2-connection whose torsion 
tensor takes values in S and w1 is a basic conncction fm· :F1. 
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iii) ff thc G, --structur·e 13( M, G 1 ; :F) is :F1 -foliatcd, thc G 2-structure B( M, G 2; :F2 ) 

:F2 -foliatcd, !lP) = 2~1) = O and there cxist G¡-·inva¡·iant subspaccs S; 
of Il mn.(R 1' ARP' RP) and H om(Hq 1\Rq' Rq) supplementary lo oH om.(RP, ,!l¡) 
and í)Jl om(Rq, [¿2 ), i = 1, 2, rcspectively, lhen therc cxists a transverse 
conneclion w in the G 1 x02 --slntclure B(M, G 1 xG2 ; :F1 ) such that the in­
duced connection w 1 in 15(111, G' 1 ; :F) is thc unique foliated G 1 --connection 
whose fo¡·sion tensor has values in S 1 and the induced connection w2 in 
JJ(kl, G2 ; :F2) is the unique foliatcd 0 2 -conncction whose t01·sion tensor has 
valucs Ú1. S2. 

iv) Jf lhcrc exist a G 1 x G2 --subspacc S of H mn(RP·t·q 1\RP+q, RP+q) supplemen­

tary lo í)IJ o1n(RP+q, g_1 EB [¿2 ) which agrces with the natuml decomposition of 

Hmn(RPi·r¡i\RP+q, RP+q) and ([[1 Ef) [¿2)(1) = O, then l.here eústs the unique 

foliatcd connection w in B(J\1,01 x02;:F¡) whose sl1·ucture tensor has val­
ues in S and which induces the uniqne foliatcd connections w¡ a.nd w2 in 
B( M, G1 ; :F) and B( M, G' 2; :F2 ) whose torsion tenso1·s ha ve val u es in S1 and 
5'6 , r·espcclivcly. 

As a conscqucnce of this thcorem, using the standard methods, we get the 
following corollary. 

Corollary 8 i) l.f lhe assumption.s of Theorem 6 i) U1'C satisfied then the c:"'hern­
Wcil homomorphim .for the folialion :F1 vanishes on 

for 2(1· + .s) > p + 2q. 

ii) Tf thc assum.plions of Them·em ú ú) are satisfied then the Chern- Weil homo­
m07phism fo¡· thc folialion :F1 van.ishes on 

fo1· 1· + 2s > p + q or s > [q /2]. 

iii) Tf the ass1tmptions of Theon-cm 6 iii) a1·e salis.ficd then the Chen1- Wcíl ho­

rnomorphisrn fo¡· the folialion :F1 vrwishcs on 

.forr+2s > p/2+q. 

Remarks 1) Corollary 8 i) gertcutlizes the result ofF. J. CMreras andA. M. 
Navcira, d. [CN]. 
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2) By imposing the condition 'F1-foliated' on B(li1,G1 xG2;F1 ) and using 
Corollary 8 we obtain algebraic obstructions to the existence of structures with 
the above mentioned properties. 

a) For examples of flag structures and their characteristic classes see [DO], 
and also [GM,MI,NA]. 

4) The secondary characteristic classes involving the unique connection ob­
tained from Theorem 6 beha.ve under deforma.tions in the sa.me wa.y as thc sec­
onda.ry cla.sses of Riema.nnian folia.tions, cf. [LPl,LP2], or, more generally, as 

those of \7- G-folia.tions, cf. [W03]. 
5) For most considerations of this papcr we do not need thc assumption of 

the integrability of the bundle T'F2 • We could have just considered the almost 
product structure T'F1 ffiQ 1 ffiQ 2 and its cha.racteristic classes or the characteristic 
classes of the foliation F 1 obtained from the reduction of the normal bundle to 
the structure group G1 x 0 2 • 

6) For example, in Theorem 6 ii) and iii) we can repla.ce the assumption 'Fr 
foliatcd' by 'F1-foliated'. Then we obtain the following: 

Corollary 8 iv) lf the above assumptions are satisfied, then the Che7"11- Weíl 
homomorphism for the foliation F 1 vanishes on 

c1 ® c2 E F(fl)@ T'([J.) for· r > [p + q/2Jo·r s > [p + q/2]. 

IV.4 Proof scheme 

To complete this cha.pter we look at the results of R. A. Blumenthal in the light 
of our consíclera.tions on foliated structures. In [BLl,BL2,BL3,BL4] he considers 
foliations a.Jmitting a transversely projecta.ble connection whose curva.ture a.ncl 
torsion tensors ha.ve some additional properties. These properties, the connection 
being tra.nsversely projecta.ble, can be reacl as the propcrt.ies of the curva.ture a.nd 
torsion tensors, respectively, of the corresponcling holonorny invariant conncction 
on the transversc manifold. ln Blurnenthal's case well-known theorems ensure 
that we can choose a very good representative of the holonomy pseudogroup. It is 
precisely what Blumenthal did in each case. In fact, as a holonomy pseudogroup 
representative we can take a subpseudogroup of the pseudogroup obta.incd as the 
localization of an quasi-ana.litical action of a Líe group [{ on a connected simply-­
connected manifold N0 . Therdore, our foliation is an ( N0 , ]( )--structure a.nd a 
developable foliation. Thc completeness a.ssumptions cnsure tha.t the developing 
mapping is a. locally trivia.l fibre bundle, a.ncl this fact yields t.he rnost important 
results. 

At the ba.sis of these four papers is the following scheme: 
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• Rea.lize tha.t. the considered geornetric objects on the foliated manifold are 
folia.tcd aml pass to tite holonorny inva.ria.nt ones. 

• Using theorerns on local equivalence of geomet.ric structures choose a good 
rcpresenl.a.tive of thc holonomy pseudogroup. 

• Check that a.ny clcment of the holonomy pseudogroup can be uniquely ex­
tended to a globa.l one. 

• Vcri[y that "complctencss" assumpt.ions ensurc that the dcveloping map­
ping is a. locally trivial fibre bundle; for example the folia.ted differential 
equa.tion defined by the foliated geometric object. is a transversely complete 
foliated differentia.l equat.ion and it projects onto a different.ial equation on 
thc developing image. 

Tbe samc scherne has bcen applied to foliat.ious admit.ting Cartan connections 
m [BL6]. 

Having formulated our proof scheme we can prove the results contained in 
[l3Ll,BL2,BL3,BIA] quite easily. We only need some results on local equivalence 
of reductive and locally symrnetric spaces, see for example [KN,WF]. In the case 
of Cm·tan connections we should ta.ke into a.ccount Lemma 11.10 and Proposition 
11.1 of [OC]. Thcn the equation of the geodcsic of the transversely projectable 
connection is a tranversely complete foliated diffcrential equation corresponding 
to thc ec¡uation of the gcoclesic of the connect.ion of the transverse manifold. 
Thercfore the developing mapping must be loca.lly trivial. 

The t.heory of foliated Cartan connections is very similar to its classical coun­
t.erpart, cf. [OC]. Lct us restrict our attention to G-structures of second order 
modellccl on a semi--simple homogeneous spa.ce. Let 13(!11, G: :F) be su eh a fo·­
liated G-struct.ure. Its total space 13 is foliatecl by a foliation FI-J. As in the 
case of 1st order G·--structures foliat.ed Cart.an connections do not a.lways exist. 
The sta.ndard construdion ( using t. he partition of unity ancl local existen ce) en­
sures the existcnce of basíc Ca.rtan connections, i.e. 1-[orms on B with values in 
Lic(L) = L va.nislting on vectors t.angent to t.he folia!.ion Fs. It is also possible to 
introduce the notion of basic admissible Cartan connections. The vanishing of thc 
Spencer cobomology group H 2•1(I) erLsures the existence of a foliated Ca.rtan con­
nedíon, e f. Theorem 1.1 of [TA J. In fa.ct, tbe vanishiug of this cohornology group 
makes sure that in the correspomling G-struct.ure on the transverse manifold 
thcre exists thc normal Ca.rt.an conncction a.ml tbat this connection is holonomy 
invaríant. Thus it defines a foliated Cartan connection in B( 111, C:; :F) which we 
call t.he normal foliatecl Cartan connect.ion of this 0-structure. Next one can 
define its vVeyl tensor, ancl it is not difficult to verify that it is a folia.ted tensor. 
In sorne cases its vanishing ensures that the rnoclel (]--sLructme is flat. Thís leads 
us to formulate the following theorern which is a gcncralization of Theorern 2 of 
[BL6]. 
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Theorem 7 Let B( M, G; :F) be a foliated G --struclure of second onler modcl­
lcd on a .semi-simple flat homogeneou.s spacc L/ L 0 such ihai H 2 •1 (L) =ll2 •2 (L) 
=H 1•1(l) = O. If the nor·mal foliated Cartan conneclion of lhi.s slruclnre is com­
plete, and the Weyl tensor of B( M, O; :F) vanishcs, thcn :F is an (L/L 0 , L) 

structm-e and the devcloping m.apping h: 111 ---> L/Lo ( L/ Lo is the univc1'sal 
coveríng space of L/ Lg) i.s a locally trivial fi/n·e bundle whose filn·es aTe thc !caves 
of the lifted foliation :F. 

Proof We follow our proof scherne. Since the Wcyl tensor is folia.ted, the 
Weyl tensor of the corresponding G-st.ructure on the tra.nsverse manifold va.n­
ishes. Ocha.i 's theorcm ( cf. [OC] Theorem 12.1) en sures tha.t the normal Ca.r­
ta.n connection is fla.t. Then a.ccording to Proposition 11.1 a.nd Le mm a 11.1 O 
of the same pa.per the folia.tion :F is an (L/ L0 , L )-structure. The completeness 
of the normal folia.ted Cartan connection mcans that the foliation :F 8 is a com­
plete transversely parallelisa.ble folia.tion, d. [BL6], ancl tha.t the equation of the 
geodesíc of this connection is complete. This first fa.ct ensures tba.t the holonomy 
coveríngs .of leaves of :F are diffeomorphic, and the second tba.t the developing 
ma.pping is a locally trivial fibre bundle. O 

Let us provide some more background n;ateria.l for our 'proof scheme'. Lo­
cal equiva.lence of geometric structures ha.ve been studied for many yea.rs. The 
best a.ccount can be found in [AM], see also [M07]. Geometers looked for a. set 
of invariants of K--structures (K a Lie pseudogroup) which woulcl ensure that 
any two .K>structures ha.ving the sa.me invaria.nts are locally equivalent. Having 
defined the structure tensors, it was necessary to determine whether the formal 
integra.bility (i.e. all structure tensors vanish) is equivalent to the intcgrabilit.y 
(i.e. the K--structure is loca.lly cquivalent to the corresponding canonical flat 
structure on Rn). It is true for any G-structure, as well as for many other K-­
structures, cf. [AM]. \Ve can say a. little more a.bout G-structures of finitc t.ypc: 
two G-structures with the same constant structure tcnsors are loca.lly equivalent, 
cf. [K02,SB]. Therefore transverse G-structures of foliated G--strnctures of finite 
type with t. he same consta.nt structure tensors are locally cquivalent, Thus any fo­
liated G-structure of finite type with vanishing structure tensors can be modelled 
on the cano ni cal flat G-structure of Rq. Tbe group o[ a.utomorpbisms of such a 
G-structure B(N0 , G) of finite type is a Lie group, and its elements are deter­
minecl by their finite jets, cf. [I\02]. Thercforc, this group act.s c¡uasi-analytica.lly 
on the rna.nifolcl N0 . 

Having choscn a rnodel (K, N) of the tra.nsverse structure of the foliation :F, 
with N being a connected manifold, we woulcl like to know whether the pseu­
dogroup K is genera.ted by a group, i.e. whether any clernent of K: can be uniqnely 
extended toa. global diffeomorphism of N. It is a very well known problern, a.ml 
there are many theorems of this type. \Ve have a.lready used some of thern. 'fhcy 
are based on the following principle: 
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There exists a fibre bundle B(N) over N whose total space is parallelisable 
ami which has the following properties: 

• thc vector space spanned by vector fields of the parallelism consists of com­
plete vector fields, 

• the group generated by the flows of these vector fields acts free! y (i.e. f( x) = 
x implies f = id), 

• elements of the pseudogroup K lift to local diffeomorphisms of the total 
space of B(N) which commute with the parallelism, 

• any local diffeomorphism commuting with the parallelism is, locally, the lift 
of an element of K. 

Then, of course, any element of K can be uniquely extended toa global diffeo­
morphism of N. In sorne cases it is possible to verify directly that the pseudogroup 
of automorphisms of a given geometric structure has this extension property. 

In general, it is easier to sol ve the infinitesimal version of this problem, (as it 
only concerns solutions of systems of linear differential equations ): can any local 
K-vector field be extended toa global one?, cf. [N02,LO,AR]. Having a positive 
a.nswer to this question does not sol ve the extension problem for the pseudogroup 
K. First of all, we have to know whether any element of K, at least locally, can be 
represented as the composition of a-finite number of elements of flows of K-vector 
fields and whether global K-vector fields are complete. The first one have been 
studied thoroughly in the framework of Lie pseudogroups and we have a definite 
answer, cf. [RO] Propositions 3.6 ancl 3.7. The second one is just the question 
whether a certain differential equation has global solutions. 

The above considerations lead to severa! interesting results concerning G­
foliations. 

Theorem 8 Let N be a simply connecied compact analytic manifold with an 
analytic G-structurc B(N, G) of finite type. Let 1{ be a connected regular pseu­
dogmup of local analytic automorphisrns of B(N, G). Then any 'H-foliation :F 
is developable. Moreovc1·, if the G-foliation :F is t.mnsver·sely complete, then the 
developing mapping is a locally trivial fibre bundle whose fibres are the leaves of 
the lifted foliation. 

Proof Our proof scheme takes care of everything but the fact that the foliation 
:F is an (N, K)-structure. Proposition 3.6 or 3.7 of [RO] ensures that any element 
of the pseudogroup 'H, locally, can be represented as the composition of a finite 
nurnber of local cliffeomorphisrns from flows of 'H·-vector fields. The theorem of 
Amores, cf. [AR], makes sure that any local (analytic) infinitesimal automorphism 
of the G-structure B(N, G) can be extended io a global one, andas the manifold 
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N is compact, these vector fields are complete. Thus :F is an (N, AHt(B( N, G)) )­
structure. The local triviality of the devcloping mapping resuHs from the fa.ct 
that the tra.nsversely complete TUSP folia.ted system of differentia.l cqua.t.ions on 
(Af, :F) defined by the transvcrsc pa.rallclism of :Fk projccts vi a. thc dcvcloping 
mapping onto a system of diffcrential equa.tions defined by the parallelism of 
B(k-l)(N, G).D 

The results of A.Y. Leclger a.ncl M.Ohata. lead us to tbe forrnulat.ion of the 
following theorem, cf. [LO]. 

Theore111 9 Let (M, :F) be a conforma! but non--Riemannian transvcrscly ana­
lytic foliation of codimen.sion q ( q > 2). Thcn: 

1. Let the folialion :F be modelled on a compact Ricmannian analylic mrmi­
fold with finite fundamental group whose pseudogr-onp e o.f local conforma! 
trans.formaüons is a r·egular Ue psendogmup. l.f lhe holonomy psewlogmup 
of :F is containcd in thc connccted componenl o.f id in e then the .folialion 
:F is developable and the devdoping mapping is into the q·-spher·e sq. 

2. If, additionally, the foliation :F is lnwsversely complete, then the developing 
mapping is a locctlly tr·ivial fibr·c bundle with fibrcs bcing lea ves of the lifted 
folial.ion. . 

Taking into account the results of A.Y.Ledger a.ncl M.Obata thc proof of this 
theorem ¡,, the same as that of Theorem 8. 

Theorem 10 Let (i\1, :F) be a G-.folialion o.f lype lwith vanishing stnl.clttrP- ten­
sors. U thc holono'lny psewlo.r;mup 1-{ on the lransvcr·se manifold N is contrcincd 
in the connccted componcnt o.f úl of lhe psevdogroup of local anlornor]Jhisms o.f 
the 0--.struchm; B(N, G), lhP-n the foliation :F is developable. Morrover, if :F is 
tmnsver.sely complete, thrn !.he dcveloping map¡n:ng is a loca/ly trivial fibr-c bundle 
oveT Rq with jibTes being the !caves of thc liflcd foliation. 

Proof Tbe va.nishing of tlw structurc tensors of the foliated G--structure 
B(M, G; :F) ensures tha.t tbe structure tcnsors of B( N, G) al so vanish. Thcre­
fore the G--structure B(N, G) is integrable, cf. [K02,SB], and thc folialion :F is 
modelled on tbe canonical fla.t G-structure o[ Rq. Since the group G is of type 
1, only the vector fields of thc form I.:.i= 1 o:iai or 'Zl,j=t aix.iai ((aj) E g_) are 
infinitesimal a.utomorphisrns of this flat. G-structmc, aml any local inlinitesimal 
a.utomorphism ca.n be extended to a global one. It. is not difficult to sce that thcse 
vector ficlcls are complete. The rest of thc proof is st<~udard.D 

Using our proof scheme we can produce some ot.her theorerns of this kincl. 
For example, by imposing conditions on the trausvcrse scctional curva.turc of a 
Rierna.nnian foliation we ohtain: 
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Theorem 11 Le! (M, :F, g) be a complete Riemannian foliation. If the trans­
vcrse scctional cnrvature is constan( 01' depends only on the point of the manifold 
Af, lhen the folialion :F is devclopable, and the developing mapping is a locally 
tn:vial jibrc bundle ovCJ· R7 , Sq or Hq wiih fibres bcing the leavcs of the lifted 
folia.tion. 

Proof The second condition cnsures that the transverse sectional curvature 
is constan t. (a folia.ted version of the Schur lcmma which can be easily proved or 
deduccd frorn the original one). Then the theorem on local isometries of such 
lliemannian manifolds, cf. [KN, WF], a.nd our proof scheme take care of the 
res t. O 

There are many applica.tions of tbese theorems. We shall give only some of 
them, see also [BLJ ,BL2,BL4,BL6]. We assume tha.t :F is t.ransversely complete 
a.nd that thc assumptions of one of lhe t.heorems are sa.tisfied. 

Corollary 9 Let N be a contractiblc q-manifold and 1( a Lic group actíng quasi­
analytically on it. lf the folíation :F ís an (N, K)--structun; then lhe universal 
covering spa.ce ¡"[ of the manifold .M is !he product L x N, where L is the comrnon 
universal covc1'ing space of leaves of the foliation :F. 

Proof In this case the developing mapping is a trivial bundle. O 

Corollary 10 On a compact manifold with a finite fundamental group there are 
no G-foliations satisfying lhe assurnption of Theorem 1 O. 

Proof In this case, the universal covcring space would be both cornpa.ct a.nd 
diffeomorphic to LX Rq; conl.radiction.D 

Corollary 11 Let <P be a flow on a compact manifold with finite fundamental 
gmnp. lf lhe flow <]) admits a folialcd ,c;lrucl111'C saUsfying the assumptions of one 

of thc ihcoTems then its leavcs havc .fin1:te holon01ny. lf all its orbits are closed 

then <f' is a Riemannian flow. 

Proof Assume the contrary. Let L be a.leaf with infinite holonomy. Its holon­
omy covcring cannot be compact. Thus thc developing mapping is a locally trivial 
fihrc bundle whose total spacc is compact hut whose fibres are diffcomorphic to 
R. Contradition. Then the second assertion follows from [EP], see also Chapter 
VI.D 

Notes The results of this chapter has becn publíshed in fonr pa.pers of ours. 
i\dditioually, we have included sorne ba.sic results of P. Molino from [MOl], [l'vf02] 
and [MOIJ]. Section l ís based on [WOll]. Section 2 presents results of [W04] 
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and a part of [WOU]. Section 3 contains the most important part of [Wüll]. 
The last section reproduces a part of [W013]. 

There have been published many papers on t.he theory of G-structures, in 
particular on characteristic cla.sses of these foliations. Let us mention only sorne 
of thern: [BL5], [BL7], [COl], [DU], [HUI], [KTl], [KT2], [MN], [MYl], [MT2], 
[NT], [RM], [RGl], [TA], [VNl], [VN2]. At the end we would like to add that in 
[W06] and [W07] we developecl the theory of Iiftings of folia,ted tensor fielcls. 



Chapter V 

Transversely Hermitian and 
tran.sversely Kahler foliations 

In this cha.pter wc are going to study transvcrsely Kiihler foliations. They forma. 
very interestíng class of foliations studied by many authors. First we present some 
non-trivia.l exa.rnplcs of which show that the classes of transversely Herrnitian, 
transvcrsely KiiJder and transversely symplectic folia.tions are, in fact, disjoint. 
'J'hcn wc study the base-like cohomology of manifolds foliateJ by a tra.nsversely 
I\iihler folia.tion, which is ii!ustrated by more exarnples. The work presented in 
Sections 1 ami 2 was done jointly with Luis A. Cordero. 

V.l Exarnples 

Let. N be a simply connected nilpotent Lie group and r a torsionfree, finitely 
generated suhgrotlp of N. Tben according to [MA], or [RA], Theorems 2.11 
ami 2.18, tlwrc exista sirnply connccted nilpotent Lie group U containíng ras a 
unifonn ~ubgroup and a lwrnomorphism u : U ----+ N such tbat u is the idcntity 
on J' (if \VC idcntify thc subgroups of u a.nd N isomorphic to r). So we ha.ve the 
Collowiug cornmuta.tive dia.gram: 

I'cU 

r N 

Thc homomorphism u is a. surjcctive subnwrsion with connected fibres since 
bot.b JWlnifolds U and N are contractihle. The folia.tion defincd by the submcrsion 
u is r. inva.riant aml therefore it. projeds toa folíalion .F(r, u, 1l) on thc cornpa.ct 
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manifold M (r) = r \U. The foliation F(I', U, u) is an (N, 1')-st.ructure, a dcvr:l­
opable one, and the submersion u is its developiug rnapping. Thert'fore, foliatcd 
gcometric structures on (M(l'),F(I', U, u)) correspond bijectively to I'-invariant 
ones on N. 

If t. he subgroup I' contains a uniform subgroup r 0 of N, thcn any foliated 
gcometric structure on (M(I'),F(r, U, u)) defines a gcometric structure of thc 
samc type on the compact. manifold E(r 0 ) = I'0 \ N. The following cliap;ra.rn 
presents this correspondence: 

re u 

I'\U I'o \N 

In fact, any foliatcd gcometric st.ructure on (M(r),F(I',U,u)) lifts toa.['­
invariant foliatcd structurc on U. This onc, in its turn, def1ncs a l'--invariant 
structurc on N which projects toa geometric structure on E'(I'0 ) = I'0 \N. 

For exarnple, if (M(I'),F(I',U,u)) is 

transversely symplcctíc then E'(I' 0 ) is symplect.ic, 

transversely holomorphic thcn E(I' 0 ) is cornplcx, 

transversely Kahlcr then E(I' 0 ) is Káh ler, 

trausverscly llermitian then E(I' 0 ) is Hermit.ian, 

and so on. 

vVe are now going to present examples of foliations on compact nilmanifolds 
which are 

l. transvcrsely sympledic but never tra.nsversely T<iihlcr; 

2. transverscly syrnplcctic and holornorphic but ncver transverscly IGihlcr, on 
complex and non--cornplex nilma,nifolds; 

3. transversdy syrnplcctic but not transvemely holornorphic; 

4. transvcrscly Sasakian but nevcr transvcrscly cosymplcctic. 

Our examplcs are based on thc Luis A. Cordero work with M. Fermíndcz, /\_ 
Gray and othcrs on geomctric structures on cornpact nilmanifolds. 

The general scheme for the constructions is t.he following. First, wc considcr a 
simply connected nilpotent gronp N of uppertriangular matrices and l'o e N the 
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uniform su bgroup of matrices with integral en tries. Next, we a take a subgroup 
I' of N whose matrices have sorne entries of the form a; + 8 b; where .s </e Q and 
a;, b, E l. This subgroup f' can be rcpresented as a uniform subgroup of sorne 
group of uppertria.ngular matrices, which will be the group U of the construction 
clescribed a.bove. 

Let us pass to the precise exa.rnples. 

V.l.l A transversely symplectic but not transversely Kahler folia­
tion 

Let us consider N = (H 4 , *) with the following group operation: 

(a, b, e, d) * ( J:, y, z, t) = (a+ x, b + y, e+ z + ay, d + t) 
In Uw matrix form the group N = (H\ *) can be rcpresented as follows: 

As thc gro11p f' o we take (1\ *), ancl as r ~ f' o we ta.ke the group of matrices 
of tbc form 

X¡ + s :r 2 t Z¡ + 8 Zz ) 
1 o y 

1 o 
1 

whcre s rf. Q and x 1 ,x2 ,y,z11 z2 ,t E 1. 
IJJ this case Ll1e group U is H6 with thc following group opera.tion: 

(at, az, b, e¡, cz, d)D(:r¡, xz, y, Z¡, Zz, t) 

(a¡+ x1, az + Xz, b +y, e¡+ z1 +a¡ y, ez + Zz + azy, d + t) , 

and t.he subgroup r is isornorphic to (Z 6 , D). 
'J'he sttlnnersion a : U = (R6 , O) -; N = (R4 , *) is given by the correspon­

dencc 
(.r¡,:r:2,1/,ZJ,Zz,t) f-t (x1 + sx2,y,z1 + .szz,t) . 

Tbc foliation obtaincd in Lhis wa.y cannot be transversely Kii.hler beca.use 
E(l'o) = f' 0 \N is IGihler if ancl only if N is commutative (cf. [BG,GFG3]). Tbis 
folíation is tra.nsversely symplectic as the form 

D = dJ; 1\ (clz x dy) + dy 1\ dt 

is a closcd lcft. invaríant 2-fortn on N of maximal rank. 

Summíng up, we havc const.ructed a transverscly syrnplectic foliation F(l', U, u) 
of codirncnsion 4 on a real co1npac:t manifold A1(I') of dimeusion 6, a.nd such a 
foliation canuot be rnade transvcrsely IGihler. 
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V.1.2 

Geomeiric Stmctures 

'I'ransversely symplectic and transversely holomorphic bu t 
not transversely Kiihler foliations on real and complex ma­
nifolds 

Let E(l'o) = r 0 \N be the Iwasawa manifold, i.e. N is the cornplcx Lie group of 
complex matrices of the form 

and 1'0 is the subgroup of N of those matrices whose entries are Gauss integers. 
A ba.sis of holomorphic left invariant 1-forrns on N is given by 

a dz1 
' 

f3 = dz2 ' 
1 = dz3 - Z¡ dz2 

a.nd it verifres 

da = O , d(i = O , d¡ = -a /\ f3 . 

Let us put 

a a1+v'=la2 
f3 {3¡ + v=-t (32 
1 /l+v'=li2 

Then 

is a left invaria.ut symplectic form on N. 
Let 1'1 :J ro be the subgroup of N of matrices of the form 

·where 8 éj. Q, a.nd Xi, X:, Yi, y¡ E l. 

Then I'1 can be consiclcred as a uuiform suhgroup of R9 wilh thc group opcr­
ation: 

(a1, ... , a 9)LJ(x:1, ... , x9) =(a;+ :r;, a6 + x6 + o.¡:r1- a2xs, 

a7 + X7- a3x5, as+ Xs + a¡Xs + a2:c,h ag + :rg + a3x4) 
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The matricial form of U = (R 9 , D) is lhe following: 

X3 X7 Xg xl x2 x6 xs 
1 -xs X4 o o o o 

1 o o o o o 
1 o o o o 

1 o X4 Xs 

1 -xs x4 
1 o 

1 

The submersion u: U= (R9 , D) ~ N is given by the correspondence: 

In this case, the resulting foliation .F(f 1 , U, u) is transversely symplectic and 
transversely holomorphic of complex codimension 3 on a real compact man­
ifold M(f 1) of real dimension 9, and it, cannot be made transversely Kiihler 
(d. [CFG]). 

A cornpletely dilferent example arises if we consider the group r 2 ::::> r 0 of 
matrices of the form 

( 
1 z1 + 8 z~ z3 + 8 z~ ) 

1 Z2 

1 

where s rf_ Q and z1 , z;, z2 , z3 , z~ are Gauss integers. 
The subgroup l'2 can be considered as a uniforrn subgroup of e5 with the 

following group operation: 

Thc subrnersion u: U= (e 5 , D) ~N is given by the correspondence 

Thc foliation :F( f 2 , U, u) obtained in this way is holomorphic and transversely 
symplectic of complex codimension 3 on a compact complex nilrnanifold 111(1' 2 ) 

of complex dimension 5, and it cannot be made transversely IG.hler either. 
'fhe group (C\ D) can be representcd in the matrix form as 

~] ;: ~ ]5) 
Z3 

1 



90 Geometric Stn1ctures 

and the submersion u: U= (C 5, D) --->N is given by 

Remark Examples of this type have been considered, from another point of 
view, by A. El Kacimi and M. Nicolau in [ENl]; there, only the non-existence 
of transverse Kiihler structures is studied. Nevertheless, the existence of foliated 
symplectic structures has a significant influence on the cohomological structure 
of the foliated manifold ( cf. [BE]). 

V .1.3 A transversely symplectic but not transversely Kahler folia­
tion on a compact non-complex nilmanifold 

Let N be the real nilpotent Lie group of complex matrices of the form 

where z1 , _z 2 E C, and let r 0 be the uniforrn subgroup of matrices with Gauss 
integer en tries. Then E(f o) = r 0 \ N is the well known Kodaira-Thurston mani­
fold (d. [FGG]). 

Let us consider the left invariant 1-forms over N given by: 

a dz1 , 
fJ dz2 - z\ dz2 

they define reall-forms 

a1 (h:1 , 

a2 dy1 , 
fJ1 dx2 - x1 dx1 -- Yt dy1 
fJ2 dy2 - Xt dy1 + Yt dx1 

Therefore, the 2-form 
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is a left invariant symplectic form on N. 
As the group l' :J ro we take the group of matrices of the form 

( 
1 z1 + s z~ z2 + s z~ + s 2 z~ ) 

1 z1 + .s zi 
1 

where s (/: Q and z1 , z~, z2 , z~ and z~ are Gauss integers. 
The group r can be considered as the uniform subgroup of Gauss integers 

5-tuples in (e 5 , D), where D is the following group operation: 

(al, ... , as)D(z1, ... , z5 ) =(a;+ z;, a3 + z3 + a1z1, 
a4 + Z4 + a¡Z2 + a2Z1, as + Zs + a2z2) 

The group ( C5 , D) can be represcnted in matricial form by 

.Z¡ .Z2 Z3 z4 zs 
1 o Z¡ Z2 o 

1 o Z¡ Z2 

1 o o 
1 o 

1 

The submcrsion u: U= (e 5 , D)---+ N is given by the correspondence 

The foliation F(f, U, u) constructed in this example is transversely symplectic 
and tmnsversely holomorphic of complex coclimension 2 on a cornplex manifold 
.M(r) of complex dimension 5 (which is a real nilrnanifold but not a complex 
nilmanifold, cf. [CFG3]). 

V .1.4 A transversely sym.plectic but not transversely holomorphic 
foliation 

To construct this exarnple we shall consider a compact 4-dimeusional nilmani­
fold which is symplectic but docs not admit any complex structure ( cf. [FGG] 
and [CM]). 

Let N be the 4-dimensional Lie group of real matrices of the form 

[ 1 

y 2x -(z/n) -(~q)) 
1 o o 

2y ny 2/2 
1 ny/2 

1 
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where n, q E l are nonzero and fixed. Then N= (R'I, * ), where 

(a, b, e, d) * (x, y, z, t) = (a+ x, b +y, e+ z- 2n ay, d + t- nq ay 2 + q cy) . 

As the subgroup 1'0 we take the integer lattice, and then the compact nilmanifold 
E(I'o) = 1'0 \N is symplectic but not cornplex (cf. [FGG]). 

Now, Jet us consider the group r of the matrices of the form 

( 

1 b 2(a + sa') -2(c+ se')/n 
1 o o 

1 2b 
1 

where s f/. Q and a, a', b, e, e', d, d' E l. 
Then r can be imbedded as a uniform subgroup of R7 with the following gronp 

operation: 

(a1 , ... ,a7)D(x¡, ... ,x7 ) 

=(a¡+ x¡, a4 + x 4 - 2n a1x3, a5 + x 5 - 2n a2x3, 

ae + x6- nq a¡x~ + q a4x3, a7 + X7- nq a2x~ + q asx3) 

The group U = (R 7, D) can be represented as the following group of matrices: 

1 .T3 2X¡ Zx2 -2x4/n -2xs/n -x6/q -.Tyjq 
1 o o o o o o 

1 o 2x3 o nx 2/2 3 o 
1 o 2x3 o .2/2 nx 3 

1 o nx3/2 o 
1 o nx3j2 

1 o 
1 

The submersion u : U ----+ N is given by the correspondence 

The foliation F(r, U, tt) is, in this case, transversely symplectic of real cocli­
mension 4 on a real con1pact nilmanifold M(r) of real dimension 7, and it can­
not be rnade transversely holornorphic (since the results in [FGG] ensurc tha.t 
E(I'o) = l'o \N ís never a cornplex manifold). 
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V .1.5 A transversely Sasakian but not transversely cosymplectic 
foliation 

Let N= H(r, 1), r ~ 1, be the Heisenberg group of real matrices of the form 

( 
1 A e ) 

Ir B 
1 

where A is a 1 X r matrix, B is an r x 1 matrix and e is a real number. As the 
subgroup r 0 we take the group of matrices of the same form with integer entries, 
and as the subgroup r the group of matrices of the form 

( 
1 A + s A' e + s e' ) 

Ir B 
1 

where A, A', B are matrices with integer entries, e, e' are integers too, and s f/ Q. 

The group r can be identified with the integer lattice of the group U of real 
matrices of the form 

1 a¡ ar a' 1 a' r e e' 
1 o o o b¡ o 

1 o o br o 
1 o o b¡ 

1 o br 
1 o 

1 

The submersion u : U --t N is given by the correspondence 

(a;, a;, e, e', b;) ~---+(a;+ s a;, e+ se', b;) . 

From (CFL] it is known that E(f 0) = r 0 \N admits a Sasakian structure. 
Then the resulting foliation F(f, U, u) is transversely Sasakian of codimension 
2r + 1 on a compact real manifold of dimension 4r + 1; it cannot be made trans­
versely cosymplectic (cf. (CFL]). 

V.1.6 Other examples 

Let be N= 1!(1, ¡·), r ~ 1, be the Heisenberg group of real matrices of the form 

e·~ n 
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whcre A, e are r x 1 matrices and bis a real numbcr. 

Let I'0 be thc integcr lattice of N, and let r be the subgroup of matrices of 
thc form 

where A, A', e, e' are integer matrices, bis an integer too, and S 9! Q. 

Then the group r can be considered as a uniform subgroup of the group U of 
matrices of the form 

The submersion u : U ------r N is given by the correspondence 

According to the results of [CFL] the foliation F(I', U, tl) of M(r) admits 

l. a foliated nonnormal almost cosyrnplectic structure, but no foliated cosym­
plectic structure (for r ;=: 1); 

2. if r == 2p or r = 4p + 1, no foliated Sa.sakia.n structure; 

3. if r = 2p, a. folia.ted semi-cosymplectic normal structurc; 

4. if T = 2p + 1 (p ;=: 0), a. folia.tcd normal structure. 

In particular, if 7' = 1 the folia.tion modcled on H(l, 1) a.lwa.ys admit a foliated 
Sasakian structure. 

Remar k Let us recail the following result of E. Macías ( cf. [MC]): 

Theorem lf a dense Stlbgmup r of a simply connected nilpolent Lie gmup N 
contains a uniform subgroup ro then the mappíng 

JI*( N)~ Ir(fo \N) ------r H*(r \U)~ H*(U) , 

induced by thc mappíng u : U ------r N defined by r, is injcctive. (U is thc 1\falc 'ev 

completion of r.) 

This theorem cnsurcs that a.ny invaria.nt symplectic form on N is ma.pped to 
a. non-zero cohornology dass in H*(f \ U). This means tha.t the characteristic 
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classes de:fined by the elements wk of the complex W(sp (q), 2}2q, cf. [BE], are 
non-zero for such foliations. 

Therefore the example constructed in 1.1.3 is a new example of a transversely 
symplectic foliation with non-trivial characteristic classes. The other examples 
can be reworked so that the subgroups r would be dense, and therefore they would 
provide examples of transversely symplectic foliations with non-trivial character­
istic classes. 

V .2 Base-like cohomology 

V.2.1 Preliminaries 

Base-like forms on the foliated manifold (M, :F) are in one-to-one correspon­
dence with 1-l-invariant forms on the tra.nsverse manifold N. Moreover, base-like 
k-forms can be considered as foliated sections of AkN(M,:F)*, the kth exterior 
product of the conormal bundle of :F. If the foliation :F is transversely holomor­
phic the normal bundle N(M, :F) of :F has a complex structure corresponding to 
the complex structure of N. Therefore any complex valued base-like k-form can 
be represented as a sum of the k-forms of pure type ( r, s) corresponding to the 
decomposition of k-forms on the complex manifold N. We can obtain the same 
decomposition by looking at the decomposition of sections of the complex bundle 
A~N(M,:F)*, i.e. a base-like k-forma is of pure type (r,s) if for any point of 
M there exists an adapted chart (x 1 , ••• ,Xn-2q,Zt, ... ,zq) such that 

where 1 ::::; i¡ < ... < ir ::::; q, 1 ::::; j¡ < ... < j, ::::; q, I = (it, ... , ir), J = 
(j¡' ... 'j.). 

Let us denote by A~( M, :F) the space of complex valued base-like 1.~-forms 
on the foliated manifold (M, :F), and by A~'(M, :F) the space of complex valued 
base-like forms of pure type (r, s ). Then 

A~(M, :F) = L A~'(M, :F) ' 
r+s=k 

for short A k = Lr+s=k Ar,s. 
The exterior derivative d:A~(M,:F) ~ A~+1 (M,:F) decomposes itself into 

two components d = 8+8, where 8 is of bidegree (1, O) and 8 is of bidegree (0, 1 ), 
Le. 

Now we are going to recall sorne results of A. El Kacimi, cf. [EK], concerning 
transversely Hermitian and transversely IGhler foliations. 
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Let us assume that :F is a transversely Hermitian foliation. The operator 

defined in [EHJ via the transverse part of the bundle-like metric of :F extends to 
an operator 

Let B(M,S0(2q),7r,:F) be the bundle of transverse orthonormal fra.mes of 
:F. Let "' be the forrn defining the volume form on each fibre of the bundle 
B(M, S0(2q), 1r, :F). The foliation :F1 on the total space B of B(M, S0(2q), 1r, :F) 
is transversely parallelisable and therefore the closures of the leaves are the fibres 
of the basic fibration p: B ----t W, cf. [MOll]. 

We define the scalar product on A(:(M, :F) = ¿:;¡;,1 A~(M, :F) as 

(V.l) 
(a,(3) = O if a E A~(M,:F), (3 E A~(M,:F) and k =f.l, 

(a,(3) = fwl(7r*(all*f3)11"-)for a,(3EAé(M,:F) 

where l is the integration along the fibres of the basic fibration. 
The operator S: A~(M, :F) ----t A~-1 (M, :F) defined as S= *-1d* is the adjoint 

operator of d relative to the scalar product (, ) . 
Similarly, the "foliated" Laplacian operator is defined by l.l. = dS + Sd; it is, 

in this case, an auto-adjoint foliated (transversely) elliptic operator. 
Let us consider the following differential complex 

(V.2) 

We denote its cohomology JI'•*( M, :F) = L,~=O Hr·•(M, :F) and we call it the 
base-like Dolbeault cohomology of the foliation :F. 

The operator * induces isomorphisms *: Ar,s ----t Aq-r,q-s. Let us put 8 = 
-*8*. Then the operator 8 is the adjoint of 8 relative to the inner product ( , ) 
defined in (1.1). Moreover, the operator l.l." = 88 + 88 is an auto-adjoint foliated 
( transversely) elliptic operator. 

Now, let :F be transversely Kiihler. The Kiihler form of N defines a base-like 
(1, 1)-form w on (M, :F) which we call the transverse Kiihler form of the foliation 
:F. This form allows to define the following operator: 

L: A~(M, :F) ----t A~+ 2 (.M, :F) La= allw, 

and its adjoint A = -H*. 
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Then for a transversely Kiihler foliation F on a compact manifold, the follow­
ing relations hold: 

(V.3) 

i\8- f)i\ 

i\8- 8A 

6 = 26"' 

6L = L6 6A = i\6. 

These identities lead to the following theorem, cf. [EI<]: 

Theorern 1 (El Kacími) Lct F be a transverscly Kahlcr foliation on a compact 
manifold Al. lf F is hom.ologically oriented, then 

i) a base-likc k-form. a = Lr+s=k ar,s; ar,., E A r,s, is harm.onic if and only if 
thc jonns Oér,s II1'C hannonic¡ thus 

H~(M,F) ~ ~ Ir·•(M,F). 
r+s=k 

ii) the conjugafion induces isom01·phism.s ¡¡r,s(M, F) ~ JI'·r(M, F). 
iii) for any O :S: r :S: q, the fonn. wr is harmonic, thus ¡¡r.r(lvf, F) f. O. 

V.2.2 Basic Fr(Hieher spectral sequence 

Now we turn our attention to the basic Frolicher spectra.l sequence. 
Let us consider the complex ( i\ = Lr,s i\ r,.,, d) o[ complex valued base-like 

[orms cf the foliated manifold (M, F). We can filtrate it as follows 

pk¡\ = ~ ¡\T•* • 

r?:k 

Thís flltration is compatible with the bigradation of the complex. The spectra.l 
sequence associated to this filtration is callee! the basic Frolicher spectral sequence 
of i he transvcrsely holomorphic foliation F, cf. [FL]. It can be ea.sily shown that 
it converges to thc complex base--like cohomology of (M, F). 

Thc terrns El's of this spcctral sequence are the cohomology groups of the 
clifferential complex (I.2), i.e. Er·" = Hr·•( M, F), the ( r, .s )-lh base-like Dolbeault 
cohomology group. 

Whcn the foliation F is homologically oriented and transversely Ka.hler, The­
orcm l ensures tha.t E~·,s -::::: 'H.r·", 'H.*•* - thc complex of complex va.lued base-like 
harmonic forms; thercfore the diffcrential operator d1: E~·"-+ E~+l,s vanishes a.nd 
the spectral sequence co!Ia.pses at the leve! E 1 . 

Thcorem 2 Lct F be a hom.ologícally oriented transverscly [( ahler foliation on 
a co1npact manifold A;J. The basic FhJlichcr· speclral sequ.cnce ofF collapscs at 

1 he ji1·st tenn, i. c. E'¡ -::::: E2 -::::: · · · -::::: E=. 
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Now, we shall present examples of homologically oriented transversely Hermi­
tian foliations on compact nilmanifolds whose basic Frolicher spectral sequence 
behaves in a markedly different manner. The examples a,re based on the exarnplcs 
of [CFG2] of cornpact complex nilmanifolds whose Frolicher spcctral sequcnces 
have similar properties. 

Example l. A transver·sely Hermitian foliation for' which E 1 '/: E 2 • 

Let us consider thc 3--dimensional cornplex Heisenberg group N 
where 

(a1,a2,a3) * (bb b2,b3) =(a¡+ b1,a2 + b2,a3 + b3 + a1b2). 

The compact complex nilmanifold ro\ C3 , where ro is the lattice of Gauss integers, 
is the well known Iwasawa manifold for which E 1 '/: E 2 , cf. [CFG2]. 

The second example of V.l.2 provides us with the foliation F(r 2 , U, t¿) which 
is a holomorphic and transversely symplectic of complex codimcnsion 3 on a 
compact complcx nilmanifold r 2 \ U of complex climension 5, a.ncl it cannot be 
macle transversely Kahler either. Its base-like forrns are in one-to--onc corre­
sponclence with the r 2-invariant forrns on ( C 3 , *). The same consiclera.tions as in 
[GFG2,GRH] ensure that the basic Frolicher spectral sequen ce of F(f 2, U, u) has 
the propcrty of being E 1 '/: E 2 • 

Example 2. A transversely Hermitian foliation for which E 2 '/: E 3 • 

Let us consider the group N= (C 4 , *) with the following group opera.tion: 

( a1, a2, a3, a4) * ( bb b2, b3, b4) = ( a1 + b¡, a2 + b2, 

a3 + h + (a2 + <h)b¡, a4 + b.¡- a1b2) . 

This is a real nilpotent Lie group with a lcft invariant complex structure. Tbe 
compact complex nilmanifold ro\ C4 , where 1'0 is the lattice of Gauss integers, 
has the required property, cf. [CFG2]. 

Now, let us considcr the following finitely generated subgroup 1'4 of (C4, * ): 

r4 can be embedded as a uniforrn subgroup of the group U= (C 7 , D) with the 
following group opcration: 

( a 11 .•. , a7) D ( b1 , ... , b7) 

=(al+ b¡, a2 + b2, a3 + b3, a,¡+ b,¡ + (a2 + a2)b¡, 

a 5 + b5 + (a3 + ii3)b1, a 6 + b6 - a1b2 , a7 + b7- ii.¡b.1) . 

It is a realnilpotent Lie group with a left inva.riant cornplex structure. Tite I\­
equivariant submersion u: U -• N is given by the formula: 
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The folia!. ion :F( U, r 4 , u) is tranversely Hermitian. Its base-~like forms are in 
one··to~one correspondence with the fcínvariant forms on (C\ *). The same 
considerat.ions a.s in [CFG2] ensure t.hat the basic Frolicher spectral scquence of 
:F( f' 4 , U, u) lms thc pro perty E 2 '/: E 3 • 

Exarnple 3. A tmnsversely !Iennitian foliation fo¡· which E 3 '/: E 4 • 

Let us consider the group N= (C 6 ,*) with t.he following group operation: 

(a 1, ..• , aG) * ( b¡, ... , bG) 

= (a¡ + b¡, a2 + b2, a3 + b3, a4 + b4 + ( az + líz)b¡, 

a5 + b5- a1b2, a6 + bG + (1/2)(az + líz)bi + a1b1 + a3b1) 

The manifold f 0 \C6 , where I'0 is the lattice of Gauss integers, has the required 
property, cf. [CFG2]. 

Let. us consider t. he following finitely generated subgroup I'6 of ( C6 , * ): 

As in the previous examples, we can fine! a sirnply connected nilpotent Lie group U 
containing 1'6 as a. uni(orm subgroup anda surjective homomorphism of Lie groups 
u: U -·+ ( C6 , *) which is t. he identity on r 6 . The resulting foliation :F(r 6 , U, u) 
of the manifold I'6 \U is transversely Hennitian. The same considerations as in 
[CFG2] cnsure that the basic Frolícher spectral sequcnce of :F(r6 , U, u) has the 
property E3 '/: E4. 

The group U can be represented as (C 10, D) with the following group opera­
tion: 

(a 1 , ... , a 10)D(b1 , ... , b10 ) 

= (ai + bi, as+ b5 + (a2 + a2)h¡, ((6 + /¡6 + (a3 + a3)b¡, a7 + b,- a¡bz, 

as+ bs- ii1b3,a9 + bg + (l/2)(a2 + ii.z)bi + a5b1 + a4b1, 

aw + bw + (1/2)(a3 + a3)bi + asb1) . 

Thc submersion u is the following: 

V.2.3 Complex conjugation 

Thcorcm 1 asscrts that for homologícnlly oricnted transvcrsely IG.h lcr folia.tions 
t.hc coJnplex conjugation induces an isomorphism of the base-lik<~ Dolbeault co­
homology. Vve are going to give a simple example of a homologica.lly oriented 
transversely Hcrmit.ian foliation for which this is not true. 
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Example 4. Let us consider the Example V.l.3. The foliation F(r,U,u) con­
structed in this example is transversely symplectic and transversely holomorphic 
of cornplex codimension 2 on a complex manifold M (r) of complt'x dimension G 
(which is a real nilmanifold but not a complex nilmanifold, cf. [CFG3]). The 
base--Jike forrns of F(r, U, u) are in one-to--one corresponden ce with r- invariant 
forms on N. Since r is dense in N the base-like forms can be identified with 
left invariant forms. As r conta.ins ro the base-lil(e cohomology of F(I', u, u) is 
isomorphic to the cohomology of the Kodaira-·Thurston manifold. Thc computa- · 
tions of [C] show that dirn Jl1•0 (1' 0 \N) = 1 and dim H 0•1(1' 0 \N) = 2, which rneans 
that in this case the complex conjugation does not induce an isomorphism in the 
Dolbeault cohomology. Huwever its basic Frolicher spectral sequence collapses a.t 
the first leve!. 

V.2.4 Formality of the minimal model 

'vVe are going to look at the minimal model of the complex base-like cohornology 
of a homologically oriented transversely Kiihler folia.tion. In fact, as for compact 
Kiihler manifolds, the minima.l model for the complex base-like cohornology is 
formal, a.ncl hence a.ll Massey products must vanish, cf. [DGM]. 

Lemma 1 The ddc-lemma is tnte in the algebra of complex valncd base-like 
forms of a homologically oriented tmnsversely J(iihler foliation on a compact man­
ifold. 

Proof The identities (I.3) and Theorem 1 ensure tha.t we can repeat the proof of 
the ddc-lemma for compact Kiihler manifolds cf. [5.11] of [DGM].D 

As the theorern on the forrnality of the minimal model is a purely "formal" 
consequence of the ddc--lemrna, cf. [Sect. 6] of [DGM], we have the following 
theorem: 

Theorem 3 Let F be a transverscly Kiihler folialion on a compact manifold 1\-f. 
If F is homologically oTientcd then the minimal model o.f the cornplex basc-like 
cohomology ofF is .fonnal and thus Afassey products o.f complex valued base--like 
fonns vanísh. 

To show the non--triviality of this result we present a homologically oriented 
transversely Hermitian foliation whose complex ba.se-like cohornology possesses 
non--vanishing Massey products, thus whose minimal model of the ba.se--like co­
homology ca.nnot be formal. The following proposition for Líe foliations a.sserts 
that Examples 1, 2 and 3 ha. ve this property. 

Proposition 1 Lct F be a Líe foliation on a cornpact manifold rnodcllcd on a 
nilpotent Lic group N with a left invariant complcx 8lructurc, dime N= q. If thc 
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holonomy grou.p r ofF conlains a uniform subgroup I'o of N then the following 
conddions a1·e equiva.lenl: 

i) F is lra.nsvcrsely K ahle1·; 
ii) !he complex ba.se-lik:c cohomology of (.M, F) ha.s no non--trivial Massey 

producls¡ 
iii) the gm1Lp N is commuta.tive. 

Proof V/e can assume that t.he group N is simply connected. As the manifold 
]\![ is compact, the developing mapping is surjective a.nd has connected fihres. 
Thcrefore ba.se-like forrns on (1\1, F) are in one--to-one corresponden ce with I'­
invaria.nt forrns on N. On the manifold N we can consider t.hree complexes of 
complcx va.lued forms: 

AC(N, f 0 ) - the complex of f 0 -inva.riant forms, 
AC(N, r) - t. he complex of I'-inva.riant forms, 
Aé( N, N) -- the complex of N--invaria.nt forms. 

Of course, A'é(N, N) e A'é(N, r) e AC(N, r 0 ). Then Nomizu's theorem, cf. 
[NOl], eJlStireH tha.t. in cohomology we have 

(V.4) H~(N,N) L-+ Fl~(N,r) ----»-H~(N,I'0 ) 

as ll(;(N, N) e::: !IC(N, l'o)-
Theorem :3 ensures that i) ==> ii). 
Let. us look at the second implica.tion ii) ==? iii). Assume tha.t the group N 

ís not commuta.tive. In [CFG3], the authors proved that in this case there exist 
non-trivial Massey products in H(;(N, N). In view of (1.4), tbe Massey product 
of the same cohomology classes considered in HC(N, r) must be also non-trivial. 
Coutra.dict.ion. 

Thc tlJird implication ís trivial as N is just Cq. o 

V.3 Sasakian manifolds 

W<: complete the chapter with a. quick look at Sa.sakian manifolds. In this section 
we present a new rnethod of studing Sa.sakian rnanifolds. A Sasakian manifold 
is a folia.tcd manifold with a very particular folia.ted structure. Using the corre­
spondence betwcen folia.t.ed ancl tra.nsverse slruct.ures, we reduce many theorcrns 
about. geometrical objects in Sa.sa.kian ma.nifolcls to theorcms a.bout correspond­
ing ohject.s iu [(a,h]er ma.nifolds. In fact., t.he 1-dimensional foliation of a Sa.sakian 
manifold generat.cd by the cbaractcristic vector field is a t.ransversely Kiihler iso­
metric flow. Wc cal] this foliation the charactcristic foliation. We considcr two 
books of 1\.Yano and M.Kon, cf. [YKJ,YK2], a.nd demoustra.te tha.t most results 
on the local structure o{ Sasa.kia.n rnanifolds can be dcrivcd frorn the corresponcl­
iug oHcs for K~ihler rna.nifolds. To complete this section we present sorne new 
local propert.ies of Sasakiau rnanifolds obtainecl applying our foliat.ed method. 
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V.3.1 Preliminaries 

Now let us recall the definition of a Sa.sakian manifold. Let j\lf be a smooth 
manifold of dimension 2n +l. The manifold M is called an a.lmost contad metric 
manifold if tbere exist on }vf: 

l. a non--vanishing vector field e anda 1- fonn r¡ such that r¡(e) = 1; 

2. a tensor field <p of type (1, 1) such that <p 2 = -Id+ r¡ ® (, this implies that 
<p(O = O and r¡ o <p = O; 

3. a Riemannian metric g such that g(<p(X), <p(Y)) = g(X, Y)- 1¡(X)r¡(Y). 

An almost conta.ct metric manifold is ca.llcd Sasa.kian if, additionally, it satis­
fies the following condition, cf. [SH,BL2], 

5. (V'x<p)Y = g(X, Y)~ -1¡(Y)X, 
and hence \7 xe = -<p(X), d1¡(X, Y) = g(X, <pY) and the 2n + 1-form r¡ 1\ d1¡n 

does not vanish. 
The last condition ensures that the vector field e is a Killing vector field for 

the metric g. Therefore, this vector field defines a. Riema.nnian foliation :F of di­
mension 1 which is a.n isometric flow, cf. [CA1,CA3]. The vector field f is called 
the chara.cteristic vector field and :F the cha.racteristic foliation of the Sasakia.n 
manifold M. It is not difficult to verify that Le<plkerr¡ = O. Therefore the tensors 
g and <p induce foliated tensors in the normal bundle of the cha.ra.cteristic foliation 
which can be identified with the bundle ken¡. Let .9 and J be the corresponding 
tensors on the transverse manifold N (of the characteristic foliation). The Rie­
mannian connection \7 of M induces a transversely projectable connection in kcn¡ 
and which projects onto the Riemannian connection of (N, g). The condition (5) 
ensures tha.t the almost complex structure J is integrable, tlms (N, .1, .9) is a Her­
mitian manifold. The equality cb¡(X, Y) = g(X, <pY) means tha.t the 2--form dr¡ is 
base--like. The corresponding 2-form iP on the tra.nsverse manifold is its IG.bler 
form. The holonomy pscudogroup is a. pseudogroup of K~i.hler transforma.tions 
a.nd :F is transversely Kiihler. 

There are many transversely Kiihler isornetric flows which are not given by 
a.ny Sasakian structure. Let W be a.n isometric flow defining a tra.nsversely Kiihler 
foliation. The transverse manifold N of this foliation a.dmits a holonomy inva.ria.nt 
Kiihler structure (!J, .J). Let ~ be the vector field tangent to the flow W, g the 
Riemannia.n metric for which the flow is isometric, and Jet Q be the orthogonal 
complement of e in the metric g. Then we put: 

r¡: r¡(e) = 1 a.nd 17IQ =O; 
<p: <p(~) =O and (zf¡(<p(X)) = J(df¡(X)) for any X E TU;. 

One can easily check that the structure (g, <p, e, r¡) defined abo ve satisfies the 
conditions 1)- 4), i.e. it is an almost contact metric structure. The condition 
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(5) is nota transverse one which can be deduced easily from the Boothby-Wang 
theorem, cf. [BL2,BW) and also (OG,TN,TB). 

Theorem 4 Let M be a Sasakian compact manifold. Jf the characteristic vector 
field e is regula1·, then the manifold M is the total space of a S 1-bundle over a 
KiihleT manifold N which is the space of orbits of the vector field ~. Converse/y, 
let M be the total space of an S 1-bundle over a [(iihler manifold N. lf the Ettler 
class of this S 1 -bundle is cohomologous to the [(iihler form of N, then there exista 
a Sasakian structure (g,<p,e,1J) on M inducing on N its Kiihler stTuctttre with e 
being the vertical vector field of the S 1 -bundle. 

Let us look at the consequences of this very well-known result. The fundamen­
tal vertical vector field of any SI-bundle over a Kiihler manifold is a transversely 
IG.hler isometric flow. However such a flow comes from a Sasakian structure iff 
the Euler class of this SI-bundle is cohomologous to the Kiihler form of the base 
manifold, or equivalently iff there exists a 1-form 1J with 1J(e) = 1 and whose 
exterior differential projects onto the Kiihler form of the base manifold N. This 
has two interesting consequences: 

a) the vertical vector field of the trivial SI-bundle ( equivalent to the vanishing 
of its Euler class according to (K01)) cannot be the characteristic vector field of 
a Sasakian structure, as the cohomology class of the Kiihler form is non-trivial. 

b) if the cohomology class of the Kiihler form of the base manifold N is 
not integral the vertical vector fi.eld of any SI-bundle over N cannot be the 
characteristic vector field of a Sasakian structure inducing this Kiihler structure. 

Now let us look closer at the condition (5). We have the following well known 
lemma.: 

Lemma 2 Let e be a non-vanishing vector field on a Riemannian manifold 
·(M, g) defining a tmnsveTsely Hennitian fiow. With the notation as abo ve, any 
two of the .following three conditions imply the thiTd one: 

1. e is a [(illing vector field, 

2. <p(X) = -VxC 

3. g(X,<p(Y)) = d1J(X, Y). 

This lemma leads to the following characterization of Sasakian structures. 

Theorem 5 Let e be a non-vanishing Iúlling vector field defining a transversely 
[(iihleT isometric fiow on a Riemannian manifold (M,g). The corresponding al­
most contact metric structure (g,<p,e,r¡) is Sasakian iff<p(X) = -Vxe. 

As a corollary we get: 
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Corollary 1 Let e be a transversely Kiihler flow. lf there exists a 1-form r¡ such 
that 17(e) > O and the 2-form d7] projects onto the Kiihler form of the transverse 
manifold, then we can reparametrize the vector jield e to obtain a vector jield e' 
such that the corresponding almost contact metric structure is Sasakian. 

Proof The reparametrisation e' of e such that 7J(e') = 1 is a Killing vector 
field, cf. [GL]. On the other hand we know that d17(X, Y) = g(X, cpY) as the 2-
form d1] is base-like and projects onto the I<ahler forro of the transverse manifold. 
Therefore according to Lemma 2 \7 xe = -cpX. Then Theorem 5 ensures the 
rest.D 

V.3.2 Sasakian versus Kahler 

First of all we are going to compare various curvature tensors of the manifolds 
(M,g,cp) and (N,g, J). For any X E TxN; and y E H 1(x) denote by X* the only 
vector of ker7]y such that df;(X*) = X. The considerations of [YKl], Chapter 
VI, yield the following relations: 

l. (JX)* = cp(X*); 

2. g(X*, Y*)= g(X, Y); 

3. ('\7xY)* = 'Vx·Y* + g(Y*,cpX*)e, where \7 and "\7 are the Levi-Civita 
connections of g and g, respectively; 

4. (jl(X,Y)~)* 
= R(X*, Y*)~*+g(~*, cpY*)cpX*-g(~*, cpX*)cpY*-2g(Y*, cpX*)cp~* where 
R and R are the curvature tensors of \7 and V, respectively; 

5. S(X, Y) = S(X*, Y*)+ 2g(X*, Y*) where S and S are the Ricci curvature 
tensors of (M,g) and (N,g), respectively; 

6. f = r + 2n where r and f are the scalar curvatures of (M,g) and (N,g), 
respective! y; 

7. K(X, ]Y) = K(X*, cpY*) + 3 where J( and K are the sectional curvature 
tensors of (M,g) and (N,g), respectively; 

8. g(B(X, Y)~, W) = g(B(X*, Y*)~*, W*) where B and E are the contact 
Bochner curvature and Bochner curvature tensors of (M,g) and (N,g), 
respectively. Moreover, B vanishes iff B does. 

Asan example we shall prove the following theorem, cf. [BR2]: 

Theorem 6 The cp-sectional curvature determines completely the sectional cur­
vature of a Sasakian manifold. 
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Proof It is well-known that for any plane tangent to the characteristic vec­
tor field the sectional curvature is equal to l. The formula ( 4) establishes the 
relation between the sectional curvature in the transverse direction in a Sasakian 
manifold and the corresponding sectional curvature in the transverse manifold. 
The formula (7) gives the precise relation between <p-sectional curvature and the 
holomorphic sectional curvature of M and N, respectively. As N is a Kahler 
manifold, its holomorphic sectional curvature determines its sectional curvature, 
so the <p-sectional curvature determines the sectional curvature of a Sasakian 
manifold M.O 

The formula (7) leads to the following proposition: 

Proposition 2 The characteristic foliation of a Sasakian space form M( e) is a 
transversely Kiihler isometric fiow modelled on a J(iihler space form N(c- 3). 

Now Jet us turn our attention to submanifolds. Let W be an m+ 1 dimensional 
submanifold of M tangent toe, i.e. for any X E w e(x) E TxW. For any point 
of this submanifold we can find a very special adapted chart at this point. 

Lemma 3 Let x be a point of a submanifold W tangent to the characteris­
tic vector field of a Sasakian manifold M. Then there exists an adapted chart 
1/J: V ~ R2"+1, 1/J = ( 1/Jb ... , 1/J2n+1), at X su eh that the set 

U= {y E V :1/Jm+2(Y) = ... = 1/J2n+t(Y) =O} 

is a connected component of V n W containing x and 

is an adapted cha~·t for the induced foliation of W. 

Proof It is a simple generalízation of the classical result for submanifolds; we 
have to start wíth adapted charts, and then proceed as in the standard case.D 

Thís lemma leads us to the following proposition: 

Proposition 3 Let W be a submanifold tangent to the characteristic foliation of 
a Sasakian manifold M. Then for any point x of W there exist neighbourhoods 
U and V of x in W and M, respectively, having the following properties: 

i) U is a connected component of V n vV containing x; 

ii) U is a foliated subset of V (for the characteristic foliation}; 

iii) there exists a Riemannian subme1·sion with connected fibres f: V -4 N 0 onto 
a J( iihler mamjold No defining the characteristic foliation; 
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iv) there exists a submanifold W 0 of No such that U= ¡-1 (l11o). 

Proof Let U and V be neighbourhoods of the point x from Lcmma 3. Then 
the subrnersion f we define as P2n o 7/J: V -t R2n where P2n is the propject.ion 
(xt, ... X2n+l) ~ (.r2, ... X2n+l)· On the set imf e R2n the Sasa.kian structure of ¡.,,[ 
induces a Kahler structure for which the submersion is a. Riema.nnian submersion. 
Sin ce the cha.racteristic foliation restricted to 11 is deflned by t. bis su bmersion and 
the set U is sa.tura.ted, there exists a subrna.nifold W0 of N0 satisfying the condition 
(iv). D 

If the submanifold W is foliated for the chara.cteristic foliation Lemma 3 yields 
the following stronger result. For example it is the case if W is a. complete 
submanifold. 

Proposition 4 Let W be a submanifold of a Sasakian manifold M. lf W is foli­
ated for the characteristic foliation of M, then for every cocycle U= {U;,!;, 9ij} 
definíng the characteristic foliation there eústs a holonomy invariant subm.anifold 
W 0 of the transverse manifold such that W n U;= f;- 1(W0 n N;). 

Proposition 3 ensures that the study of local properties of submanifolds t.an­
gent to the characteristic vector fielcl of a Sasakian manifold can be recluced to thc 
study of a foliat.ed submanifold of a Sasakian manifold with its chara.cteristic foli­
ation given by a global Riemannian submersíon with connected fibres. Then the 
properties of submanifolds related vía a Riemannia.n submcrsion, cf. Appendíx, 
furthcr reduce it to the study of propertics of the corresponding submanifolds 
of a Kahler manifold. This method applied to anti-invariant submanífolds of a 
Sasakian manifold studíed in [YK 1] en sures that their properties are immcdíate 
consequences of the properties of anti·-Ínvaríant submanifolds of Kahler mani­
folds. We present a list of corresponcling theorenls. Of course this list does not 
pretend to be exhaustive. 

Sasakian ( Chapter IV of [YKl]) 
Proposition 2.3, Theorcm 2.1, Cor. 2.1 
Lemma 1.1 
Corollary 8.1 
Corollary 8.2 
Lemma 8.1 
Proposition 8.2 
Proposition 8.3 1 

Proposit.ion 8.4 
Theorem 12.1 

IGhler (Chapter III of [YKl]) 
Lemma 2.1 plus curvature estima.tes 
Lemma 2.1 
Corolla.ry 5.1 
Corolla.ry 5.2 
Lernma. 5.2 
Proposi tion 6 . .5 
Proposition 6.6 
Proposition 6. 7 
Theorem 10.2 

1 In the statement of Proposition 8.3 the authors forgot to in dude the assurnption "the 
normal f-structure is parallcl". 
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V.3.3 Contact CR-submanifolds 

First we rccall thc definition of a contad CR-submanifold, cf. [YK2]. 

Definition 1 Lct W be a submanifold of a Sasa.kian manifold .M tangent to the 
chamcteristic vector- field. W is called a contact CR-subrnanifold of M if there 
eústs a dijJerentiable distribution D on W of constant dimension, D: x H Dx e 
T~ W, satisfyú¡.g the .following conditions: 

i) }) is invan:an.t wilh respect to <p, i.e. for any X E w <pDx e Dx; 

ii) ihe complernentary orthogonal distribution DJ..: X H Dt e 1'xW lS anti­
invar·iant with r·espect to <p, i.e . .for any X E w <pD; e r,wJ... 

The clistribution D can be describecl in the following way: 

Thus 
<p(Dx) e Txl-1' n <p(TxW) aml <p(D;-) e TxWJ.. n <p(TxW). 

Sin ce <p 2 = -id + r¡ 0 e, <p(Tx W n <p(T, W)) e <p(Tx W) n Tx vV. Therefore Do = 
TW n <p(TW) e D. Similarly <p(DJ..) = <p(TW) n TWJ... Thus the distribution 
D 0 has consta.nt dimension and D 0 = D or D = D0 EB T:F, and DL = D~ Hl T F 
or D6-, respective! y, where D~ is the orthogona.l complement of Do EB T'F. This 
means that the tangent bundle TW of W adrnits the following decomposition: 
TF m D0 EB Dt. Moreover the distributions D0 and D6· define the decomposition 
of the subbundle kerr¡ = Ím<p. For the rest of the pa.per we assume that D = 
Do (l) TF. 

The above description of the distributions D and DJ.. coupled with the fact 
that the tensors g and <p induce foliatecl tensors on kerr¡ yield the following; cf. 
[YK2]: 

Proposition 5 Let lF be a subma.nifold tangent to the chamcleristic vector field 
of a .')asaban manifold. Then vlf is a contact CR-submanifold iff the correspond­
in.r; submanifolds in thc tmnsverse manifold a.r·e CR-sulmwnifolds. 

Having described in detail the distributions D and DJ.. we turn our attention 
to their properties. The argument in the proof of Theorem III.3.1 of [YK2] ensures 
only that the distribution D1 ffi T:F is integrable. Thus the correct version of 
Theorcm lii.3.1 is the following: 

Theorem 7 Let W be a contact CR-sv.bmanifold of a Sasakian manifold l\J. 
Then !he dislributíon D 1 EfJ T:F is cornJiletely integrable and its inlegml submani­

folds are antí -invarianl snbmanifolds (langent to the chamcteristic vector field). 
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For the same reason Theorem III.3.2 of [YK2] is not exact. It shoulcl read as 
follows: 

Theorem 8 Let 11V be a contact CR-sllbrnanifold of a Sasakian manifold M. 
Then the distribution D is integrable iff B(X, PY) = B(Y, PX) for' any X, Y E 
D. Its integral subrnanifolds ar'e invariant 81Lbrnanifolds of M. 

Remark As thc properties clescribcd by the above theorems are local, they 
can be clerived from thc corresponding theorems for CR--submanifolcls of Kahler 
manifolds, compare Tbeorems IV.4.1 and IV.4.2 of [YK2]. 

Proposition 6 Let W be a contact CR--submanifold tangent lo the character·istic 
vector jield of a Sasakian manifold M. lf g(B(X, Y), FZ) = O for· any X, Y E 
D 0 , Z E D~ then any geodesic of 11V tangent to D 0 at one point rernains tangent 
to D0 at any poínt of íts domain. 

Proof Since the foliation FIW is a Riemannian foliation a geoclesic orthogona.l 
to F at one point is orthogonal to F at any point of its dornain, ancl it is a 
D0 EB D~ horizontallift of the corresponding geodesic in the tra.nsverse manifold, 
cf. [RE,YO]. Let us consicler a gcoclesic a: (a, b) -t W tangent to D 0 at O a.nd the 
setA= {tE (a,b):o:(t) E D 0}. The setA is closed andO E A. We shall show 
that it is also opcn. As the problcm is local wc can reduce our considerations 
to a foliated submanifold of a Sasakian manifold with the characteristic foliation 
given by a global submersion with connected fibrcs, cf. Appendix. The rela.tions 
from Appendix ensure that g(B(X, Y), FZ) =O for any X, Y E fJ and Z E ¡)J.. 
Then Proposition IV.4.2 of [YK2] cnsures that fJ is a totally geodesic foliation 
of 11V0 . Let a be the gcodesic in 11V0 corrcsponding to a. If a is tangent to D 0 at 
t E (a, b), then a is tangent to fJ at Lhis point. Since the folia.tion f5 is tota.lly 
geodesic a must be contained in some lcaf of fJ. Hence a bcing the D 0 EB D~ 
horizontallift of a, it must be tangent to D0 . Thereforc the set A is opeiJ, and 
thus A= (a, b).D 

Taking as a model Kahler manifolds we can introduce the following notiom: 

Definition 2 We say that a contact CR-sv.bmanifold W is: 

i) D0 -totally geodesic ij] B(X, Y) = O for any X, Y E Do; 

ii) contact mixed foliate ij B(X, Y) for any X E lJ and Y E Dl, and 13( PX, Y) 
= B(X, PY) for any X, Y E D 0 . 

Proposition 7 Let FV be a contact CR-submanifold tangcnt to the chamcieristú; 
vector field of a Sasakian manifold M. 1f H! is D 0 -totally geodesic, then D is a 
foliation and any geodesic of T'V tangent to D 0 at one point remains tangent lo 
Do at any poínt of its dornaín. 
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Proof It is a conseqnence of Appendix (8), Corollary IV.4.3 of [YK2] and of 
t.hc considcrations similar to t.hose of the second part of the proof of Proposition 
6. o 

Proposition 8 lf W is a contact mixed foliate non-trivial contact CR-subma­
nifold o.f a Sa.sakian manifold space form M( e), then e :S -3. 

Proof Thc transverse manifold of the characteristic foliation has the constant 
holomorphic scctiona.l curva.ture equal t.o c+3. The problem is local and Appendix 
(8) t.ogc\.her with Proposition IV.4.3 of [YK2] ensures that c+3 :S O. Thus e :S -3. 
o 

Corollary 2 Lct W be a contact mixed foliate contact CR-8ubrnanifold of a 
Sasakian spaceforrn !IJ(c). ffc > -3, then vV is eilher a.n invaria.nt 8Ubrnanifold 
or a.n anti-ina.vriant submanifold o.f M (e). 

It is a counterpart of Corollary IV.4.4 of [YK2]. Appendix 6 a.nd Theorem 
l\1.6.1 of [YK2] or [BJ] yield the following. 

Theorem 9 Let T;J! be a contact totally umbilical non--trivial conta.ct CR-subma­
ni.fold of a. Sasakian manifold M. Jf dimD~ > 1, then a geode8ic orthogonal to e 
and tangent lo vV al one point has thi8 pmperty on an open sub8et of its domain. 

Pt·oof Since the characteristic foliation is R.iemannian we have to show that 
the geodesic is tangent. to vV on an open subset of its domain. This property 
is a local one and therefore we can reduce our considera.tions to the situation 
descríbed in Appendix. The geodesic ís the kerr¡ horizontal lift of a geodesic in 
N. Therefore it ís sufficient to know that the submanifold W0 is totally geodesic. 
'I'his is precisely the fact which Bejancu's theorem ensures. O 

Theorern 10 Lct W be a tolally gcode8ic contact CR--8ubma.nifold of a. Sa.sa.kia.n 
manifold M. Then D and DJ.. ffi TF are Riemannian foliations, and loca.lly: 

i) lV is diffeomorphic lo R X W0 , 

ii) F Í8 given by the pmjection R X W 0 --t W 0 , 

iii) TV0 is a Ríemannian p1'od1Lcl of N 0 x N 1 of a totally geodesic invariant sub­
manifold N 0 anda total/y geodcsíc anti-invaríant submanifold N1 of N. 

Proof The properties i), ii) and iii) are a consequence of Proposition 2, A.6 
and Theorem IV .6.2 of [YK2]. Therefore i t rernains to pro ve that the foliations 
lJ and DJ.. (]) TF are Riemannian. i.c. that a geodesic of Hl which is t.a.ngent to 
D0 (resp. Dt) a.t one point remains tangent to D0 (rcsp. D~) at any point of 
its domain. A similar argument as in the proof of Proposit.ion 5 ensures that the 
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problem is local and that we can reduce our considerations to the case described in 
Appendix. Since the distributions JJ0 and D~ are orthogona.l to :F this property 
ís a. simple consequence of the fact that this geodesic, being a geodesic of !vf, is a 
kerr¡ horizontallift of a geodesic in N and that the corresponding distributions 
J5 and J5l., respectively, on W0 are totally geodesic foliations. O 

Final remarks l. The same method can be a.pplied to submanifolds trans­
verse to the characteristic vector field of a Sa.sakían manifold. 

2. Thís method is also applicable to the S-structures of D. E. Blair, cf. [BRl]. 

Appendix. Riemannian submersions and Sasakian man­
ifolds 

Let M be a Sasakia.n manifold with the chara.cteristic foliation given by a. 
global submersion f: M -+ N with connected fibres. The manifold N has a.n 
induced Kiihler structure a.nd the submersion f is Riema.nnia.n for these Rieman­
nia.n structures. Any folia.ted subma.nifold W of M is of the form .r-1(W0 ) where 
W0 is a. submanifold of N; we say that the submanifolds W and TV0 correspond 
via the Riemannia.n submersion f. We are going to compare the properties of W 
and W0 , cf. Chapter VI of [YKl] and [YK2]; most of these properties are proved 
in these two books. 

l. Let V 0 and V0 be the induced connections on W and TcV0 , respectively. 
They are the Levi-Civita connections of the induccd metrics g0 and ?Jo, respec­
tively. Morcovcr 

(V~ Y)*= -<p2(V~. Y*). 

2. Let D and iJ be the induced connections in the normal bundles of vV and 
W 0 , respecti vely. Then 

(DxV)* = Dx· v· where X E TW0 and V E TJ.W0 • 

3. Let B and fJ be the second fundamental forms of Hl and W0 , rcspectively. 
Then 

i) B(X*, Y*) = B(X, Y)*; 

ii) the seconcl fundamental form of TtV is commuta.tive iff the second fundamental 
form of W 0 is; 

iii) Jet S and S be the squa.re of the length of the second fundamenta.] forms of W 
and Wo, respectively, then S= S+ 2 I":;'~ 1 ,q(.J ef, Jef ); thus S S: S+ 2m. 

4. Let In a.nd 111 be the mean curvature vectors of W ancl vF0 , respcct.ively, 
then 

i) l11* = 12!±ln1· 
rn ' 
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ii) if thc mcans curva.ture vector of vV is parallel, sois thc mean curvature vector 
of W0 • 

.5. Let P, F', .f, f, t and P, F, ], l be the corresponding (1, 1)-tensors 
associated with the submanifolds W ancl vV0 , respectively. Then 

F(X)* = P(X*), F(X)* = F(X*), ](X)*= /(X*), I(X)* = t(X*). 

Thc following properties are not clifficult to verify: 

i) if .f is parallel, so is ]; 

ii) íf P is parallel, sois f>; 

iii) if P Jlv = AvP, so PAv = AvP for a.ny V E TW.L ancl V E TvVcf, respec­
t.ivcly. 

6. 'l'he previous considerations cnsure that: 

i) VV is minimal iff W0 ís; 

ii) W ís anti-··Ínvariant iff W0 is; 

iii) W is invariant iff W0 is, cf. [HR]; 

i v) if Hl is total! y geodesic, so is W0 ; 

v) W is contad totally umbilical iff 1110 is tot.ally umbilical, cf. [KON]; 

vi) if W is anti-invariant, then 

a) W is f!at iii W0 is; 

b) if m = n, then the normal connection of W is flat iff the normal con­
ncction of 1·V0 is flat; 

e) (R0 (X, Y)Z)* = R 0 (X*, Y*)Z* where Ro aml R0 are the curvature ten­
sors of W ancl Hl0 , respectively. Thus 

Ro(P) = K0 (p*) wherc K0 and l?0 are thc corresponcling scctíonal 
curvatures; 

.5'0 (X, Y)= 50 ( X*, Y*) where 50 a.nd S0 are thc corresponding Ricci 
e u rva tu res; 

i'o = 1'o wherc 1·0 a.nd fo a.re the corresponding scalar curvatures; 

vii) frorn (4) wc get that: 

a) !Vis anti~iva,riant ifr S=~<;+ 2m; 

b) W is invariant iff S = S. 
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viii) if W is invariant then W is tota.lly geodesic iff W0 is; 

7. The submanífold W ís a contact CR-submanifold iff vV0 is a CR-subma­
nifold. 

Let us denote by lJ a.nd fJJ. the distributions on W 0 corresponcling to D 
and DJ., respcctively. The distribution DJ. is saicl to be total] y geodesic if a.ny 
geodesic of Hl tangent to DJ. at one point rema.ins tangent to DJ.. Then we ha. ve 
the following: 

Proposition 9 i) The distribntion DJ. is totally geodesic íff the foliation DJ. zs 
totally geodesic; 

ii) the distribution DJ. is totally geodesic iff B(X, Y) E JTW J. for any X E 

D~, Y E Do; 

iii) if B(X, Y) = O for any X E D 0 , Y E D-6·, then ihe distribution DJ. is total/y 
geodesic; 

iv) a geneTic sub manifold is contact mixed totall:IJ geodesic iff the distrdralion DJ. 
is totally geodesic. 

Proof First let us remark that if we prove (i) then the other points will 
follow easily from the corresponding properties of IGJller manifolds as fJü = D~ 
and D* = D0 . Let us return to (i). Leaves of ]]l. EB T:F are a.nti-invariant 
submanifolds of M. The corresponcling submanifolcls of N are lea ves of fJJ.. A 
geoc!esic a tangent to D~ is a geodesic ortogonal to :FIW. Therefore it must be 
a ken¡ horizontal lift of a geodesic a in W 0 . But the c!istribution fJJ. defines a. 
tota.lly geoclesic foliation, so a remains tangent to DJ. and a to D~. D 

8. For thc notions introcluced in Definit.ion 2 wc have the following: 

i) W is a D 0-tota.lly gcodcsic iff W0 is fJ-totally geodesic; 

ii) lV is contact mixed foliate iff W0 is mixed folia.te. 

The proof of both equivalcnces is a sirnple cakulaüon. 

N o tes The chapter conta.ins rcsults of three papers which correspond to three 
section, cf. [CWI], [CW2] and [W019], respectively. 

It is almost impossíble to rnention all pa.pers on lransversely symplectic, holo­
morphic or IGihler foliations. Va.rious authors turncd their a.ttention to diffcrent 
a.spects of the theory, from cha.racteristic cla.sses to the theory of deformations. 
The rea.der can easily find ma.ny papers on these foliations in the Bibliography. 



Chapter VI 

\7 - G-foliations 

The notion of a \7 - G-foliation the author introducecl in [W03]. They are 
these G-foliations on whose transverse manifold there is a holonomy invariant 
G-connection. In Cbapter II we showecl that this propcrty is equivalent to the 
cxistcnce of a transvcrsely projectable G-connection. This type of foliations was 
studied earlier by P. Molino, cf. [M02]. In Chapter IV we dedicatecl a lot of 
spacc to find sorne conditions ensuring the existence of transversely projectable 
G-connections. Under sorne a.ssumptions \7- G--foliations behave very much like 
Riemannia.n foliations, which, of course, a.drnit a transversely projecta.ble con­
nection. In Chapter III we showed that tbese foliations aclmit a FSODE and 
provcd some sirnilarities. But we would like to lmow which properties distin­
guish bctwecn these two classes of foliations. Let us ta.ke two other fundamental 
properties of Riernannian foliations on compact manifolds: 

a) the closures of lea.ves are submanifolds; 

b) the base-like cohomology is of finite dimension. 

In lhe acxt cha.pter we shall show tha.t both properties do not hold for \7 -
G-foliatiom on a compact manifold, even if the corresponding FSODE (i.e. 
the transversely projectable connection) is transversely complete, cf. Exa.mples 
VIJ.lO, VII.ll and VIL2.3 . In this chapter we concentrate our attention on the 
converse problem: a \7- G--foliation, when is it a Riemannian one? 

VI.l Preliminaries 

\Ve bcgin with the structure theorem for our folia.tions. Let w be the corresponcl­
ing transvcrsely projectable connection in the foliated G-structure B(llf, G; :F). 
The choice of a supplementary subbunclle Q to T:F fixes our choice of a. supple­
rncntary subuuclle Q to T:F1, i.e. Q = (d1r)-- 1(Q). Therefore the corresponding 
fuudarn<'ntal horizontal vector ficlds B(O ancl the fundamental vertical vector 
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fields A* form a transverse parallelism of :F1 . This transverse parallelism is com­
plete iff the connection w is transversely complete, i.e. its geodesics tangent to Q 
are globally defined. This results from the following simple lemma. 

Lemma 1 The projections onto M of integral curves of the vector jiclds B(é,) 
are geodesics tangent to Q of the connection w. 

Proof Let w be the extension of the connection w a.s in Example III.2. w is a 
connection in the GL(p) x G--structure B( M, G L(p) x G) which can be written as 
the fibre product L(T:F) XM B(M,G;:F). The geodesics of w which are tangent 
to Q are precise! y the "tra.nsverse geodesics" of w, i.e. solutions of the FSODE 
of (M, :F). 

The fundamental horizontal vector fields B(é,), ' E Rq, of B(M, G; :F) can be 
lifted to B(M,GL(p) x G). The lift of B(é,) is preciscly the vector ficld B((O,é,)) 
for (0,,) E RP X Rq = Rn. The projection of a.n integra.! curve of B((O,é,)) is a 
geodesic of w, cf. [LIC], which must be tangent to Q. Since B((O,é,)) is the lift of 
B( é,) the projections on M o[ integral curves of these vector ficlds are the sarne. 
o 

The a.bove considerations lead to the following definition. 

Definition 1 A \7- G-foliation is tmnsversely complete if for sorne choice o.f a 
S1lpplementary subbundle Q the corresponding FSODE is tmnsverscly complete, 
or equivalently if the corresponding tmnsverse parallelism is complete. 

With this definition in mind we have the following structure theorem for 
\7 - G-folia.tions: 

Theorern 1 let :F be a tmnsversely complete \7 - G-foliation on a manifold 
M. Then the closures o.f !caves of the foliation :F1 of thc .foliatcd G-structw'e 
B(M, G; :F) are fibres of a locally trivial fibre bundle, called the basic fibmtion. 
The foliation of the closnre of a leaf of :F1 by leave8 of :F1 is a Lie foliation with 
the same model Lie group .for any leaf. 

Proof It is a direct consequence of our considerations and Molino's structure 
theorem for complete T.P. foliations, cf. [M05,M01I].D 

For \7- G--foliations we can define, following P. Molino, the comrnuting shea.f, 
cf. [MOG,M09,MOll]. Let e1 be the sheaf of germs of foliated vector fields X on 
B commuting with all global foliated vector fields of (B, .F1), thus in particular the 
transverse pa.rallelism of :F1 . This last condition is equivalent to LxO = Lxw =O. 
Let X be the corresponding vector field on the total space of B(N, G). Then 
L xlJ = L xw = O where w is the connection form of \7. This mea.ns that X is thc 
lift of a local infinitesimal a.ffine transformation of \7. Thus the shea.f e1 defines 
the sheaf e of gcrms of foliated vector fields which are also local infinitesimal 
affine transformations of the tra.nsversely projectable connection w. We cal! e 
the commuting shea.f of :F. 
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Definition 2 We say lhat the commuting shea.f e is of compact t.ype if the orbits 
of lhe shcaf e1 are compact. 

The following proposition is an immediate consequence of the definition and 
of the properties of T.P. foliations, cf. [M05,M09,M011]. 

Proposition 1 Lel :F be a transvcrsely complete \7- G-foliation. lf its cornrnut­
ing sheaf is of campad tyz¡e, then the closures of leaves are compact and they are 
integral submanifolds of a regular distribution of non-constant dimcnsion defined 
by thc cmnmu.ting shcaf. 

Let, us assurne that the foliation :F is a transversely complete \7- G-foliation. 
Sillce the foliation :F1 is complete T.P., it detennines a locally trivial fibration 
(the basic fibration) p: B -----+ Hf whose fibres are the closures of leaves of the 
foliation :F1 , cf. [M05,M09,M011]. As this foliation is G--invariant, the group G 
acts on thc basic manifold ~V. This leads us to the following lernma whose proof 
is trivial. 

Lemma 2 If t.hc commuting sheaf e is of compact type, then thc action of the 
group Ci on !.he basic manifold tV is proper. 

Using the pro¡wrties of proper actions of Líe groups, cf. [PA2,KS,DA], we can 
defme types of closures of lea.ves, cf. [DA,HA3]. In the foliations considered by us 
thc closures of leaves correspond bijectively t.o orbits of the action of the group 
G on the basic manifold lV. Vve say that two leaves have the same closure type if 
tl1c corresponding (to the closures) orbits are of the same normal orbit type. Let 
o: be a. normal orbit type. Then tbe space Wa of a.ll points of Hf whose G-orbit 
is of type o: iR a. proper submanifold of l!V, the space 1!0 of G -orbits of Hf" ís a. 
manifold and the natural projection 1c H'"-----+ V" is a loca.lly trivial fibre bundle. 
The same can be proved for leavcs. 

Proposition 2 Let :F be a \7 -· G-folialion with thc cornmuting sheaf e of com­
¡wct lypc and lei a be a closm·e type of lea ves of the foliation :F. Then the space 
111 a of all points of /caves of lhe el asure type a is a pmper subrnanifold of !11. 
?'he space of closw·es of /caves of M" ís a Hau.sdorj] manifold V" and the natural 
projcction ¡5~: M ex --+ Va is a locally tr·ivial jib1·e bundle. 

Proof Let o: be a closurc type of lea ves of the foliation :F. The corresponding 
{/-orbit type we denote by the sa.me let.ter o:. The stratum Hra of the basic man­
ifold is a proper submanifold of W. Thus p- 1 (Wa) is a proper submanifold of B. 
Sincc tlte set M" is cqual to the quotient p- 1(Wa)/G, it is a propcr submanifold 
of /11. Thc space of closures of leaves of Mcx is precisely the spa.ce of a-orbits 
of W", thus it is a flausdorff manifold. The submersion is a locally trivial fibre 
hundlc, ilS ib fibrcs, the closures of lcaves of :F, are cornpact. 
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Corollary 1 If 1' is the prinápal nonnal orbit type oj the action of the gmup G 
on the basic manifold W, lhen the corresponding stmtum /11"~ is open and dense 
in M. 

Ren1ark In the Riemannian case the notion of the a-stratum was introcluced 
by A. Haefliger, cf. [HA3,HA4]; compare also [PI]. 

VI.2 The case of a pseudogroup 

Let H be a pseudogroup of local affine transformations of a connection V in a 
G-structure B(S, G). To any element h of H corresponcls a local cliffeomorphism 
h 1 of B which preserves the parallelism of B. Ancl vice-versa, any such a local dif­
feomorphism of B of connected domain is defined by a local affine transformation. 
The correspondence jl: h f---+ h 1 associates to the pseudogroup H a pseudogronp 
jlH of local diffeomorphisms of B preserving the parallelism. 

There is a natural one-to-one correspondence between pseudogronps ancl group­
oids of germs of local diffeomorphisms. The groupoid definecl by a pseuclogroup 
H we denote by 1:i. 

Definition 3 We say that a psendogronp H of local affine transfonnations of a 
connection in B(S, G) is closed if the groupoid jlH is closed in the groupoid o.f 
germs of local diffeomorphisms prese7'ving the pamllelism of B. 

For our purposes we neecl also the following definition. 

Definition 4 We say that a pseudogro1tp H of local affine transjorrnat1:ons o.f 
a connectíon in a G-slntclur-e B(S, G; 1r) 1:s of cornpact type if for- any compact 
subset K of S and any poínt x of B the sct jlH:c n 1r-1 (K) is rclatívely conq)(lct. 

Re1nark Both notions are 'invariant' under compactly generatcd equivalences 
of pseudogroups. 

Having formula.ted these defiuitions we can prove the following: 

Proposition 3 Let H be a complete pseudogroup of local affine tmns.formations 
of a connectíon V in a G--structurc B(S, G). Then there exists the unique pseu­
dogroup H of local affine transformations o.f the connection V called the closurc 
of H such that jlH is the closure of jlH. The pseudogroup H is a.lso complete 

and p : H/H ---+ S is a covering. The pseudogroup R is cquivalent to a covc7'ing 
o.f H. If H is of campad t¡¡pe, so is H. Aforeover-, the closures of 07'bits of H are 

the orbits of the pseudogroup H and the space of orbits of H is Ilausd01jJ. 
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Proof The results concerning complete pseudogroups can be derived easily 
from the known results on pseudogroups of local isometries, cf. [HA3,HA4], as 
the pseudogroup PH is a pseudogroup of local diffeomorphisms preserving a 
parallelism, thus, in fact, a pseudogroup of local isometries. 

If the pseudogroup H is of compact type, so must be H, as PH is the closure 
of jlH. The orbits of the pseudogroup j 1H are closed; they are the closures of 
orbits of jlH. Since the pseudogroup H is of compact type, their projections 
onto manifold S are closed and they are the closures of orbits of the pseudogroup 
H. Moreover, from the very definition these projections are the orbits of the 
pseudogroup H. Using the same methods as in the proof of Proposition 3.1 of 
[HA4) we can show that the space of orbits of H is Hausdorff.D 

In our case, Salem's theorem, ( cf. [SA1,SA2]), yields the following. 

Theorem 2 A closed complete pseudogroup H of local affine transformations of 
a connection V in a G-structure B(S, G) is a Líe pseudogroup i.e. for each point 
of the manifold S, there is an open neighbourhood U and a finite dimensional 
Lie algebra [j_( U) of infinitesimal affine transformations of the connection V on 
U such that for any relatively compact subset V of U ; V C U, the elements of 
H el ose to the identity of the doma in V are of the form exp e for so me e E 9...(U). 

The closure of the H-orbit of a point x 0 of S is a submanifold S0 • Denote 
by N its normal bundle. Both pseudogroups H and H act on this bundle. The 
pseudogroup defined by these acÜons we denote by HN and HN, respectively. 
Then: 

Lemma 3 The pseudogroup HN is differentíably equivalent to the restríction of 
H to a small tubular neighbourhood of S 0 • 

Proof The submanifold S0 is the H-orbit of the point x 0 • The isotropy 
group 1-íxo at x0 can be identified with a compact subgroup of the group of 
linear transformations of the tangent space of S at x 0 • Therefore the action 
of 1-íxo is semi-simple. Since the action of 1-í preserves the tangent bundle to 
the submanifold S0 , there exists a sub bundle Q of T S on S0 supplementary to 
TS0 which is 1-í -invariant. The exponential mapping defined by the connection 
restrictecl to the subbundle Q provides the equivalence we have been looking 
for.D 

This lemma and the facts we ha ve proved earlier ( cf. Proposition 3 and 
Theorem 2) ensure that Theorems 4.3 and 5.6.1 of (HA4) are also valid in this 
case. This implies that for any closure 1-íx0 of an orbit 1-íx0 of the pseudogroup 
1-í there exists a tubular neighbourhood U of this submanifold and a Riemannian 
metric gu on this neighbourhood such that the restriction 1-íu of this pseudogroup 
to the open subset U is a pseudogroup of local isometries of gu. Let O be an open 
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covering by H-saturated open subsets of S as above. Using the same method as 
in [W021] we can construct an H -invariant partition of unity subordinated to 
O. Piecing together the Riemannian metrics gu with the help of this partition 
of unity we get a Riema.nnian metric on the whole manifold S of which the 
pseudogroup 1{ is a pseudogroup of local isometries. Lemma 3 ensures tha.t the 
pseuclogroup generated by restrictions of 1i to open sets of O is the pseudogroup 
1i itself. Therefore we have provee! the following: 

Theorem 3 Let 1i be a pseudogroup of local ajjine transformations of a linear 
connection on a manifold S. lf the pseudogroup 1i is complete and of compact 
type, then H ís a pseudogroup of local isometries of some Riernannian metric on 
the manifold S. 

VI.3 The case of a foliation 

In this section we shall a.pply the results of Section 2 to \7 - 0-folia.tions. Let 
U= {U;,/;,g;j} be a. cocycle defining the folia.tion :F for which the sets U; a.re 

rela.tively compact a.nd such tha.t the covering {U;} is locally finite. For su eh a 
cocycle the !caves of the foliation :F correspond to the orbits of the pseudogroup 1i 
and the closures of leaves correspond to the closures of orbits of this pseudogroup. 
Moreover, it is not difficult to verify tha.t if the do sures of le aves of the folia.tion :F1 

are compact, the pseudogroup 1i is of compact type. Thus, if the commuting shea.f 
e of the foliation :F is of compact type the holonomy pseuclogroup 1{ associatecl 
to the cocycle U is of compa.ct type as well. Therefore to apply Theorem 3 to 
our \7- 0-foliations we have to find sorne natural condition which would ensure 
that 1i is complete. 

Lemma 4 If the cornmuting sheaf is of compact type then the linea1' holonomy 
of any lcaf is distal. 

Proof The bundle N(M; :F) is the associated fibre bundle to L(l\1; :F) (or 
E( M, G; F)) with the standard fibre Rq. The foliation :FN o[ N(J\1; :F) is the 
corresponding foliation to the foliation :F1 of L(M; :F). If the cornmuting sheaf 
of :F is of compact type it is not difficult to see that the closures of ]caves of the 
foliation :FN a.re compact and that the saturation by the closures of leaves of any 
compact subset of N(M; :F) is also compa.ct. 

Having said that it is easy to verify that any eigenvalue of tbe linear holonomy 
map must have absolute value equal to l. This mea.ns precisely that this linear 
mapping is distal ancl therefore the linear holonomy of any leaf must be distal, 
cf. [CG].o 

Let us look at the consequences of this property. Let v be a point of the fibre 
N (M; :F)m over a point m. The leaf Lv of the foliation :F N of N (M; :F) passi ng 
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through this point v cannot. approach the zero section of N (M; F). Assume that 
it is the case. Then [V n [m =F 0, where Lm is the leaf passing through m. 
By taking the leaf from this intersection we can assume that [v :J [m· The 
projcction L' of the lcaf L onto M also contains Lm in its closure. Then there 
cxists a leaf L" of F N over Lm su eh that exp( L") = L'. Therefore there exists a 
sequence of points v, in N(Jvf; F)m n L" which tends to m. Let an be a leaf curve 
linking Vn to Vn+l· It is contained in N( M; :F)ILm. Its projection 'Yn is a curve 
in the leaf Lm. Consider the holonomy mapping hn defined by 'Yn· Its linear part 
rnust map Vn to Vn+l as it is the end of the lift of the curve 'Yn to the vector Vn 

This means precisely that the linear holonomy of the leaf of :F passing though m 
does not have distal linear holonomy at m. Contradiction. 

Lemma 5 Let :F be a tmnsversely complete \7- G-foliation with the commuting 
sheaf of compact type. Then its holonomy pseudogroup is complete. 

Proof Let us consider a cocycle U definig the foliation :Fas at the beginning 
of this section and the holonomy pseudogroup 1í defined by this cocycle. Let us 
chose two points x and y of the transverse manifold N belonging to N; and Nj, 
respectively. We can choose two points x' and y' and sets U' a.nd V' such that 
.f¡JU' ancl fiiV' are diffeomorphisrns onto open neighbourhoods U a.nd V of x a.nd 
¡¡, respectively. 

We sha.ll try to demonstrate that the neíghbourhoods U a.nd V or some their 
opcn subsets are the ones we are looking for. 

Let h be an element of the holonomy pseudogroup such that for some point z 
of U h( z) E 11. To this local diffeomorphism corresponds a. local diffeomorphism 
of U' into V' obta.ined as the holonomy along a leaf curve fJ linking the point z' of 
U' to h(z)' of V'; where .f¡(z') = z aml fi(h(z)') = h(z). Let. us choose complete 
vector ficlds B(e;) correponding to the foliated vector fields B(e;), i = 1, ... q. The 
vector sub bundle spa.nned by these vector fields projects onto t. he manifold M a.nd 
forms a sub bundle Q supplementary to the tangent bundle to leaves of the folía.­
tion. The projectíons of integral curves of the vector fields 2::: a;B( e;) = B(I:; a;e;) 
are gcoclcsics ta.ngent to the subbundle Q of the tra.nsversely projecta.ble connec­
tion. Therefore these geodesics are globally defined. For any point rn of the 
manifold Af Jet us denote by exp,,, the exponentia.l mapping defined by the con­
nection: e:1:pm: Q, ----+ !vi. By E( m) we denote the greatest nurnber for which 
expmJB(m., E(rn)) is a.n embedding, where B(rn, r) is the open baU in Qm atO with 
ra.díus T. Sin ce the folía.tíon :F is of compa.ct type, for a.ny lea.f L of :F there exist 
an opcn sa.lurated neighbourhoocl P of thís leaf and a. posítive number E such 
that for any point m of P C:DPmiB(m, t) is a.n ernbedding. We ca.n a.ssume tha.t 
both U' a.ml V' are contained in expx'(B(x', E)) a.ml expy{B(¡¡', E)), respectivcly. 

Let us describe in deta.il the wa.y one ca.n obtaín the holonomy a.!ong any lea.f 
curve a from .r' to y'. Let w be any point of U'. There exists precisely one 
geoclesic 'Yw linking :r' to w in U' with the initial condition exp;;}( w) = ew· Let 
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O:w be the lift of the curve o: to the leaf of the folia.tion :F N passing through the 
point ~w· The curve t r--+ exp( o:w( t)) is a leaf curve pa.ssing through the point 
w. Its end, ho:(w), is the value at w of the holonomy diffeomorphism ho: defined 
by the curve o:. To have thc mapping well defined on thc whole U' we must know 
that the norrn of vectors of curves O:w is always smaller than t. 

We shall prove that there exists ó > O such tha.t the sa.tura.tion of 13( x', ó) do es 
not ha ve vcctors with the norm greater or equal to t. Assume the contrary. Then 
there exists a sequence of vectors ~n of the norrn E which belong to the closures 
of !caves passing through points of B(x', 1/n), respectively. Thus the saturation 
of {~n} is a compact set. Hence it must contain L; contradiction. 

Let us return to our point z' and the holonomy mapping h(J defined by tbe 
leaf curve (3. Assume that this point belongs to exp(B(x', ó)). The previous 
considerations ensurc that to complete the proof we nced to show that h(J is 
defined by sorne holonomy mapping at x'. Let ~x' = exp;/(.r') and S be the lift 
of the curve (3 to the leaf of the foliation :F N passing through ~x'· Then the leaf 
curve o:: t r--+ exp(S(t)) defines the holonomy mapping we have been looking for. 

The subsets U= f;(expxt(B(x', ó))) and V= J;(expx'(B(:r', e))) with ó chosen 
as above satisfy the condition of Definition I.5. D 

Our considerations together with these of Section 1 leacl to ~he following the­
orem. 

Theorem 4 Let :F be a tmnsve¡·scly complete V- G·-foliation. Jf ils commuting 
sheaf is of compact type, then the foliation :F is a Riemannian one. 

Proof Lemma 5 ensures tha.t the holonomy pseuclogroup of :F is complete. 
Moreover this pseudogroup is also of compact type as our previous considerations 
indicate. Then the theorem is a consequence of Theorem 3. 

VI.4 The case of a flow 

In this section we pay particular a.ttention to flows admitting foliat.ed G-·structurcs. 
Usíng a different methocl we refine the results obtainecl in the previous scction. 

Let the foliation :F be given by a fiow <!> = ( rPt). We say that the flow admits 
an almost connection, cf. [M04], if there cxists a supplcmentary sub bundle Q to 
the tangent bundle to :F such that for any t 

a) dr/Jt(Q) e Q. 

Now we shalllook at the consequences of this condition for flows admitting 
a tra.nsversely projectably connection v.r. This connection can be considcred as 
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a connection in the vector bundle Q. It defines a system o{ ordinary differential 
cquations o{ order 2, the equation of the geodesic. The projections o[ geodesics of 
v:F tangent to Q onto the transverse manifold are geodesics of the corresponding 
connection V of this manifold. Moreover, a curve tangent to Q and projecting 
onto a geodesic of V is itself a geodesic of v:F. 

For any leaf curve a: [a, b] --t M and geodesic 1: [0, E] --} M tangent to Q, 
a( a)= 1(0), there exists the unique rnapping o-: [a, b] x [0, E]--> M such that 

l. for any t E [0, E], o-1 [a, b] X { t} = o-1 is leaf curve and o-0 = a; 

2. for any $E [a,b],o-1{8} X [O, E]= a-• is a geodesic tangent to Q ando-a= 1· 

Let us take a cqual toa segrnent of tbe flow <1>, i.e. a(8) = <l>(x, $) for some 
:e E 111. Then thc condition (a) ensures that the curves o-s are equal to ~s o 1, as 
the curve ~.o 1 has the sa.me projcction onto thc transverse manifold, modulo 
the a.ction of the holonomy pseudogroup, as 1· Thus, in fact, it is a geodesic 
of v:F tangent to Q. Therefore thc curve o-, is a segment of thc flow <l>, i.c. 
o-,(8) = <D(¡(E),8). Reversing, if for any pair of curves a and 1, as above, the 
curve o-, is a scgment of thc flow <1>, then the curves ~so 1 are geodesics tangent 
to Q and, therefore, the flow <l> satisfies the condítíon (a). 

We ha ve just pro ved that the condition (a) is equiva.lent to the following one: 

a') the rnappings ~. send geodesics of v:F tangent to Q onto geodesics of v:F 
tangent to Q. 

The choice of a supplementary subbundle Q allows us to define global vector­
llelds B(O for any ~E Rq. It is easy to check that the condition (a') is equivalent 
to the following one: 

a") the vector fields B(O cornmute with the lifted flow <1> 1 on the total space B 
of thc principa.l llbre bundle B( M, G; F). 

'T'he condition (a) is equivalent to the vanishing of a. cohomology class with 
va.lues in R associatcd to the actíon of the additive group R, called the Atiyah­
Molino class of the action (cf. [M04]). 

vVe continue the study of properties of v - G-flows. 

Theorem 5 Lct (M, F) be a V- G--flow with non-zero commuting 8hcaf. Then, 
U it admits an almost-connection thc1·e exists a paramctr·ízatíon ofF making it 
an isom e trie flow. 
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Proof Let <P = ( ifJt) be the parametrization of the flow :F satisfying the 
condition (a). Let X be the vector field defined by the flow. First of all, lct us 
remark that there is a 1-form w such that w(X) > O and ixdw = O. In fact, lct 
us put w(X) :::: 1 and wiQ ::::O. We have to verify only the second condition. Let 
Y be any vector of Q ata point x. The condition (a) ensures that there exists a 
vector field Y, a section of Q, defined on a small neighbourhood of J; extending 
the vector Y ancl commuting with X. Then dw(X, f7 ) =O. 

Taking into account the criterion of Sullivan-Gluck (cf. [GL]) we have to 
show the existence of a bundle-like metric for the foliation :F. Unfortunately, we 
cannot use Theorem 4 as we do not assume that the foliation is a transversely 
complete \7 - G-foliation. We have to do it in another way. 

The lifted flow <P 1 on the total space B comrnutes with the vector fields B(O 
and A*. Using the rnethods developed by P.Molino, d. [M05,M011], one can 
verify that although the vector fields B(O need not to be complete, the space of 
leaves of <P 1 is a Hausdorff manifold W and the natural submersion p: B ----; W 
is a locally trivial fibre bundle. It results from the fact that integral curves of tbe 
vector field B( O a.re defined on the same interval for any point of a given orbit. 
As the commuting sheaf is non-zero, the fibres of the basic fibration are the tori 
with dense flows, d. [M010,GH2]. We can choose the standard fibre Tk and a 

· dense flow <P 0 in Tk. The structure group of the basic fibration commutes witb 
the flow <P 0 as the vector fields A* and B(O commute with <P 1 . The flow <P 0 is a 
reparametrization of a linear flow of Tk . 

The action of the group G on W is proper. Therefore any point v of ~V has a 
G-invaria.nt neighbourhood of the form V X HG, where H is the isotropy subgroup 
at v, and V is a small transverse submanifold at v identified with Tx VV jT~xG. 
The transverse submanifold V is contractible; thus the basíc fibratíon over V is 
trivial, í.e. BIV ~V X Tk. Therefore, over V X¡¡G, there exists a. difl'eomorphism 
h commuting with the actions of the group G, 

The díffeomorphism h ma.ps the liftecl flow <P 1 onto the Jlow of (V X Tk) X TI G 
defined by the standard ilow <Po of Tk. The foliatíon of V X Tk defined by the 
flow <P 0 is a Itiemannian foliation. Since this foliation is H -invaríant, it admíts an 
II--ínvariant bundle--like metric. Thus it is possible to find a G-í11varia11t bundlc­
like metric 011 11'. In fact, it ís sufficient to take a right G--invaria.nt ancl left 
H-ínvariant metric on G. These two metrics define an H--ínvariant metric for 
tbe diagonal action of JI 011 V x Tk x G. Thus this metric induces a Riema.nnian 
metric 9V' on V' . The H.iemannia.n metric 9V' is a bundle-like metríc for the 
folíation :F1 restricted to V' and, moreover, it is a G-i11variant one. 

Let V = {Va} be an open locally finite covering of B by G--invariant sets 
of type (V x Tk) XIJ G. We would like to construct a partition of unity {.\,} 
subordinated to the covering V by G-invariant basic functions. Choose a set 
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V' ~ (V x Tk) X¡¡ G. For any compact subset ]{ of V we shall construct a 
G-invariant basic function which is equal to 1 on J( and when restricted to 11 
has cornpact support. In fact, for any compact ]{ C 11 there exists a function 
f: 11 ----t [0, 1] of compact support such that JIK =l. As the group H is compact, 
wc can assumc that f is H-invariant.. Then the function fp 1 , p1: 11x Tkx G ----t 11, 
is G-invariant and H--invariant for the diagonal action of H. Therefore it projects 
to ;_¡, G-invariant function on 11' with the required properties. Eventually, by 
taking a refined covering we obtain a partition of unity for whích we have been 
looking for. 

Using a G-invariant partition of unity f..\cx} and G-invaríant bundle-like me­
tries {gvo} constructed above, we obtain a G--invariant bundle--like metric g = 
I; /\,gv,_, on B. The restríctíon of this metríc to the horizontal space r of the 
connection induces a bundle-like metric on the manifold Jvf. This ends the proof 
of tbe theorem.lJ 

Corollary 2 TJ the holonomy pseudogroup zs 1-connected, then the flow :F zs 
ísomclríc. 

Proof Let {Ui,h9ij} be a cocycle making the foliation :Fa Riemannian flow. 
Since the fundamenta.! groups of representatíves of the holonomy pseudogroup 
are isomorphic (eL [HA4,HS,SA2]), the representa ti ve 1í of the holonomy pseu­
dogrou p defined by this cocycle is also 1-connected. This implies that the com· 
muting sheaf is constant, which in its turn ensures that the flow :F ca.n be 
parametrized in such a wa.y as to rnake it isometric, cf. [MOS]. 

VI.5 Equicontinuous V - G-foliations 

In Appendix E to [lVIOll] E. Ghys suggested the study of folia.tions whose holon­
omy pseudogroup consists of ec¡uicontinuous transformations for sorne metric on 
the tra.nsverse manifold. Moreover he conjectured that the closures of orbits of 
a flow whose holonorny pseuclogroup is equicontinuous are orbits of some abelian 
groups. We prove this conjecture for folia.tions admitting a transversely pro­
jectable connection. In fact we show something much stronger; that such folia­
tions rnust be R.iemannian. 

For general pseudogroups the notion of a complete pseudogroup is not invari­
ant. uncler cq uivalenccs as the following example illustrates wcll this fact. 

Example 1 Let N = H and 7-{ be a pseudogroup generated by the homothety 
h,\: :r H ..\x forO< ..\ < 1 and the translation r 1 : x H x +l. (N, 1í) is a complete 
pseudogroup. It. is cquiva.lent to its restriction 1í' to the interval ( -1/2, 1/2). 
Howevcr this second pseudogroup is not complete. 

To obtain a notion which is invariant under equivalences of pseudogroups we 
should dema.nd more. 
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Definition 5 A pseudogroup (N, 1í) is strongly complete íf for any two points x 
and y of N and any neíghbourhood V0 of y there exist neighbourhoods U and V 
of x and y, respectively, V eVo such that any element h of1í with domain in U 
and target in V can be extended to an element h' of 1í defined on the whole set 
U and whose ímage ís contaíned in Vo. 

For pseudogroups of local isometries and for "equicontinuous" pseudogroups 
the notions of completeness and strong completeness are equivalent. It is not dif­
ficult to check that a pseudogroup equivalent to a strongly complete pseudogroup 
is itself strongly complete. Moreover it is obvious that a strongly complete pseu­
dogroup is complete. The pseudogroup (N, 1í) of Example 1 is not strongly 
complete although it is complete. 

The assumption of strong completeness seems to impose very sttong restric­
tions on the pseudogroup. Let us look into this problem. Let V be any cocycle 
defining :F and U be a relatively compact cocycle associated to it, cf. Chap­
ter I. We denote the transverse manifold associated to the cocycle U by N' and 
the holonomy pseudogroup representative on N' by 1í'. The transverse mani­
fold associated to the cocycle V is denoted by N and the holonomy pseudogroup 
representative on N by 1í. The subset N' of N is relatively compact and the 
pseudogroup 1í' is the restriction of 1í to N'. 

Since N' is a relatively compact subset of N there exists E > O such that for 
any point x E N' there is an open neighbourhood V., of x with the following 
properties: 

i) for any z E V., expzJB(O., <:) is a diffeomorphism onto the image; 

ii) expz(S(O., ~:)) n V.,= 0; 

where B(O.,<:) ={vE TN.:JJvJJ < <:} and S(O.,c:) ={vE TN.:IIvll =e:}, for 
sorne Riemannian metric on N. This fact results easily from a slight refinement 
of the clasical argument about geodesically convex neighbourhoods, cf. [KN]. 

Having establíshed these technical detaíls we return to the strong complete­
ness. Let us take a pair of points x and y with V0 = Vy. Then the set U can 
be equal to B(x, b) = exp.,(B(Ox, b)) for sorne b >O, and V e Vy. Then for any 
element h of 1í defined on U we have 

h o exp.,¡B(O.,, b) = exph(x) o d.,hiB(Ox, b). 

As h(U) e Vy, the set d.,h(B(Ox, b)) must be contained in B(Oh(x)l E). This 
means precisely that the set Jl1í(x, V) = {j;h: h E 1í, h(x) E V} is bounded 
(relatively compact). Hence for any relatively compact subset [( of N the set 
Jl1í( x, K) = {j;h: h E 1í, h( x) E K} is relatively compact. Thus we ha ve 
proved the following lemma. 
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Lemma 6 A strongly complete pseudogmup of local affine tmnsformations of an 
a}Jinc connection is of compact type. 

Combiníng Lemma 6 wíth Theorem 3 we get the followíng theorem. 

Theorem 6 Lct :F be a v- G'-foliation on a compact manifold. ff lhe holonomy 
pscudogmup of :F i.s .strongly complete, then :F i.s a Riemannian foliation. 

As a corollary we obtain: 

Corollary 3 A V- G-folialíon :F of a co1npact manifold whose holonomy pseu­
dogroup is cquicontinuo1ts is a Riemannian foliation. 

Theorem 7 Let :F be a .fiow on a compact manzt'old admitting a tran.sveTsely 
pn;jcclablc conncction. If :F has a rcpTesentative of the holonomy pseudogmup 
which is eq'uicontinuous Jo¡· some melTic inducing the natural topology on the 
tmusvc¡·se mamfold, then the closures of its oTbits il1'e diffeomorphic to toTi. 

Proof It ís a consequence of Corollary 3 and Carriere's result on mínima! 
Ricmannían f!ows, cf. [CAl,CA3].D 

For transvcrsely affine flows we have an even stronger result. 

Corollary 4 Let :F be a tmn.svel'sely affine .flow on a compact manifold. !f jo1' 
some finile eocyclc dcfining :F the representative of its holonomy p.sendogmup is 
complete, thcn the closurcs of il.s oT'IJits are diffeomorphic to to1'i. 

Proof H is a consequence of Theorcm IV.5 and Theorem 3.0 

Remarks l. lt is irnpossíble to prove that the How is distal ami then a.pply the 
rcsult of Ellis, d. [EL]. There are 1-dirnensional tramversely aJTine flows with 
dista! ho!onomy group which are induced by both díRta.l and non--distal flows. 
Such an exarnple has becn constructed by K Ghys. 
2. lt can he casily provcd that the co11dítion 

V.r, y E N 3U, V neighbourhoods of x and y, respectívcly, such that 
JIU( U, V)= {j;h: z E U, h(U) e V} ís boundcd 

ís sufTicicnt for strong complctcness of the holonomy pscudogroup. 
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VI.6 Foliations with all leaves compact 

We complete the chapter with a glance at V -G foliations with allleaves compact. 
The results prcsented in this section complcment our considerations of Scction 
IV.2. The rnain idea is to linearize the holonop1y of any leaf. 

Using the exponential mapping definecl by transverse geoclesics of the tra.ns­
versely projectable connection we can try to linearize the holonomy of any leaf L 
of the foliation, i.e. we would like to know whether therc exists an open neigh­
bourhood D of L in the normal bundle N(L) of the leaf L and an open saturated 
neighbourhood U ofL in 111 such that expjD: D ---> M is a diffeomorphism of D 
onto U. If it is true, then for any point a; E L and any element h o[ the holonomy 
group of L at x we have: exp oh o (expjD)- 1 lDx = dxhjD,,. Let us assurne tha.t 
we can linearize holonomy. lf the !caves are compact, then any orbit of thc linear 
holonorny group is finitc. In this case it is not difficult to sec that any element of 
the linear holonorny group is of finite order and the Schur Theorem, d. [CG,STJ], 
ensures that this group is finite and that the spacc of leaves of :F is a Satake 
manifold. 

The converse is, in fact, also true. The rcsults of D.B.A.Epstcin, cf. [EP], 
ensure that any leaf has a basis of opcn saturatecl ncighbourhoods. As the leaves 
are compact, for any leaf L tbere cxists an e> O such that expjD,(L): D,(L) ---+ 

.t-.1 is a diffeomorphism onto the image, wherc D,(L) = {v E N(L): jjvjj < E} 
for some Riernannian metric on N(:F). Then we can find an open sat.urated 
neighbourhood U of L contained in exp(D,(L)). Thus expjexp- 1 (U) defines the 
requircd línealization of the holonomy group of L. vVe have provcd the followíng 
theorcm. 

Theorem 8 Let :F be a V-- G--foliation with allleaves compact. Thcn the holon­
omy of any leaf ofF can be linearized i)J the space of leave.s ofF i.s a S'alake 
manifold. 

As a corollary we get the fact that the space of lea ves of a Riemanniau foliation 
with allleaves compact on a non-cornpact manifold is a Sata.ke manifold. H is so 
since the holonomy of any compact leaf of a lliema.nnian foliation is linea.risable. 

These considerations can be summarized a.s follows: 

Corollary 5 Let F be a V - G-folialion with al! leaves campad on a compact 
rnanif old 111. Then the following conditions are equivalen!: 

1. the holonomy of cach leaf is linear·isable; 

2. :F 1:s Ricmannian; 

S. the holonorny of each lcaf is jinite; 

4. the space of leaves is a Saiake manifold; 
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5. the volurne function is local!¡¡ bounded; 

6. the folialion :F is minimal. 

Corollary 5 is a. consec¡uence of our considerations and of [EMS,EP4,RU], see 
also Appendix B by V.Sergiescu in [MOll]. Conditions 2, :3, 4, 5 and 6) are 
ec¡uivalent for any foliation with alllea.ves compact on a compact manifold. 

Corollary 6 Jf the foliation :F is of codimension 2, then thc holonom¡¡ of an¡¡ 
lcaf is linearisable. 

Proof It is a consec¡uence of Theorcm 2 of [EMS].D 

N o tes The cbapter contains results publishcd in four papers. Section 1 is 
ba.sed on [WO::l] and [W015]. Sections 2,iJ and 4 present thc rest of [W015]. 
Section 5 contains the rnain result of [W020]. A part of [W012] dea.ling with 
\.7 - C-foliations is reproduced in Scctíon 6. 

Only a few authors have been interested in transversely projectable conncc­
tíons and \7- C-folia.tíons. The ba.sic fa.cts ha ve been establisbed by P. Molino in 
[MOl], [.M02] and [MOJI]. The bool< ofF. Ka.mber and Ph. Toncler, cf. [KTl], 
contains very importa.nt resutts on characteristic classes of foliated bunc!Ies with 
foliated connections. 'vVe should also mention a series of results of IL A. Blu­
rnenthal about which we havc ta.lked in Section IV.4 as wcll as a paper by I. V. 
Belko on the group of global afiine transformations of a transversely projectable 
connection, cf. [BK], and a paper by H. Suzukí, cf. [SI<]. 





Chapter VII 

Transversely affine foliations 

Let Jvi be a connected manifold of dimension n and F a codimension q foliation 
on M. The folia.tion F is ca.llcd transversely arrine (for short TAF) if there exists 
a cocycle U defining F, U = {U;,J;,g;j}, modelled on a q--dirnensiona1 affine 
space E such that the transformations Yii are restrictions of clemcnts of thc a.ffine 
group A.ff(E); in other words F is an (A,ff(E), E)-structure. 

Thc pair (M, F) where F is a TAF is callcd a Lransverscly affine foliated 
rna.nifold, for short TAF!\11. TAFs are dcvelopable, i.c. thcrc exist a covering JIJ 
of M (callee! the holonomy covering of ( Af, :F)) ancl a submersion D : Jl1 -+ E 
callee! Lhe developing mapping of F such that the !caves of the liftcd foliation 
j: oll JIJ are the connedcd componcnts of the fibres of the submersion D. In 
genewl, the developing tmtpping D is neiLhcr surjective nor locally trivial, and 
ncithcr of these ccmclitions implíes the other. 

Moreover there exist homomorphisms: o:: 11" 1 (M) --> Jljfi E) caJ!ecl the affine 
holonomy representation a.nd imo: = r the a!Tinc holonorny group, ,\: 11"¡ ( 111) --> 

O L(E) called the linear holonon<y representation (just the linear part of o:) and 
irn,\ the linear holonomy group, ancl the rnapping u: 11"¡ ( 111) --+ E the transla.­
tional pa.rt of o which is a cocycle with values in E (for the group JT 1(M) with 
the linear representation ,\). The group of the deck transfornmtions of 111 can be 
iclentified with the aJfine holonomy group. 

Although a TAF is developable, it does not nwan that D(Ú) is a trans­
verse manifold. The fibres of the developing ma.ppíng needn't be connected ancl 
tbercfore the holonomy pseudogroup of such a folia.tion is not the pseuclogroup 
ohtained as the localisation of the action of the a!Tine liolonomy group on D(llf). 

Example 1 (ll op.f folia/ion) 
Let us consider thc subrnersiou ]J 1 : R3 \ {(O, O, O)} __ , H, p1 : (:r, y, z) f---1 x. The 

quotient of H3 \ {(0,0,0)} hy the homothety h,\ with !>-! < 1 is 5' 2 x 8 1 • The 
foliation given by the submersion p1 projects to a TAF of 8 2 X 8 1 . Its a.Hine 
holonorny group is generated by the homothety h,\ of R. This foliation is not 
complete, although the cleveloping mapping is surjective. Thercfore R is not a 
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(complete) transvcrse manifold of the Hopf folia.tion. In fact., we neecl two copies 
of R. Thc pseudogroup obta.ined as the localization of thc a.ction of t.he a.ffine 
holonomy group is a. proper subpseudogroup of the holonomy pseudogroup on 
this tra.nsverse manifold. 

VII.l Completeness 

In the case of TAFM we ha.ve the following two notions of completeness: 

Definition 1 A TAF :F is: 

i) complete if the universal coveTing of the m.anifold M is of the form. L x E 
where L is a leaf of ihe lifled foliation J: and lhe foliation :F is defined by 
the projeetion onto the second factor; 

ii) transversely geodesically complete if for sorne choice of a supplementa.ry sub­
bundle Q tmnsverse geodcsics tangcnt to Q of the fla.t tra.nsverscly pro­
jectable connection are global. 

If the folia.tion F is complete E can be considerecl as a (complete) tra.nsverse 
manifold ancl its holonomy pseudogroup is the pseudogroup obta.ined by the lo­
calisa.tion of the a.ction of the affine holonomy group. 

Before embarking on the discussion of completeness we provea very important 
result concerning the affine holonomy group of a complete TAF. 

Theorern 1 Let F be a complete lmnsvc1'8el!J affinc foliation on a cornpacl man­
ifold M. Thcn the affine holonomy rcpresentation is Í1Teducible. 

Proof The manifold Af is the quotient of its covering space i1 by the group 1r of 
the deck transforma.tions. Thus Af = 1r \L x E and the group 1r is isomorphic to the 
affine holonomy group. Let. us assume that F is ar1 affine subspa.ce of E invariant 
under 1r. Then the inclusion of x\L x F into x\L x E induces isomorphisms 
of the homotopy groups <tnd therefore it is a homotopy equivalence of compact 
manifolds x\L x F and M. Thus they must be of the same dimension. Hence 
F = E a.nd the affine holonomy representation is irreducible. O 

From the considerations of Chapter III result that transverse geodesics via. 
the developing mapping ( aJter being lifted to !lf) project onto straight. línes in 
E. The developing rnapping of a transversely gcodesically complete foliation 
is surjective a.ncl a loca.lly trivial fíbre bundle, cf. Theorern Ul.l. And as E 
is contractible t.he developing mapping is a trivial bumllc, thus the folia.Lion :F 
is complete. Unfortunately, it is not known whether these two conditions are 
equivalent for TAFs on compact manifolds. Moreover, it is unknown whether 
transverse geodesic completeness depends on tbe choice of a. subbundle Q. The 
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geodesic completeness is not equivalent to completeness and it depends on the 
choice of a supplementary subbundle, cf. Example III.3. for an example on a 
non-compact manifold. For compact manifolds this problem has been recently 
solved by G. Hector. However, for a TAF of a compact manifold with allleaves 
compact the following is true. 

Proposition 1 Let :F be a TAF with all leaves compact. lf :F ís transve1·sely 
geodesically complete for one supplemenlary subbundle m· more generally, íf :F 
ís complete, then the foliation :F is tmnsversely geodesically complete for any 
supplementary subbundle. 

Proof The developing mapping of :F is a trivial bundle over E. Its fibre being 
the holonomy covering of leaves of :F must be compact as the foliation :F ha.s 
leaves without holonomy, cf. [EP,HC]. Therefore for any horizontal bundle of the 
developing mapping we can lift horizontally any straight line in E. This ensures 
that our foliation is transversely geodesically complete for any supplementary 
sub bundle. O 

Unfortunately, we cannot prove that a foliation with allleaves compact is com­
plete. It is sufficient to take an example of Goldman, cf. [G02], of anon-complete 
compact a.ffine manifold and take the product of this manifold with S1• The folia­
tion given by the projection onto the non-complete flat manifold is not complete. 
Although the completeness is not a transverse property sorne assumptions on the 
affine holonomy group can ensure that the foliation is complete. 

The flat connection on E defines a transversely projectable connection \7 in 
the normal bundle of the foliation. We can consider its linear holonomy : for 
any point x of A.f there is a homomorphism hx:7r1(M,x) ~ GL(q). When M 
is connected, by changing the point x we get conjugate homomorphisms. For 
simplicity's sake we identify the norma.! bundle N(M, :F) with a. subbundle Q of 
T A1 supplementary to T :F. 

We say that the foliation :F is distal if the a.ction of the linear holonomy group 
Ifx = imhx on Rq =: Qx is distal (cf. [CG,FR2]). This condition does not depend 
on the choice of a point x. The condition equiva.lcnt to the distality ensures 
that the group Ifx preserves a. flag of suhspa.ces V0 = {O} e 111 ... e Vk+t = Qx. 
Since the connection \7 is without torsion the corresponding subbundles T:F e 
Q 1 e ... Q k e T M of the tangent. bundle are involutive, thus they define a flag of 
folia.tions :F0 = :Fe :F1 e ... :Fk. The folia.tions :F;, i = 1, ... k, are tota.lly geoclesic 
with respect to the connection \7. Moreover, we can find a Riema.nnian metric 
on M aclapted to the flag (:F0 , :F1 , ... :Fk) such that the foliations of lea.ves of :Fi+1 

by lea ves of :F; a.re Riema.nnian ( cf. [FR2]). The folia.tions :F; correspond via the 
developing mapping to the folia.tions :P/ of Rq which are totally geodesic with 
respect to the flat connect.ion of Rq. Thus these foliations are by para.llel a.ffine 
subspaces of Rq. From this fact it results that the folia.tions of lea ves of :Fi+t by 
leaves of :F; are complete Riemannian foliations modellecl on Rq; where q; is the 
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codimension <:f :F; in :Fi+t· Let D: Ü -; Rq be the developine; map and F; be the 
lift of :F; to M. Let L;+1 be a leaf of :F;+l and L; a leaf of :F; contained in Li+l· 
The foliation of Li+t by leaves ofF; is a complete Riemannian foliation modelled 
on Rq; and it is given by a global submersion D;: L; ~ Rq; defined as follows 

where q¡ = I:~=Oqi. 
A well-known Herman's theorem, cf. [HN] or Theorem III.l, ensures that 

D; is a locally trivial fibre bundle, and as Rq; is contractible it is a trivial fibre 
bundle, i.e. Li+1 ~ L; X Rq;, and therefote 1\f ~ L X Rq where L is a leaf of the 
lifted foliation J:. We have just proved the following proposition: 

Proposition 2 A distal transversely affine foliation on a com.pact manifold is 
complete. 

To complete this section we describe the commuting sheaf of a TAF. 
A TAF :F is a 'V - G-foliation with 'V being the canonical fiat connection of 

E. Thus we have the following commutative diagram: 

b L(E) 

/ 
E 

M 

where .M1 is the total space of the bundle of tra.nsverse frames of (J\1, :F). M1 

admits a canonical foliation :F1 of the same dimensionas :F and whose !caves are 
coverings of leaves of :F. :F1 is a developable foliation modelled on the total space 
L of the bundle L(E), the bundle of linear fra.mes of E; thus it is an AffiE)-Lie 
foliation. 

In Cha.pter VI we have clefined the commuting shea.f of a. 'V - G-foliation. 
The lift e of the shea.f e to ü consists of germs of foliated vector fields of (Ü, F) 
whose lifts to 1\{ll forming a sheaf eh commute with a.ll r-inva.riant global foliated 
vector fields. If :F ís complete C1 projects toa. sheaf CA on AffiE) whose elements 
commute with all global (left) f-invariant vector fields on AffiE), thus with a.ll 
J( = f' -invaria.nt vector fielcls. This means tha.t the vector fielcls of the sheaf e A 

must be tangent to the fibres of the J( -fibre bundle AffiE) ~ H\AffiE) = W. 
Aclditiona.lly, they must commute with the fundamental vertical vector fields 
k*, k E Lie(K) = k, of this bundle as well as with any vector fiel el of the 
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form L,J;k'¡ where l.:; E k, J; E C00 (W). Thus each stalk of CA is isomorphic to 
the conjugatecl a.lgebra. k-. We call this Lie algcbra the structurc algebra of the 
tra.nsversely affine foliat.ion F. vVe have provee! the followíng. 

Proposition 3 Lcl F be a complete lnznsvc¡·sely aJTine foliaiion wilh the affinc 
holonomy !J1'0ll¡J r. Then its commut.ing shcaf is a locally constant shcaf of Líe 
algcbms whose slalk is isom0111l!Íc lo the conjugaicd Líe algcbra of Lic(K), [( = 
í' e AJT(E). 

VII.2 Radiance obstruction and tensor fields 

The radiance obstruction of an affine manifold proved to be a very useful too! in 
the stncly of these ma.nilolds. In this section we define the ra.diauce obstruction 
of a TAFM a.ncllook at the influence of its properties on foliated tensor flelcls. 

Definition 2 Thc radian ce obsiruclion Ca of the affine holonomy ¡·epresenlalion 
a is callcd the radian ce obslruction c:r of !he foliation F. Jf c:r = O, ihe foliation 
F ís caJlcd radiant. 

lt is the cohomology class Ca = c:r = [u] E ]Jl ( G; E.,), where G = 7r¡ (Af) and 
lJ'( G; E.x) denotes the cohomology of the group G with values in the O-module 
.E,, obta.ined from E vi a the representa.tion ..\ ( of G onto E), ( cf. (FGH,GH2] for 
general properties of the raclia.nce obstruction of a.n a.ffine representa.tion). 

Since the affine holonomy representa.tion of a complete TAF on a compact 
manifold ís irreducible, cf. Theorem 1, as a. corolla.ry we get the following. 

Proposition 4 ;1 complete TAF on a compa.ct manifold is not mdiant. 

Now, we shall express the radia.nce obstruction in va.rious cohomology theorics 
(these consideratíons are based on (GH2]). The norma.! bundle N(Af, F) ofF 
can be consíclered a.s a. bundle in three diiTerent ways: 

i) a. flat aJfine bundle N"f f (M; F) - the affine bundle wit.h cocycle a; 

íí} a flat vector bundle identifiecl wiLh thc derivecl bundle of Naff(Jl1;F) (nota.­
tiou: N"ff(M;F)L)- the vector bundle wit.h thc cocycle ..\; 

iíi) a vector bundle T M /TF. 

Then: 

i) the identity mapping N(M;F) ----+ Naff(M;F) is an isomorphism of affinc 
bunclles; 
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ii) the identity mapping Naff(M;F)L --. N'"ff(M;F) is an isomorphism of 
affine bundles, but not as flat bundlcs unless F is racliant. 

Notation For convenience sake we shall denote the normal bundle N( M; F) 
of the foliation F, considerecl as a flat vector bundle, by E:r or just [; to stress 
that it is the 'inverse irnage' of the tangent vector bundle to the afiine spa.ce E 
by the cocycle U. 

Let {U;, j;, 9ij} be a cocycle moclelled on E clefining F. Then for each i a.ncl 
ea.ch x E U; we define a.n a.fiine isomorphism: 

V t-+ J¡(x) + dx.fi(v) 

a.nd the natural affine trivia.lizations { (U;, O;)}; 

0;: N(111,F)1Ui--. U; X E, 

v t-t (1r(v), O;,,.(v)(v)) 

where 1r: N(M,F)--. Mis the bundle project.ion, form a.n atlas for a flat a.fiine 
bundle structure on N(NI, F) which is completely cletcrrnined by the transverse 
a.ffine structure of F. The resulting flat a.ffine bundle is callee! N"ff (JVI, F) ( the 
fiat affine normal bundle of (M, F)).. 

The bundle Naff(M,F)JU; has the fiat foliation given by p 20¡ = con.st, thus 
taking account of N( M; F)JU; = U; x E (as vector bunclles) aml identífying 
.{;:U; _ _, E with the projection p¡: U? X 11¡0 --. V;0 E E, where U; = U? x 
V;0 , we get that the foliation of N"f f (M; F) 1 l/¡ is given by thc leve! sets of the 
mappings ( x, y; v) 1---+ 11 + v, thus by thc tra.nslations of thc graph of thc mapping 
(x,y) t-t --y. Theorem 2.4 of [Gli2] ensurcs that for any scctíon ,o of N"ff(M,F) 
the cohomology class of V.s in H 1(Af,E) is the raclia.nce obstruction of (M,F). 
lf we tal-::e a.s 8 the zero section of N(lvf, F), our consideratious together with 
those of Section 1.3 of [G H2] show that \7 s is e qua! to t. he natural projection 
1'!11 -+ N(!11, F). Therefore we have proved the following: (compare Thcorem 
2.4 of [GH2]). 

Theorem 2 The radiance obslruction of a TAF F on a manifold !11 is !he de 
Rham class c:r E JJl(M, E; F) reprcsented by the natuml pmjection ]JN o.f TM 
onto the nonnal bundle ofF. 

Let us look at the radian ce obstruction of coclirnension 1 TA Fs. Su eh a trans­
vcrsely orientable folia.tion F is given by the following data., cf. [BS]: 

i) (w,wi) a couple of 1-forms on 1H, whcre w is a Pfaff form defittiug F, 
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ii) dw = w 1\ Wt, and dw 1 = O. 

Assume that c:¡: = O. Then two cases are possible. The first one: the develop­
ing mapping is surjective. Then the radiant vector field defines a global foliated 
vector field with isolated singularities , i.e. it is tangent to the foliation along 
compact leaves corresponding to the fixed point of the affine holonomy represen­
tation. If the holonomy representation is not trivial there is only a finite number 
of compact leaves, cf. Example 1; compare [FGH]. 

The second case is that of a non-surjective developing mapping with the fixed 
point of the affine holonomy representation lying outside the developing image. 
Then the radiant foliated vector field is without singularity and the foliation 
can be defined by a closed 1-form. Thus there exist a diJierent transverse affine 
structure making our foliation a complete TAF. This corresponds toa diJieomor­
phism log:(O,oo) -t (-oo,+oo) which does not preserve the affine structure of 
the ma.nifolds. Therefore there exist TAFM admitting two diJierent transverse 
affine structures one of which is non-complete and the other is complete. This 
means that we cannot expect any relation bctween 1\qc:¡: /:-O and the existence of 
a transverse volume forn1. In coclimension 1 a transverse volume form is precisely 
a closed 1-form defining the foliation. Of course, there are codimension 1 TAFs 
on compact manifold which are not defined by closed 1-forms. 

Foliated tensor fields are in one-to-one correspondence with holonomy invari­
ant tensor fields on the tra.nsverse manifold. Therefore if the developing mapping 
has connected fibres it means that they are in one-to-one correspondence with 
ima-inva.riant tensor fielcls on D(.l1). We say that a foliated tensor field is par­
allel (resp. polynomial) if locally, the corresponcling local tensor field on D(Ü) 
is para.llel (resp. polynomial), i.e. its coefficients with respect to the natural 
ba.sis are constant (resp. polynomial). Therefore they induce ima-invariant 
tensor fields on D(Af). Parallel (resp. polynomial) ba.se-like forms constitute 
a subcomplex of the complex of base-like forms on (M, F). Its cohomology 
we denote by H;ara(l\1, F) (res p. H;oly(l\1, F) ). Moreover, paraJlel base-like 
k-forms are in one-to-one corresponclence with im.A-inva.riant linear mappings 
1\kE -t R. This means tha.t the space of parallel ba.se-like k-forms on (M, :F) is 
equal to H 0 (M,I\kt:;.). The complex of basc-Iike forms corresponding to ima­
invariant forms on D(llf) we propose to. ca.ll the reduced complex of base-like 
forms and its cohomology the reduced ba.se-like cohomology (notation: A;( M, F) 
and H;(M,F), respectively). In the case of foliations with the developing map­
ping of connected fibres the reducecl complex of base-like forms is equal to the 
complex of base-like forms, for example in the case of a complete TAF. 

The natural pairing 1\kt:;. x 1\k[:¡: ---t M X A induces in cohomology the 
mapping (,):H0(f,f,/\k[j:.) x Hk(M,I\k[:¡:;:F) ---t Hk(Jif;F) which allows to 
formula te the following proposition (compare 2.6 of [GII2]) ; Ifk(M, 1\k[:¡:; F) -
the kth cohomology group of the complex offoliated fonns on (M,F) with va.lues 
in the fla.t bundle 1\k[:¡:. 
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Proposition 5 Let w E Jl 0 (M, 1\kE;.) be a parallel base-like k--form. Thcn 
(w, 1\ kc:F) = [w], [w] - thc base-lil•e cohomology class of the form w. 

The equality results clirecUy from the clefinition of the pairing (,) ancl the fact 
that 1\kc:F is representecl by the projection 1\kpN: l\kTA1 _____. 1\k[:F. 

Locally the projection Ji N can be written as I: v; 0 V¡ where V¡ are vector fielcls 
corresponcling to constant vector fielcls on E a.ncl v; are the cluals of v¡. Then, 
locally, NpN is equal to v~ 1\ ... v; 0 v1 1\ ... vq. The form v; 1\ ... v; is the inverse 
image of the parallel volume form on E. lf the holonomy group in containecl in 
SL( q) X E, the qth exterior power of the radian ce obstruction can be expressecl as 
the cohomology class of w 0 w where w is the parallel transverse volume form and 
w is the corresponding flat section of NE. Therefore the base--like cohomology 
class of w is zero iff 1\qc:F =O. 

A simple transla.tion a.llows us to prove the following properties, cf. [GH2], 
sections 2.6-2.8. 

Theorem 3 Let (M,F) be a TAFM. Then 

1. If ihere exists a parallcl base--hkc k-form defining a non-zcro base-like co­
homology class, then 

a) the k-th exterio7' powe7' of thc nuliance obstruclion 1\ kc:F is non-zem. 

b) the a.ffine holonomy group cannol preserve an a./Jine subspaee of E of 
dimension smallc1' than k. 

2. If F admits a parallel base-lihe volumc fonn defining a non-zer'o base-like 
cohomology class, then its af]ine holonorn¡¡ r·epresenlalion is irreducible. 

3. Le!: F be t:ransversely 01'Íentable. lf the lincm' holonomy rcpre.scnlalion ofF 
faclorizes through a group G which adrnits no nontrivial homomorphisms to 
the group R of Teal number·s, then lhe foliation F ha.s a pamllel transver-se 
volume fomL In particular, if the fir'sl Betti nmnber' of Jl1 is zero, ihen F 

has a pamllel lnmsVC7'se volume form. 

Now, lct us turn our attention to polynomial tensor fields. Using mcthods of 
[GH1,GH2] we can prove tlw following: 

Proposition 6 Let (M, F) be a TAFkl. 

1. Jf D(JlÍI) ~ h( C) where C e E is a non--cmply open con e and h: E _____. E 
is a polynomial mapping who.se Jacobian is not idenlically zero, thcn cvery 
bounrled polynomial foliated function on 111 is constant. 

2. lf M is compact and F radiant, then eveTy polynomial closed base-like 1-
fonn i.s zero. 
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3. lf :F is radiant, then every closed polynornial base-like k-form (k > O) is 
exact (i.e. H1~1y(M,:F) =O fot· k> 0). 

4. lf the affine holonomy gmup is nilpotenl and the folialion admits a parallel 
base-like k-form defining a non-zem base-like cohomology class, then for 
any j s; k there exists a non-zem pamllcl base-like j -form. 

Remark The results of [FRl] are also valid for TAFMs as the author himself 
indicated. 

VII.3 Algebraic hull of affine holonomy group 

In this section we shall look into the influence of the properties of the algebraic 
hull of the affine holonomy group r of a TAFM (M, :F). Let us denote by A(f) 
the algebraic hull of r and its unipotent radical by U A(r). The ba.sic reference for 
the properties of the aJgebraic hulls of affine groups, their radicals and radiance 
obstructions is [GH3]. 

Combining Theorem 3 with 1.9 of [GH3] we get: 

Proposition 7 Let (M, :F) be a TAFM which admits a pamllel base-like k-forrn 
defining a non-zem base-like cohomology class. Then every orbit of U A(f) is of 
dimension 2:: k. 

Corollary 1 Let (A1, :F) ha ve a pamllel transverse volume form defining a non­
zem base-like cohomology class. Then the gmup A(r) acts transitively. 

The proof of Theorem 2.6 of [GH3] we can be shorteucd a.nd in the folia.ted case 
it yields the following: 

Theorem 4 Let (M, :F) be a compact complete TAF!II. Then the gmup A(f) acts 
transitively on E. 

Proof Let us represent A(r) as a semidirect product of its unipotent radical 
U A(r) and a maximal reductive subgroup 1?.., cf. [GH3,HO]. It is sufficient to 
show that the group U A(r) acts transitively. The group 1?.., being reductive, fixes 
a point b of E. Then the U A(r)-orbit U A(f)b is invariant under the action of 
A(r). 

Let G = U A(r) a.nd H be its isotropy subgroup a.t b. As G is a connected 
unipotent a.lgebraic group, its orbits are dosed, cf. [IIO]. Moreover, the expo­
nential mapping induces a diffeomorphism Líe( G)/ Lie(H) ~ G/ H. Therefore 
G/ H is a closed contractible submanifold E 0 of E. Let Ü 0 be the in verse image 
of Eo by the cleveloping mapping, i.e. Üo = t X Eo. The group r acts freely 
and properly discontinuously 011 .lfo ancl the inclusion Üo ~ ü is r-equivariant. 



138 Geornctric Struct:ures 

Thus !110 = f\Af is a compact foliated submanifold of 11f of thc sarnc homolopy 
typc. This means that NI0 is homotopy equivaJcnt to /11[, and thus is cqual to M. 
Hence Eo = E and the unipotent radical U A(r) acts transitivcly on E. 

Remark For other conclitions equivalcnt to the transitiveness of the actiou of 
A(r), cf. [Gli:3], 1.11. 

Using the consiclerations of Theorem 2.1 O of [G H3] we can prove: 

Theorem 5 Let (M, :F) be a conncclcd T!lFM. Jf cilhe1· :F is complete and M 
cornpact 01· there exists a parallel transversc volume jo1·rn defining a non-zero 

base-like colwmology class, then 

i) M admits no nonconstant basic mtional fnnetion; 

ii) every rational foliated tensor field of type ( 1·, s) on (M, F) is polyn.omial of 
degrce ::=; (.s + r)Aq where Aq = (2q- 2)!/(2q- 1 (q -1)!). 

Furthermore, if A(f) acts transitively (cf. Theorem 4) then any A(r)-·invariant 
tensor fielcl of type (r,.s) (thus a polynomial tensor field, c:f. [GH:l] Lemma 2.11) 
is determined by its value at a given point. Thcrefore the space of A(f)-invariant 
tensor fields of type (r, .s) is of finite dimension and its climension is smaller than 
the climension of the space 0~E. This implies that the space of polynomial base­
like forms is of finite dimension ancl thus the spaces H;oly(M, F) are of finíte 
climension, and in particular dim H1~oly(A1, :F) :::; l. As a lot. of properties dcpend 
on the fact that some para.llel form defines a non-zero ba.se-·like cohomology c:lass, 
it is i1nportant to know the properties of the mappings 

Let ](be the closure of the a.ffinc holonomy group a.nd H the isotropy su bgroup 
at O of A(f). Then the recluced complex of base-like forms is isornorpltic to 
the complex of f( -invariant forrns on t. he homogeneous space A(r') / H and the 
complex of polynomia.l base-likc fonns is isornorphic to thc complex of il(l')­
invariant fonns on the homogeneous spa.ce A( I') /H. 

Definition 3 We say lhat a TAF F is amenablc if the Zari.ski closure A(J') of 
the affine holonomy group r acts trans1:tivefy on E and !.he homogencons space 
A(f)/ J( is compact and amcnable, i.c. thcrc cJ:Ísl.s a linear continuou.s A(l')­
invariant fonn m. on thc Banach space of bowulcd comp/e;r uniform.ly conlinuous 
function.s on A(f)/ J( with thc uniforrn convc?ycncc topology such fiad: 

1. m(l) = 1; 

2. m(]) = rn(f); 
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3. m (.f) ;:=: O for any 1'cal posilivc fundion f on A(r)/ K. 

Theorcm 0.1 of [EN2] cnsures that the following is true: 

Theorem 6 Le/ :F be an amenable TAP, then the mapping 

índnced by lhe inehts1:on of the complc.us is injective. 

Example 2 1. Any cornplete TAF on a. rnanifolcl with nilpotent fundamental 
group is amenable, cf. Theorern 2.1 of [HA]. 

2. A complete TAF with solvable holonomy group is amcnable ifl' A(I')/ K is 
compact, cf. Theorern 3.1 of [RA]. 

3. (cf. [GS3]) Let A be a matrix ( ~ ~ ) of SL(2, Z). It defines a cliffeo~ 
rnorpbism A of thc torus T 2 . Suspending this diffeomorphism A over 5 1 we 
obtain a l~dirnensional TAF :F of the compact rnanifold T~1 whose holon~ 
omy group is gcnerated by A and the translations by vectors (1, O) and 
(0, 1). E. Ghys clemonstratcd that 1--base~like forrns correspond to forms 
on R2 of thc form: a( x )da: and 2-base-like forrns to forms on R2 of the 
form b(x)dx 1\ dy. Thercfore, the space H2(T~; FA) is infinite dimensional. 
J\Ioreover, onc can easily check that polynomial fonns are the following: 
adx, bdx 1\ dy where a, bE A, compare [EGS]. 

4: Exa.rnple 2 of [GHL] gives usan example of a complete codimension 2 TAF 
:F of a cornpact manifold M for whicl1 thc rnapping 

is not injeclive but the mapping 

is injectivc accorcling to our theorem. The foliation :F is given by the vector 
field íJf/h. In particular, the parallcl volumc forrn of :F defines a non-· 
zero base~like cohornology class hut is cohomologous to O in the de llham 
cohomology. 

5. Example 5 of [GHL] provides us with an examplc of a codimension 2 TAF 
:Fofa compad manifold for which the rna.pping 

is not injcctivc. 
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Let us look at the implications of Theorem 6. Assume that thc foliation :F 
is amenable and that it adrnits a parallel transverse volume forrn. This tra.ns­
verse volume form defines a cohomology class in IIZoly(M,F). It is non---zcro iff 
HZoly(M, :F) f- O. Thcrefore we have tbe following. 

Corollary 2 Lel F be an amenable TAF' admiUing a parallcl vol u me form.. Thcn 
its rcduccd base-like cohornology class is non-zcro ij] H~oly( M, :F) f- O, 

VII.4 Nilpotent affine holonomy group 

In this section we pay particular attention to TA Fs with nilpotcnt holonomy. 
The results of [FGH] proved for affine manifolds ca11 be gcneralizcd withont many 
difliculties to the case of TAFMs. In fact the following theorem holds, compare 
Theorem 4.1 of [GH3] as wcll. 

Theorem 7 Lct (.M, :F) be a compact TAFJ\1 wilh nilpotent af/ine holonomy 
group. Then the following condilions are equivalent: 

a) (M, :F) is complete; 

b) the dcvcloping mapping is su.rjcclive; 

e) the linear holonorny is unipotcnl; 

d) the afJine holonomy is Í7-reducible; 

e) thc af:]inc holonomy is indecomposable; 

f) 111 has a pamllell,ransvc7·se volume form; 

g) A(r) acts tmnsitively; 

If H~oly(M,:F) f. O , then thc above condiiions are equivalent to: 

h) Nc;:- f- O. 

Proof The equivalence of a)-f) can be proved as in [FGH]. Jt is not clifficult to 
see that most theorems have their corresponcling versions for transverscly afline 
foliations. In general, the terms 'vector field' ancl 'form' on the maHifold M are 
replaced by 'foliated vector field' and 'basc-like form' on thc foliated manifold 
(.M, :F). vVe leave to the reader the statements ancl proofs of the thcorems for 
transversely afline foliations corresponding to the following ones of [FGII]: 3.2-
3,4.1,4.3-4,6.1-4,6.6, 6.8-9. 

Theorem '1 states that from a) follows g). The fact that A(r) acts transitively 
implies that the affine holonomy is irreducible, allCI lhus a), cf. Thcorern l. 
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The condition h) always irnply g) ( cf. Theorern 1.9 of [ G H3]). Let us prove the 
converse. Any volurne form on E is of the forrn fdy 1 1\ ... dyq and for a polynornial 
transverse volurne forrn the function f is a polynomial. Transverse volurne forrns 
correspond to r -invaria.nt volume forms. As the linear holonomy is unipotent, 
the form f dy1 1\ ... dyq is r -invariant, iff f is. Sin ce f is a polynornial function, 
it must be constant, and this parallel volume form defines a non-zero base-like 
cohomology class. It results from Proposition 5 that Nc;¡: :F O. 

Example 3 The Hopf foliation of S 2 x S1 is not complete, but its developing 
mapping is surjective, compare Theorem 6.11 of [FGH). 

In the affine case the Nomizu theorem can be applied to obtain the repre­
sentation of cohomology classes of the affine manifold, cf. [FGH). In. the case of 
foliations it is more complex. 

As Example 2 has demonstrated we cannot expect Theorems 8.1 and 8.4 of 
[GH3) to be true for TAFs. However, when the closure of the affine holonomy 
group I' in Aff(E) is connecLed the following is true: (for nilpotent groups the 
above condition means precisely that the closure of the group r is equal to its 
Zariski-closure (cf. [RA))). 

Theorem 8 Let (M, :F) be a compact complete TAFM wilh nilpotent affine holon­
omy group whose closure in Aff(E) is connected. Then the inclusion of the com­
plex of 1Jolynomíal base-like J01·ms in the 1-educed comple.t of base-like fot·ms in­
d·uces an ísomoryhism in cohomólogy, and the reduced base-like cohomology is 
finíte dimensional. 

Proof According to Theorem 7 the closure of the affine holonomy group acts 
transitively on. E. Thus. any holonomy inva.ría.nt tensor or form is polynomia.l, ( cf. 
Lcmma 2.11 of [GH3]), and hence these two complexes are, in fact, equal. 

Remark Theorem 8 is a.lso true if the closure of the a.ffine holonomy group 
has a finite number of connected components. It is ea.sy to see tha.t the affine 
holonomy group of the foliation of Example 2.3 is cliscrete ancl denumerable. 

Example 4 The space H1~a•·a(.!11, :F) is the space of parallel1-ba.se-like forms on 
(M,:F). For a. complete TAF on a compact manifold with a.belia.n fundamental 
group it results from Theorem 7 that its holonomy group is unipotent. So is it,s 
a.lgebra.ic closure A(I'). The group A(I') a.cts transitively on E, cf. Theorem 4, 
so a.ccording to Theorem 4.b of [FR2] it acts simply tra.nsitively. Moreover trans­
lations in A(I') corresponcl to A(r)-inva.ria.nt parallel vector fields on E, i.e. to 
pa.rallel foliatecl vector fields and hence to pa.ra.llell-base-like forms, [FGH]. Us­
ing the exa.mple of Friecl, cf. [FR2], a.ncl the construction presentecl in Cha.pter V 
we ca.n fincl a complete TAF on a compa.ct manifold a.clmitting a. pa.rallel foliated 
vector field but for whích the algebraic closure of the affine holonomy group cloes 
not contain any tr<;tnslation. 
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The foliated version of Theorem 4.2 of [GH3] is the following: 

Theorem 9 Let (.M, F) be a campad TAPA1 with nilpolcnl a.ffine holonomy 

gro11p. Then ihe lar·gest k su eh ihat 1\ kc:F is non-·zcro i.s srnaller ihan ihc mini­
mal dimens1:on of A(I')-orbil.s on E. Fu¡·fhcnno¡·c, if .Af is incornplele, then lhe 

11niq11e orbit of mínima/ dirnension líes mtlside the devcloping irnage. 

Proposition 4.3 and Theorem 4.6 of [GH3] are a.lso truc for TAFs. 

Proposition 8 Let (M, F) be a compaet TAPM with nilpotent affine holonorny 
gro11p I'. Then: 

i) there eúst a múque r- invariant affine S1lbspace Eu e E upon which r acts 
unipotcntly and a uniqae r -inva1·iant a.f]ine projection íT : E ---+ E u; 

ií) íT D : Ü ---+ Eu i.s a sU?jeciive fibmtion and if E =/= Eu Eu is disjoú!l frorn 

the developing image; 

iii) there e:cists 1 E I' who.se linear ¡m1'l L( 1) rcslricled to a fibre of " z.s an 
expanúon. 

iv) the group A(I') acts tranBitively on Eu; 

v) every I'-ínvariant Zm"iski-closed non-empty S1lbspace of E conlains Eu. 

Remar k Thc space Eu is ca.llcd the Fitting subspace of r or (M, F). 

Unfortuna.tely, thc base-like cohomology class of the volume form of the Fit­
ting subspace clocs not. nced to be non-·zero wltich implics that the inequality in 
Thcorem 9 can be sharp, d. Exa.mple 2.4 and compare [GHL]. 

Now Iet. us cousider a. compa.ct TAFi\1 (k!, F) with nilpotent afiine holonomy 
group of rank smaller that the codimension of the foliation. 

Theorem 1 O Let (M, F) be a compact TAFM wíl.h nilpolcnl. af}in e holonorny 

group. lf the foliation .F is complete, lhcn thc rank of lhe group íT1(llf) must 

be greater or cqual to the codirnension ofF. !11orcovc7', if the equality holds, the 

foliation F is given by a global submctsion onlo a 11.ílmamfold. 

Proof Assume that it is not true. Lct U be the simply connected nilpoteut Lic 
group containing r a.s a uniform subgroup. Then dimU = nmkr:::; q. According 
to Theorcm 7 thc group r is unipotcnt, tbus the group T' is a subgroup of a 
maximal unipotent subgroup Au o[ aJfine transl'ormations. Therefore there exists 
a homomorphism h: U ---+ Au which is idcntity on r. Thc imagc h(U) of the 
group U is a Za.riski·-closed ( conncctccl) subgronp of Au. Hence it conta.ins thc 
Zariski-closure of I' in Au. Thus dimA(r) :::; dimh(U) :::; dimU = ¡·an/.:1' :::; 
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codim:F. 'I'hen, as the foliation :F is complete, the group A(f) acts transitively 
on E; hence codim:F :S: dimA(f). Thus codim:F = dimA(r') = dimU = nmkf. 
The sirnply connectecl group U must therefore act transitively on E, ancl hence 
simply transítively. From thís fact it results tha.t the group r acts freely ancl 
uniformly on E. Therefore the folia.Lion :F is dcfined by a globa.l submersion with 
connectec! fihres onto the nilmanifold I'\E. 

Definition 4 Lct Af be a manifold who.se univer.sal covering .space i.s an algebmic 
va1·iety. Then a 1~4F :F on 111 i.s said lo be algcbmic if ils developing mapping is 
a morphism of algebraic vm·ietie8. 

Theorem 11 Let (M, :F) be a com.pacl complete TAF'J\1 with nilpotcnt funda­
mental grovp. rr Jl1 Í8 a complete aj]!ne 7nanifold and :F an algcbmic foliation, 
ihcn the universal covering ij of Jl1 is a simply-conneclcd nilpotent Líe group N 
and the l1fted foliation is given by a tmnsitivc aclion of N on ihe a.ffine space E. 

Proof It is wcll--known, cf. [FGH], that M is diffeomorphic to f 0\N where 
N is a simply connected nilpolent Líe group a.nd r 0 is a uniform subgroup of 
N. Let. D:N ---tE be the development of (!II,:F) such that D(e) =O. The 
holonomy group r ís unipotent, its Za.riski--dosure A(l') acts tra.nsitively on E 
and it is a subgroup of a maximal unipotcnt subgroup Au. Then we can extencl the 
homomorphism a:: 1r1(JIJ) = f 0 ---t re Aj](E) toa homornorphism h: N-+ Au 
which is a.lso a rnorphism of algebraic varieties. Thus the action of N via. h. on 
E is- also aJgebraic. Let us consider the orbit mapping of h0 of N at O and the 
developing rnapping D. They are both morphisms of algebraic varieties a.nd are 
equal on r 0 . As the subgroup I'0 is Zariski-dense in N, these two mappings 
are eqnal and the foliation :F is j ust the quotient of the foliation given by the 
submersion h0 . Hs space of lea ves is I'\N /JI, where JI is the isotropy group of 
NatO. 

Thc result of D. Friccl, cf. Theorem 4.b of [F'R2], has a very interesting 
consequence for algebraic complete TAFs on compact manifolds with abclia.n 
fundamental group. 

Corollary 3 Lct :F be an algebmic complete TAF' on a compact a.f}Zne man~fold 
with abelian fundamental group. Thcn thr .foliation :F i.s a Lie folia/ion modellcd 
on an abclian Lie gronp. 

Proof The comiclerations of Exa.mple 4 eusurc that the group A(r) acts 
sirnply--transitively on E. Therefore tbe mapping h0 of Thcorem 11 consiclered as 
a 111apping into A(r) must be a surjcct.ive submersion 1naking .'F a Líe folia.tion. 
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Example 5 As a. curiosity we can add that on a non--complete compa.ct AM 
we can have a complete algebra.ic TAF'. In fact the Goldman example of [G02] 
provicles us with such a foliated manifold. The projcction o+ X R---+ R defines 
a complete a.lgcbraic TAF of a non--complete compact AM O+ x R/1'. 

Polynomial Riemannian metrics havo bcen used in [GHO] to charactcrizc com­
pact affine manifolds with virtually nilpotent fundamental group ancl to obtain in 
this way a generaliza.tion of the Bieberba.ch theorem. The folia.ted case is much 
different. Let us consicler the following threc conditions: 

l. (M, :F) aclmits a complete polynomial bundle-like metric; 

2. there exist a compact affine manifold AJ1 , a complete tra.nsversely aJTine 
foliation :F1 of M 1 with allleaves compact, a finito covering M' of M and a 
mapping h: Af'---+ A11 with connected fibres such that F' = h*F1 ; 

3. the fundamental group of A1 contains a nilpotent subgroup of finito index. 

\Ve havo the following relations between them: 

Proposition 9 Let (A1,F) be a TAFM. Then 1) and 2) imply 3). 

Proof Since there exists a polynomial buuclle-like metric, the developing map­
ping is a Riemannian submersion ancl therefore any curve of finito length can be 
liftecl horizontally to Ú ( the holonomy covering of (M, :F)). Proceding step by 
step we can lift any straight line in E. Thus the folia.tion F is geodesically com­
plete. -

As the fundamental group of a finito c:overing can be considerecl a subgroup of 
finite index of 7r 1(J\1), we can assume t.hat M'= Al. The afline holonorny group 
of the foliation :F1 is ec¡ua.l to tbe affíne holonomy group of :F. Sin ce the !caves of 
:F1 are compact, the affine holonomy group 1' of F 1 must be a cliscrete subgroup 
of AffiE). E ven more: thc space of leaves of F 1, w h ich is equa.l to t. he space of 
orbits of r on E, is a. Satake manifold according to Proposition l. Then following 
the considerations of [GHO] p/1 we obtain :3). 

Example 6 It is worth mentioning that, contrary to the a.ffine case, ncither l) 
ensures 3) nor 3) implies 1). In fad, Jet us takc a compact cornplcte i\f-.1 M wit.h 
virtually nilpotent fundamental group aml the product L x J\1 with a cornpact 
manifold L whose fundamental group is neither uilpotent nor finitc. Then t.he 
foliation given by the projection ont.o the second factor is transversely aJ1lne and 
admits a polynomial bundle---like met.ric. To construct the second example Jet 
us consicler a TAF moclelled on a. nilpotent simply connectecl Lie group N with 
a dense finitely genera.tecl subgroup r, cf. Scction V.l. \Ve can ca.sily find a 
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tra.nsitive action of the group N 011 RP with p < q = dim.N such that the isotropy 
groups of the induced action of r are not relativcly compact. Therefore there 
do es not exist any r -invaria11t Riemannia11 metric 011 RP, and the codimension p 
foliatio11 011 f\U definecl by this action ca1111ot aclmit a polynomial bu11dle-like 
metric. 

Proposition 10 Let (M, :F) be a TAFM. If the foliation :F is algebraíc and the 
conditions 1) and 3) are satisfied, then :F is a Lie folíation modelled on a unípotent 
Lie group. 

Proof By passi11g to a fi11ite covering we can assume that the manifold has 
the nilpotent fundamental group. Therefore as :F is complete its affi11e holo11omy 
group must be a u11ipotent group of isometries of a polynomia.l metric 011 E. 
Moreover, its Zariski closure acts tra.nsitively on E and co11sists also of isometries 
of this metric. Thus a11y isotropy subgroup of A(f) is compact: These isotropy 
groups consist of unipotent isometries, hence they must be trivial a.nd A(f) acts 
simply tra11sitively 011 E. Therefore there exists a mapping b: Af ---t A(r) which 
composed with the orbit mapping at O is the developing mapping. The existence 
of the mapping iJ ensures that the foliatio11 :F is a Líe foliatíon. 

Proposition 11 Let (M, :F) be a complete TAFM with allleaves compact. Then 
the condition 3) ensures 1). 

Proof By passing to a finite covering we can assume that A1 has nilpotent fun­
damental group. As the foliation :F is complete and the leaves of :F are compact, 
the holonomy of each lea.f is finite and t.he space of leaves is Hausdorff. There­
fore, the group r acts properly disco11tinuously o11 E. r bci11g unipotent, it is also 
torsion-free. Tlms it acts freely on E, cf. [FG], and f\E is a compact complete 
flat manifold with nilpotent fundamental group. Then according to Theorem 7.1 
of (FGH] it is a nilmanifold, .i.e. there exists a. simply connected 11ilpoterit Lie 
group N conta.ining r as a uniform subgroup a.nd acti11g simply transitively on E 
in such a wa.y that f\E is affinely diffeomorphic to r\N. Hence any left invariant 
Riema.nnia.n metric on N defines a polynomia.l r -inva.riani Riema.nnian metric on 
E, and hence induces a. polynomial bundlc-like Riema.11nian metric 011 (A1, :F). 

VII.5 Growth of leaves 

The very particular structure of TAFs allows us to estimnte the growth of these 
folia.tions. Using the methods of Y. Ca.rricre developed for Lie a.nd Riema.nnia11 
foliations cornbined with some peculiar propcrties of TAFs we obtain estimates 
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similar to those for Riernannian foliations. liowever, in this case TAFR 'behave' 
more disorderly than Riemannian ones as Examples 7 and S illustrate wdl. 

Since the foliation :F is clevclopable, we havc thc following cstimalc due to R. 
A. Blurnenthal, cf. [BL]. 

Proposition 12 (Blumenthal) Lel :F be a transverscly affine foliation of a com­
pact manifold M. Then g¡·(:F):::; gT(1r1(ilf)), orto be precise, gT(:F):::; gr(I'). 

Combining this result with the estímate of II. Bass, d. [BA], we get: 

Corollary 4 Let :F be a tmnsverscly a.f]ine folialion of a eompact manifold Af. 
If thc fundamental group 1r1(M) is nilpolcnt, lhcn gr·(:F) :::; d(I'). 

This corollary together with Pla.nte's theorem, d. [PLl], ensure that a.ny 
transversely affine foliation with nilpotent, or virtually nilpotent, a!Rne holonomy 
group aclmits a holonomy invariant measure, cf. [GHL]. 

The following result proved by Y. Carriere for Líe foliations is also valid for a 
larger class of foliations, among them for transversely affine foliations, d. [CA2]. 

Proposition 13 (Can·iere) Let :F be a complete lransve¡·scly a_lj!nc frJliation of 
a cornpact manifold lvf. Thcn lhc [trowth lype of a leaf L of :F can be read as t.he 
local growth of the corresponding orbit of lhc affine holonomy gmup on E. 

To get more inforrnation about the growth type of :F we compa.re the growth 
type of leaves of :F and :F1 . However, as 1111 is not cornpact, the growth type of 
a leaf is not well-definecl; it clepends on the choice of an adapted atlas, cf. [PLl]. 
Fortunately, the folia.ted manifold ( M 1 , :F1 ) has a class of acla.pted atlases w hich 
are particularly well-suited to the cornpa.rative st.ucly of !.he growth t.ypes of lea.ves 
of :F and :F1 • We have in mincl the a.tla.ses which are dcrivecl from adaptccl atlascs 
of (111,:F); we call thcm preferrecl adaptecl atlases. If ]1.1 is compa.ct, it can be 
easily shown tha.t the growth type of a leaf of :F1 does not depencl on the choice 
of a preferred a.daptecl atlas. Therefore, for a.ny lea.f L of :F1 , we denote by gr(L) 
the growth type of L for any preferrecl acla.pted atlas of (M 1, :F¡). Then: 

Lemma 1 Let L be a leaf o.f :F1 cover·ing a lcaf L of :F. Then g¡·(L) :::; gr(L). 

Proof It is a simple consequence of the definition.D 

Consiclerations of the proof of Proposition 13 a.pplied to the folia.tion :F1 yields 
the following: 

Lemma 2 The growth typc of anv leaf of :F1 can be Tead as the growlh type of 
the corresponding orbd of lhc action of lhe af]ine holonomv gmup ¡·cslricled to 
the set 1r- 1(U) whe1·e U is a r-clalivdy compacl .subscl of E. 
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Proof It results from the considerations of Y. Carriere, cf. (CA2), and the 
fact that we calculate the growth type relative to a preferred adapted atlas of 
(M1,F1). o 

Having clescribed the growth type of leaves of both foliations, we can show 
that, in fact, g1·(:F) = gr(:Ft). 

Proposition 14 Let :F be a complete tmnsve1·sely affine foliation on a compact 
manifold !11, then g1·(:F) = gr(:F1). 

Proof As the growth type of a foliation is the supremum of the growth type 
of its leaves it would be sttflicient to show that there exists a leaf L of :F such that 
g1·(L) = gr(:F) ancl that for any leaf L of :F1 covering L gr(L) = gr(L) = gr(:F¡). 
Owing to Proposition 13 and Lemma 2 it woulcl be suflicient to find a point v 
of E such that the corresponclence r 3 a t-t a( v) is one-to-one, or equivalently, 
to find a leaf without holonomy. Therefore the following lemma completes the 
pro o f. 

Lemma 3 Any complete tmnsversely affine foliation F of a compact manifold 
.M has a leaf without holonomy. 

Proof Leaves of :F correspond to orbits of the affine holonomy group r on 
E. Let liS assttme that for any point V of E there exists a E r, a 1:- id, such that 
a( V) = v, i.e. any leaf of :F has holonomy. For any element a 1:- id of r consider 
the set Ea = { v E E: a( v) = v}, thus Uael'\{id} Ea = E. As M ís compact the 
set f ís denumerable. Therefore the Ba.it·e property of E ensures that for sorne 
a E r \{id} intEa # 0. But as the group A.fltE) acts quasi-analytically, a= id; 
contradiction. O . 

Now we woulcl like to find a lower bound for the growth of leaves of :F de­
pending on the structure of the affine holonomy group. Proposition 14 makes 
our task easier, as·we can work with the Líe foliation :F1• The closure of a leaf 
L correspond via D to the orbit of the group K = r e A.fJ\E). Let us assume 
that the afline holonomy group r is nilpotent. We have proved that in this case r 
and therefore K must be unipotent, cf. Theorem 7. Thus the connected compo­
nent K0 of e in J( is a simply connectecl closed nilpotent Lie subgroup of A.fJ\E). 
The group fo =K o n r is a finitely generated dense subgroup of K 0 • Using the 
Malcev theorem , cf. (MA,RA) we can construct a Lie foliation :F0 with dense 
lea ves of a compact manifold for which the group f 0 is the holonomy group. In 
[CA2] Y. Carriere showecl that in such a case g1·(:F0 ) 2: ó(Ko) where 8(K0 ) is the 
clegree of nilpotency of Ka. The growth of lea.ves of :Fa can be read as the local 
growth of 01·bits of f 0 in /{0 • On the other hand the growth of leaves of :F1 can 
be rea.d as the growth of orbits of r in K relative to some open subset of K. 
Thus gr(:F1 ) 2: gr(:F0 ) and 8(!{0 ) :::; gr(:Fa) :::; gr(:F1) = gr(:F). The structure 
algebra. of :F is the conjuga.ted a.lgebra of Lie(K0 ). Therefore we have proved the 
following proposition, compare Proposition 3.1 of [CA2]. 
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Proposition 15 Let :F be a complete transversely affine foliation on a compact 
manifold M. Then g¡·(:F) ~ 8(k) where 8(k) is the degree of nilpolency of the 
structure algebra of :F. 

The above considerations together with rcsults of [SR,ZM] yield the following 
theorem, compare Theorem A of [CA2]. 

Theorem 12 Let :F be a complete transvcrsely a.fjine folialion of a compacl man­
ifold M wíth the struclur·e algebm k- of degr·ee of nilpotency 8(k). Then: 

i) íf F has polynomial growth then the slruclu.re algcbra is nilpotent; 

ii) if the a.fjine holonomy g1·oup ís nilpotent, then F has polynomial gmwlh and 
gr(F) ~ ó(k). 

Proof The point ii) combines thc assertions of Proposition 15 ancl Corollary 4. 
If we assumc that the growth ofF is polynomial, tben F 1 has polynomial growth 
as well ancl it is arnenable according to [SR]. Then the result of Zirnmer, cf. [ZM], 
ensures that the group !(0 is solvablc. If ](0 is not nilpotent then according to 
[CA2] the foliation :F0 has "suprapolynornial" growth type. Thus :F cannot have 
polynomial growth type; contra.diction. D 

Corollary 5 lf the growth type ofF is linear thcn the st.ruclure algebra is abelian. 
In p(L1·t·icular, for· any complete b·ansverscly a.fjine flow ils structure algebra is 
abelian, which is equivalent to the fact that the gmup ro is abclian. 

To illustrate that our Theorem 12 ca.nnot be irnproved wc provide two exam­
ples. · 

Let us consider the 3--clirnensiona1 solva.ble group 5'1 , cf. [AGH], which can be 
reprcsentecl in the matrix form as follows: 

( 

ckz O 
O -kz e 
o o 
o o 

0. X ) o y 
l z 
o 1 

where :r:, y a.ncl z are real numbers a.nd k is a fixed real number such that e k +e-k is 
an integer cli{ferent from 2. This group acts simply transitively on R3 ancl admits a 
uniform discrete subgroup 1'1 . The manifold r 1 \5'1 = S'1(r 1 ) is an affine manifold 
which can be identified with the hyperbolic torus Tl, A E S'L(2,1), tr·A > 2, cf. 
[GSS]. 

Example 7 The projcction p 2:H 3 --* H, (:r,y,z) 1---> (x,y), is 5'1-equiva.ria.nt 
for the natural adions of this group. Therefore p2 defines a complete transversely 
a.ffinc flow F 2 of the compact manifold 5'1 ( r 1). The flow F 2 is cliffcomorphic to the 
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How of T1 given by suspention of thc matrix A. The growth typc of the foliation 
:F2 is linear as it is a Jlow with non-compact ]caves. The affine holonomy group 
r can be identifíed with a subgroup of A.ff(R 2 ) generatcd by A and the integer 
translations. Since r is a discrete subgroup, the structure algebra of :F2 is O­
dimensional Howcver, the group r is solva.ble, but not nilpotent. Therefore we 
cannot improve the implication (i). 

Example 8 The projection p1 : R3 ------+ R, ( x, y, z) ,_......__. y, is S1-equivariant for 
the natural actions of this group. Therefore p1 defines a codirnension 1 complete 
transversely afline foliation :F1 of the compact manifold S1(I'1 ). The leaves of 
this foliation are dense, ancl only the leaves corresponding to ra.tional numbers 
have holonorny. The folíation :F 1 is diileomorphic to the proper foliation of T~ 
corrcspondíng to one of the eigenvalues of A, cf. [GSSJ. The affine holonomy group 
of :F1 is solva.ble, the structure algebra is isomorphic to R, but the !caves of :F1 ha.ve 
cxponentia.l growth. In fact, as allleavcs are dense, these corrcsponcling to points 
of T 2 with rational coef:ficients are resilient. Hence they must have exponential 
growth, cf. [ GSS]. This implies that a complete transversely affine foliation with 
nilpotent structure algebra can have the growth type cven exponential. Thus we 
cannot weaken the assumption that the affine holonorny group is nilpotent. 

VII.6 Closures of leaves 

Geodesically complete TAFs have rnany properties of Riemannian foliations. V/e 
have considered these similarities in Chapter III. Howevcr when we look at the 
closurcs of !caves we find the first nmin diffcrencc. In Riernannian foliations the 
closures of !caves form a singular foliation, d. [MOll]. In TAF it is not the 
case. Examplcs of non-complete TAF on compact manifolds and of complete 
ones on non-compact manifolds have been wcll--lmown, cf. the 1-dimcnsíonal 
Hopf foliation of 5' 2 X 5' 1• Howcver, even in transvcrscly gcodesically complete 
'l'AF leaves can behave very strangely. The following cxarnple is dueto E. Ghys, 
cf. [GS3]. 

Example 9 Let us take once a.gain Exa.mple 2.3. 'l'he lca.ves of :FA correspond 
to orbits of A on T 2 • Thus the !caves corresponding to points with the first 
coefficient raliona.l are compact, the closures of other lca.vcs are 2-tori, cf. [GSS]. 
Hence t.he closures of leaves of :FA, allhough snbma.uifolds, they do not form a 
singular folialion. 

Using the samc suspcnsion procedure, cf. Exa.rnpic I.2, we ca.n construct tra.ns­
versely geodesica.lly complete TAF on cornpact ruanifolcls in which the closures of 
leaves are not ncccssarily subma.nifolds. 
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Example 10 Lct us consider a linear Anosov diffcomorphism A of a q--torus 
Tq. We would like to imposc so me additional conditions on A which would 
ensure that thc foliation FA obtainecl by suspcnding A ha.s some ]caves whose 
closures are not submanifolds. First, according to a result of Ivl. Hirsch this 
cannot occur if q = 2, eL [Hl]. Let us choose an irreducible primitive matrix 
A E SL(q, l), q > 2, cf. [GA]. Assume that the closure of an ot·bit of such a 
linear Anosov diffeomorphisrn is a subrnanifolcl. By passing to a finite covering, 
which correspond to the suspension of the diffeomorphism Ak for some 1.~ > O, 
we can assume that the closure of the orbit is a connected submanifold. Then 
Theorern A of [MNJ ensurcs that it must be a torus, but from Proposition of [HN] 
it results that our submanifold is either the torus Tq or a point. S. G. Hancock 
and F. Przytycki constructed very complicated invariant subsets for any linea.r 
Anosov diffeomorphism, cf. [HN ,Pll]. Thus the closure of any non~periodic orbit 
containecl in such an invariant subset cannot be a submanifold. 

Having shown that on compact manifolds there exist transverscly geodesically 
complete TAF with leaves whose closures are not submanifolds we woulcl like to 
fincl out whether under sorne adclitional assumptions it is possible to clemonstrate 
that the closures of !caves are submanifolcls. First we rnust reduce the study of 
the closures of leaves to the study of some more manageable objects. 

Leaves of :F correspond to ot•bites of r Oll E. Let L be a leaf of :F and 
fv (v E E) the corresponcling orbit of r. Then L = I'\D-1(fv). This equa.lity 
leads to the following lemma. 

Lemma 4 Let :F be a complete TAF. Then lhe clos1t7'C of a leaf L is a subman­
ífold íff the clos1trc of the corresponding orbit of the affine holonomy group is a 
submanifold. 

Thus we can concentrate our aHention on the study of orbits of finitely gener­
ated subgroups of AjJtE). vVe ha.ve provee! tba.t for a cornplete TAF the algebra.ic 
closure A(r) of the affine holonorny group r must act tra.nsítively Otl E, i.e. E 
can be considerecl as a homogcneous spa.ce A(l')\lf where 1J is an isotropy group 
of the natural representa.tion o[ !l(I') on E. Then we have: 

Lemma 5 The closw·e of an orbd I'v is a sub manifold of E iJJ lhe sci r · 11 1s a 
submanifold of A(r) whcre H is lhc isolropy group of A(r) at v. 

Proof Consider E as the homogeneous space A(r)\H. Theu thc orbit rv 
corresponcl to the orbit T'cl! where eH= d-I E A(I')\H. The closme of I'e¡¡ in 
A(I')\H is equal to r · 1-I\H. 'l'hus it is a submanifold ifl' r · H is a submanifold. 
o 

The lemmas lead to the following theorem. 
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Theorem 13 Let :F be a complete TAF on a compacl manifold J\1 wíth abelian 
fnndanu:ntal gmup. Then thc clos·ures of leaves of :F Jonn a singular foliat.ion. 

Proof The affine holonomy group r of :F is abelian, sois its algebraic closure 
A(r). Sincc :F is complete, the group A(I') ads transitively on E. As A(I') is 
abclian, the isotropy groups of the reprcsentation of A(I') on E are equal. \Ve 
denote it by H. Lenuna 5 cnsures that thc closures of orbits of I' are thc orbits of 
the group 7:1 · I' = 1I(r) which is a Lie subgroup of A(I') e AffiE). Thus these 
orbits are submanifolcls, and thereforc the closures of !caves are submanifolcls as 
well. Elements of the Líe algebra of H(I') define vector fields which span the 
tangent space to the orbits of JI(r). As they are I' -invariant, these vector fields 
induce global foliated vector fields on .M. Their foliated orbits are precisely the 
closures of leaves of :F. Thus, in fact, the closurcs of leaves form a singular 
folia.tion in tbe sense of Stefa.n, cf. [ST,SM].D 

Foliations with nilpotent afline holonomy group form another more general 
a.ncl very interesting class of TAF. For them we can provc the following: 

Theorem 14 Lct :F be a complete TA F o.f a compacl m.amfold with nilpotent 
affine holonomy gronp ['. rr thc group [{ = r has a fin de number of components, 
ihen the closures of !caves fonns a singular foliation and lhey are the orbits of 
lhe commu.ling sheaf. 

Proof 'vVe have provee! that the group r must be unipotent. Thus the con­
nected component K0 of [{ is an a.lgcbraic group, ami according to [RO] the orbits 
of 1\.0 are closed. Since ](has <t finite number of connectecl components, its orbits 
¡ue -closed, ancl thus ec¡ua.l to the closures of eH· bits of r. Therefore the closures 
of lea ves are su bmanifolds. The clescriptiou of the comrnuting shea.f ensures that. 
these closures are the orbits of this sheaf. Hcnce the closures of lea.ves of :F form 
a singular foliation. O 

Example 7 shows that Theorem 14 is fa.lse if the group 1{ has a.n iufinite 
number of connected componeuts, but we can still hope that the closurcs of 
]caves are subrnanifolds. vVe have secn tha.t iu the same example the space of 
closures of leaves havc been a vcry irregular topologicaJ space. If we irnposc some 
separa.hility condition on the spa.ce of orhit.s of the group 1( we can relax a little 
our othcr assumptions. 

Proposition 16 Le! :F be a complete TA F on a compacl manifold. lf 

a) thc a,Uine holonomy group r is distal; 

b) the gmup ]( r has a finite nwnbcr of eonneclcd componcnls; 

e) lhc space K\E is 70, 
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then the closures of !caves are the orbits of the cornrnuting sheaf ofF and lhcy 
form a singular foliatíon. 

Proof Glimm's thcorem, cf. [GI], ensurcs that orbits of ]{ are rela.tivcly 
open in thcir closures. On thc other hand thesc closures are mínima!, cf. [MR]. 
Therefore the orbits of I{ must be closed. The rest follows as in the proof of 
Theorem 14.0 

To complete this scction we give an examplc of a TAF having a solvable affine 
holonomy group and with some closures of leaves not. being submanifolcls. 

Exan1ple 11 As in the previous exa.mples we suspend an Anosov cliffeomor­
phism; this time of a non-toral nilmanifold, cf. [SM,l3H.]. 

Let H be a 3-dimensional real IIeisenberg group, ancl Jet G = H x JI. The 
group Gis cliffeornorphic to R6 . G admits the following uniform subgroup ro: 

where if a= m+n.f3, rn, n El, then a= m-n.f3. The spa.ce Gjr0 is a cornpact 
non-toral nilmanifold. Let. /\ = 2 + .;3, 11 = (2 - .;3) 2 , fl = Av = 2 - .;3. Then 
the transformation </;: R6 ~ R6 , 

preserves the lattice ro, a.nd therefore defmes an Anosov diffeomorphism of G /I'0 . 

The suspcnsion of rp defines a 1-·dimensiona.! TAF F1> on the total space of R X,¡, 

G ;rO· The affine holonomy group r ofF,¡, is the subgroup of AJJ (R6) gcnera.ted 
by the group ro a.nd </J. It is a solvable group. It is not difTicult to vcrify that the 
closure of U1e I'-orbit of the point (:r, O, ... O), .T f O, is not a. submanifold. Thus, 
indeed, the foliation F1> has thc property wc lmve been looking for. 

Other examples of this sort can be constructed from the examplcs of H. L. 
Porteous, cf. [PO]. Moreover, E. Ghys has informed the author that similar 
examples can be constructecl using the work of M. !VIorse on dyman ics on tori, 
which is of course previous to the results of S. G. lla.ncock ancl F. Przytycki. 

Notes This chapter presents results from four pa.pers. Parts of [W012] ami 
[W020] form Section l. Sections 2,3 ancl 'l are derivecl from [W016]. Section 5 
is based on [vV017] ancl Section 6 on [WOIS]. 

The most important work has been done on codirnension 1 TAFs. vVe should 
mention papers by E. Fedida, P. J'v1. D. Fumess ancl 13obo Scke, and in particular 
unpublished results of G. Hector concerning the existcnce of exeptional minimal 
sets for TAFs. There are some other papers concerned with TAFs, for example 
[GHL], [MEl] ancl [ME2]. 
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