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Chapter 1

Introduction

This thesis has two main parts. The first one is devoted to show that, for any infinite
connected (repetitive) graph X with finite maximum vertex degree deg X < oo, there
exists a (repetitive) limit-aperiodic coloring by at most deg X colors. Several direct
consequences of this theorem are also derived, like the existence of (repetitive) limit-
aperiodic colorings of any (repetitive) tiling of a Riemannian manifold. The second part
is devoted to prove that any (repetitive) Riemannian manifold of bounded geometry can
be isometrically realized as leaf of a Riemannian (minimal) matchbox manifold, whose
leaves have no holonomy. This also uses the previous result about colorings, but it also
requires much more technical work concerning the space of pointed Riemannian manifolds
with the topology defined by the C'> convergence. The following sections contain more
precise descriptions.

1.1 Graph colorings

The results of this section will be in the publication [7].

1.1.1 Estimates of the distinguishing number

Let X = (X, E) be a simple (undirected countable) graph (with finite vertex degrees).
Assume that X is connected and consider its natural distance. The degree of X, denoted
deg X, is the supremum of its vertex degrees.

Consider a (vertex) coloring ¢: X — F' (the set of colors F' is usually assumed to be
a subset of N). It is said that ¢ (or (X, ¢)) is aperiodic or distinguishing if there is no
nontrivial automorphism of (X, ¢). The distinguishing number of X is

D(X) =min{n € Z" | X has some aperiodic coloring by n colors } .

This concept was introduced by Albertson and Collins [2], and the calculation of D(X)
(or bounds thereof) for many families of graphs has been the subject of much research
in recent years (see e.g. [41,/42]). This ended up with following sharp estimate for finite
graphs, where K,,, K, , and C,, denote the complete graph on n vertices, the (n,n)-
bipartite graph and the cyclic graph with n vertices, respectively.

1



2 Chapter 1. Introduction

Theorem 1.1.1 (Collins-Trenk [27], Klavzar-Wong-Zhu [46]). If X is a finite connected
simple graph different from K, K, , and C5 (n > 2), then D(X) < deg X. If X is K,,
Kypn or Cs (n>2), then D(X) = deg X + 1.

For infinite graphs, the following result has been recently proved. It is easy to check
that the bound it provides is sharp.

Theorem 1.1.2 (Lehner-Pil$niak-Stawiski [47]). Let X be an infinite connected simple
graph with deg X > 3. Then D(X) < deg X — 1.

It is clear that D(X) = 2 if X is an infinite graph of degree two. Also very recently,
Hiining et al. have provided a complete classification of all connected graphs X with
deg X = D(X) = 3 [40].

1.1.2 Space of colored graphs

Consider pointed connected colored simple graphs, (X, z,¢), with colors in N. Their

o~

isomorphism classes, [X, x, ¢|, form a Polish space G, with a canonical topology (Sec-

tion . For any such graph (X, ¢), there is a canonical map ix 4 : X — G, defined
by ixs(x) = [X, 2z, ¢]. The images of the maps ix 4, denoted by [X, ¢], form a canonical
partition of G,. We have (X, ¢] = Aut(X, ¢)\ X, where Aut(X, ¢) is the group of color-
preserving automorphisms of (X, ¢). Every closure [X, ¢] is saturated. It is said that
(X, ) is:

aperiodic when Aut(X, ¢) = {idx} (ix, is injective);

limit aperiodic when iy, is injective for all [, y] € [X, ¢]; and,

repetitive if, roughly speaking, every colored disk of (X, ¢) is repeated uniformly in M.

The closure [X,¢| is compact if and only if deg X, |im¢| < oo (Proposition .
Moreover [X, ¢] is minimal if (X, ¢) is repetitive, and the reciprocal holds when [X, ¢] is
compact.

By forgetting the colorings ¢, we get a Polish space G,, with a partition defined by
the images of maps tx : X — §,, obtaining obvious versions without colorings of the
above properties. In this way, limit aperiodicity and repetitivity become similar to the
definitions of strong aperiodicity and strong limit aperiodicity of colorings on groups. But,
in Theorem [1.1.4] the minimality does not follow directly from the limit aperiodicity, like
in Theorem %, because [X]| may contain elements [V, y] with YV 2¢ X

1.1.3 Strongly aperiodic colorings of groups

Let G be a countable group, and F' a finite set equipped with the discrete topology.
Then the F-valued colors on G form the compact second countable space F, which has
a canonical left action of G, defined by (g-¢)(h) = ¢(g~*h). This G-space is called a shift
(space), and any non-empty G-invariant closed subset of F¢ is called a subshift (space).
In particular, the orbit closure G - ¢ of any ¢ € F© is a subshift. If the action of G' on
G - ¢ is free (respectively, minimal), then ¢ is said to be strongly aperiodic (respectively,
strongly repetitive). The existence of such colorings is guaranteed by the following sharp
result.



1.1. Graph colorings 3

Theorem 1.1.3 (Gao-Jackson-Seward [31]; see also [12]). Every countable group admits
a strongly aperiodic and strongly repetitive coloring by 2 colors.

Indeed, the original statement in [31] only gives strong aperiodicity, but then strong
repetitivity follows immediately with the following short argument. The existence of a
strongly aperiodic coloring on G means that G acts freely on some subshift X c {0,1}¢.
Then there is a minimal subset Y C X, and any coloring in Y is strongly aperiodic and
strongly repetitive.

Suppose from now on that G is finitely generated, and let S be a minimal set of
generators such that all elements of SN S~ are of order two. Consider the (left-invariant)
Cayley graph defined by S, also denoted by G, where the degree of every vertex is [S|. Up
to isomorphisms, the only possible limit of the graph G is G. Thus F¢ is closed by taking
limits of colors in the sense of Section [I.1.4] But, in this setting, it is natural to modify
the definition of a limit of a coloring ¢ € F'“ by using only graph isomorphisms between
disks given by left translations of G. The “limits by left translations” obtained in this way
are just the elements of G - ¢, and the corresponding notion of “limit aperiodicity by left
translations” means strong aperiodicity. Similarly, we can also define “repetitivity by left
translations,” which turns out to be strong repetitivity. By definition, limit aperiodicity
is stronger than “limit aperiodicity by left translations” (strong aperiodicity), whereas
repetitivity is weaker than “repetitivity by left translations” (strong repetitivity).

The Cayley graph of G induced by S is also equipped with a G-invariant edge coloring
1 by colors in S, assigning to an edge between vertices a, b € G the unique element s € S
satisfying as™ = b. Moreover, if the order of s is not 2, then the choice of +1 in the
above exponent defines an orientation of the edge. This defines a canonical partial G-
invariant direction Oy of G. The left translations are just the graph isomorphisms of
G that preserve vy and Oy. Consider the obvious extensions of the concepts of limit
aperiodicity and repetitivity to triples (¢, 1, Q), where ¢ is a vertex coloring, ¥ an edge
coloring and O a partial direction. Then, using the interpretation of strong aperiodicity
and strong repetitivity as “limit aperiodicity by left translations” and “repetitivity by
left translations”, we get that a coloring ¢ € {0,1}% is strongly aperiodic (respectively,
strongly repetitive) if and only if (¢, 1, Op) is limit aperiodic (respectively, repetitive).
Thus, in this case, Theorem can be restated by saying that G admits a coloring
¢ € {0,1}¢ such that (¢, 1, Q) is limit aperiodic and repetitive.

1.1.4 Main theorem about colorings
The distinguishing number can be refined as follows. The limit distinguishing number of
X is

Dp(X) =inf{n € Z" | X has a limit aperiodic coloring by n colors } .

When X is repetitive, its repetitive limit distinguishing number is
Dri(X) =inf{n € Z* | X has a repetitive limit aperiodic coloring by n colors } .

It only makes sense to consider these concepts when X is infinite because, if X is fi-
nite, then limit aperiodicity means aperiodicity, and repetitivity always holds, obtaining
Dgrr(X) = Dr(X) = D(X). Our main result is the following estimate of Dy (X) and
Dgr(X), which can be considered as a refined version of Theorem [1.1.1}
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Theorem 1.1.4. If X is an infinite connected simple graph, then Dp(X) < deg X. If
moreover X is repetitive, then Dgp(X) < deg X.

With this generality, the estimates of Theorem [1.1.4] are sharp, as shown by the
Cayley graph of Z (defined with the generating set {1}). For deg X > 3, the estimates of
Theorem might not be optimal, according to Theorem [I.1.2] An obvious approach
to get that optimal estimate would be to try to somehow incorporate the idea of the proof
of Theorem in [47] into our techniques. However, we divide X into finite pieces and
work locally. This becomes a problem since the assumption that X is infinite is crucial
in their proof, as they make use of a geodesic ray going to infinity. In any case, like in
Theorem |1.1.2] it is obvious that the optimal estimates in Theorem are at least
deg X — 1 if deg X > 3.

Theorem will be derived from Theorem [2.1.26] which is actually stronger in the
following sense. The conditions of being limit aperiodic and repetitive can be restated
quantitatively, so that the coloring has to satisfy certain statements for some choice of
constants. We prove that these constants can be chosen “uniformly”, depending on A
and not on the particular choice of X, which does not follow from Theorem The
precise statement of this dependence can be found in Theorem [2.1.26] The same can be
said for finite graphs, where the analogue of Theorem [2.1.26| would give a quantitative
result stronger than Theorem [1.1.1]

In the case of a group G finitely generated by S (Section , Theorem states
that G has a repetitive limit aperiodic vertex coloring by |S| colors. Since the total
number of colors of (¢, g, Og) is 2 + |S|, without taking into account the additional
values of Oy, it can be said that Theorem [1.1.4] somehow improves Theorem [1.1.3]in this
case.

1.1.5 An idea of the proof

We have to prove that, if deg X < oo, then X has a limit aperiodic coloring ¢ by deg X
colors, which is repetitive if X is repetitive.

First, we divide the graph X = X _; into finite connected clusters of bounded size,
such that their centers form a Delone set Xy C X_;. Moreover X can be endowed with
a connected graph structure with deg Xy < co. On every cluster with center x € X,
the method of the proof of Theorem [1.1.1]is used to construct a large enough amount of
different colorings %@ by deg X colors breaking its symmetry. Any assignment of such
colorings, = + %,xa is considered as a coloring, x + i, of Xy. For these colorings of
X, we have enough avaliable colors to be able to proceed in the same way. Thus X is
divided into clusters, defining a graph X; C X,. The above type of colorings of X, are
considered in the new clusters. Again, for every = € X;, we can break the symmetry
of the corresponding cluster with a large enough amount of different colors ’(/)im of the
above kind. Any assignment of such colorings, = +— Wi,m is considered a coloring, = > 1,
of X;. This process is continued indefinitely, producing a sequence of graphs X,,, divided
into clusters whose centers form X, ,;, and colorings 1! 41, breaking the symmetry in
the cluster of X,, with center x € X, ;1. We use these data for 0 < n < N to define a
coloring ¢ preventing isomorphisms between disks centered at points within a certain
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distance; namely, given any € € Z™, there is some N, € ZT such that
0 < d(x,y) < e = [D(x,8). 2, 6"] # [D(y.5),y,6"] (111)

for all =,y € X. By taking a subsequence if necessary, we can assume that the sequence
" is eventually constant on finite sets, converging in this sense to a coloring ¢. This
coloring ¢ is limit aperiodic because it satisfies . Indeed ¢ depends only on A and
e in (L.1.1), as stated in Theorem the indicated refinement of Theorem [I.1.4]

The definition of every X,, resembles very much the notion of a shallow minor of X, _1
at certain depth (see |52] and other references therein).

In the above process, there is a sequence of integers r,, that provides a lower bound for
the “radii” of the clusters in X,,_;. Two crucial quantities that one needs to control are
the number of suitable aperiodic colorings on each cluster, which depends exponentially
on the cardinality of the cluster, and the number of clusters that are close to each other
(depending on &,,), which is always lower than the maximum cardinality of a disk of radius
O(ry). If our graph has a uniform growth function, then we can choose r,, large enough
so that there are enough different colorings on each cluster compared to the number of
neighbouring clusters. At first glance, a similar argument could not work if the growth of
the graph is not uniform, since for any choice of r,, there could be points x € X, such that
there are not enough colorings compared to the number of nearby clusters. However, the
crucial observation is that, if there are many neighbouring clusters, then the disk of radius
O(r,) has large enough cardinality, and we can construct sufficiently many aperiodic
colorings on a cluster containing the disk. This observation makes the argument more
involved, since we need to divide every X,, into two subsets, X =, and different definitions
and estimates are used in each of them. Besides this difficulty, the proof becomes quite
complex with the arguments about repetitivity. It may be interesting to focus in the limit
aperiodicity at first reading, omitting the arguments about repetitivity (Section and
its further use).

For the sake of brevity, a preliminary part of the construction of X,, concerning
repetitivity, is shown in the companion paper [5]; actually, a version for Riemannian
manifolds is proved there, and the case of graphs involves simpler arguments.

Despite its complexity, the proof only uses elementary tools, and it would be much
simpler without achieving the optimal number of colors.

1.1.6 First applications

As first straightforward applications, we derive some versions of Theorem for edge
colorings and for more general graphs, and the existence of limit aperiodic and repetitive
tilings. In Chapter[3] we will give a more involved application of Theorem [I.1.4]concerning
the realization of manifolds as leaves of compact foliated spaces.

1.1.6.1 Limit aperiodic and repetitive edge colorings

The notions of aperiodicity, limit aperiodicity and repetitivity have obvious analogues for
edge colorings of a connected simple graph X. The analogue of D(X) for edge colorings
is called the distinguishing index [15], and denoted by DI(X). When X is infinite, it
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makes sense to consider the obvious versions of Dy (X) and Dgy(X) for edge colorings,
denoted by DI (X) and DIgy(X), and called (repetitive) limit distinguishing index.

Recall that the line graph X' of X is defined as follows: the vertices of X’ are the
edges of X, and two vertices of X’ are joined by an edge if they are edges of X meeting
at some vertex; thus the edges of X’ can be also identified to the vertices of X. Note
that X’ is connected and simple, deg X’ < 2(deg X — 1), and

DI(X)=D(X'), DI, (X)=Dy(X"), DIgy(X)=Dprr(X").
Then the following is a direct consequence of Theorem [1.1.4]

Corollary 1.1.5. If X is an infinite connected simple graph, then DI (X), DIg (X)) <
2(deg X —1).

However, Corollary is not very satisfactory. Its estimate can be surely improved
by adapting the proof of Theorem [1.1.4] probably obtaining DIy (X), DIg.(X) < deg X.
We hope to prove this in another publication.

1.1.6.2 Extension to general graphs

Now, let Y be a (countable) general graph (with finite vertex degrees); namely, Y may
have a partial direction, multiple edges, and loops. Assuming that Y is connected, there
are obvious extensions of the concepts of Sections|1.1.4/and[1.1.6.1| to this general setting.
There is an induced undirected simple graph Y with the same vertex set, where the partial
orientation and loops are forgotten, and with a single edge between every pair of adjacent

vertices in Y. Clearly, D(Y) < D(Y) and D (Y) < D.(Y).

Corollary 1.1.6. If Y is an infinite connected general graph, then Dp(Y), Drp(Y) <
degY’.

The inequality Dz (Y) < degY is a direct consequence of Theoremsince Dp(Y) <
Dp(Y). B

The inequality Dgp(Y) < degY follows with a small modification of the proof of
Theorem . Namely, the sets €2, must be defined using isometries between disks of Y
induced by isomorphisms between subgraphs of Y. Then the isometries b, , between disks
of Y, constructed according to Section , can be assumed to be induced by isomorphisms
between subgraphs of Y. The rest of the proof can be obviously adapted.

For example, with the notation of Section [1.1.3] we can consider the Schreier graph
Y defined by G, S and any subgroup H < G. It is a general graph whose vertex set is
H\G, where the edges between vertices Ha and Hb are given by the elements s € S with
Has™ = Hb. By Corollary , Y has some limit aperiodic vertex coloring by degY
colors. Note that degY < |S)|.

1.1.6.3 Limit aperiodic and repetitive tilings

Let us recall the general definition of tiling given in [14] (see also [28]). We use the
term n-complexr for a connected topological space with a simplicial complex structure of
dimension n. A set of prototiles T = (T,F) consists of a finite collection T of compact
metric n-complexes, called prototiles, and a collection J of subcomplexes of dimension
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< n, called faces, together with an opposition involution o : F — F. A tiling or tessellation
a of a metric space X by T is a collection of isometries ay : tx C X — t), € T, where
every t, is called a tile with faces defined via ay, such that:

[ ] X = U)\ t,\;
e the complement in ¢, of its faces is Int(ty) in X;

o if Int(t)\ Uty) # Int(ty) UInt(ty ), then ¢y and ¢y intersect along a face, f in ¢, and
o(f) in ty; and

e there are no free faces of t,.

Similarly, we can define a set of colored prototiles by endowing T with a coloring ¢,
and a set of prototiles with colored faces by endowing F with a coloring v preserved by
the opposition map. Then we get the corresponding definitions of (tile-) colored tiling by
(T,0) = (7,5, ¢) and face-colored tiling by (T,1) = (T,F, ). These concepts can be also
described by colorings of {t,}, and colorings of the set of intersections ¢, Nty along faces.
Like G, and G, (Section , the sets of tilings of X by T, colored tilings of X by (T, ¢)
and face-colored tilings of X by (7,%) can be endowed with topologies after choosing a
distinguished point of X, and there are obvious versions of aperiodicity, limit aperiodicity
and repetitivity for tilings, colored tilings and face-colored tilings, using isometries of the
ambient metric spaces [13|[28,/56]. Like in the case of groups (Section [L.1.3), refined
versions of these concepts can be given using some subgroup of isometries, obtaining a
weaker version of (limit) aperiodicity and a stronger version of repetitivity; for instance,
if X is a Lie group, it is natural to use its left translations.

Every tiling a of X by T defines a connected undirected simple graph G whose vertices
are the tiles of a, with an edge between two tiles if they meet along a face. Thus G is
infinite just when X is not compact, and deg GG is bounded by the maximum number of
faces of the prototiles in T, which is bounded by |F|. Therefore the following is a direct

consequence of Theorem and Corollary [1.1.5]

Corollary 1.1.7. Suppose that X is not compact, and let A denote the maximum number
of faces of the prototiles in T. Then any (repetitive) tiling of X by T has a (repetitive)
limit aperiodic tile-coloring by A colors, and a (repetitive) limit aperiodic face-coloring
by 2(A — 1) colors.

Since the face-colorings can be geometrically realized by dovetailing the faces, we get
the following.

Corollary 1.1.8. With the notation and conditions of C’omllary if X has a (repet-
itive) tiling by T, then it has a (repetitive) limit aperiodic tiling by at most |T|A2(A —1)
prototiles.

For example, let M be any regular covering of a compact Riemannian n-manifold M,
let I" denote its group of deck transformations, and let ¢ be a fundamental domain. Then
the ['-translates of ¢ form a repetitive periodic tiling of M by the prototile t. Here, every
face f of t corresponds to an element ~; € I' such that t N yst = f. These elements v

form a generating set S of I'. By Corollary m, it follows that M has a repetitive limit
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aperiodic tiling by at most 2|S|(|S| — 1) prototiles; in particular, every hyperbolic space
H™ has a repetitive limit aperiodic tiling by finitely many prototiles (cf. [14,28]).

With more generality, let I' be a discrete group acting by isometries properly and
cocompactly on a metric space X. For any fixed x € X, the orbit 'z is a Delone set in
X, and the corresponding Voronoi cells,

Vie={y € X |d(y,yr) <d(y,Tz)} (yel),

form a repetitive periodic tiling of X by one prototile (all tiles are isometric). Let A
denote the number of faces of these tiles. Then, by Corollary [[.1.7, X has a repetitive
limit aperiodic tiling by at most 2A(A — 1) prototiles (cf. [28]).

In Corollaries [1.1.7] and [1.1.8] and in the previous examples, the number of colors or
prototiles would be improved by the expected improvement of Corollary [1.1.5

1.2 Realizability of manifolds as leaves

The results of this section will be also in the publication |5, which are the main application
of Theorem [L.1.4

1.2.1 Realization of manifolds as leaves

Sondow [64] and Sullivan |65] began the fundamental study of which connected manifolds
can be realized as leaves of foliations on compact manifolds. A manifold is called a leaf or
non-leaf if the answer is positive or negative, respectively. In codimension one, Cantwell
and Conlon [22] have shown that any open connected surface is a leaf, whereas Ghys [32],
Inaba et al. [43], and Schweitzer and Souza [61] constructed non-leaves of dimension 3
and higher. Other non-leaves in codimension one, with exotic differential structures, were
constructed by Menifio Cotén and Schweitzer |50].

Any leaf of a foliation on a compact Riemannian manifold M is of bounded geometry,
and its quasi-isometry type is independent of the metric on the ambient manifold. Thus
it is also natural to study which connected Riemannian manifolds of bounded geometry
are quasi-isometric to leaves of foliations on compact manifolds. This metric version of
the realization problem was studied by Phillips and Sullivan [54], Januszkiewicz [44],
Cantwell and Conlon [19-21], Cass [23], Schweitzer [59,/60], Attie and Hurder [11], and
Zeghib [66], constructing examples of non-leaves in codimension one and higher.

This realization problem can be also considered using compact (Polish) foliated spaces.
On foliated spaces, differentiable structures or Riemannian metrics refer to the leafwise
direction, keeping continuity on the ambient space. Like in the case of foliations, any
leaf of a compact Riemannian foliated space is of bounded geometry. The converse
statement is also true, in contrast with the case of foliations; actually, any connected
Riemannian manifold of bounded geometry is isometric to a leaf without holonomy in
some compact Riemannian foliated space [6, Theorem 1.1] (see also [8, Theorem 1.5]).
Another interesting realization of hyperbolic surfaces as leaves of compact foliated spaces
was achieved in [4].
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1.2.2 Space of pointed connected complete Riemannian mani-
folds and their smooth functions

Let us recall some concepts and properties used in our main results and their proofs,
and already used in [6]. They are manifold versions of the concepts used in Section [I.1.2]
for graphs. Consider triples (M, x, f), where M is a complete connected Riemannian
n-manifold, * € M, and f : M — § is a C* function to a fixed separable (real)
Hilbert space (of finite or infinite dimension). An equivalence (M, z, f) ~ (M',2', f') is
defined when there is a pointed isometric bijection ¢ : (M, z) — (M’ z’) with ¢*f' = f.
Let JT/[ZZ be the Polish space of equivalence classes [M,z, f] of triples (M,z, f), with
the topology induced by the C* convergence of pointed Riemannian manifolds and C*
topology on smooth functions (Section [3.1.3). For any M and f as above, there is a
map iy M — M" defined by i p(z ) [M,z, f]. The images [M, f] of all possible
maps ip7,¢ form a canonical partition of M , which is considered when using saturations
or minimal sets in M” The saturauon of any open subset of M” is open, and therefore
the closure of any saturated subset of M’j is saturated. It is said that (M, f) (or f) is:

aperiodic if iy s is injective (idy is the only isometry of M that preserves f);
limit aperiodic if (M’, f’) is aperiodic for all [M’, 2', f'] € [M, f]; and

repetitive if, roughly speaking, every ball with the restriction of f is approximately
repeated uniformly in M.

When [M , f] is compact, the repetitivity of (M, f) means that [M, f] is minimal (Propo-
sition

If we only use immersions f : M — §, we get a subspace M* imm C ﬁf, which is a
Riemannian foliated space with the canonical partition such that the maps s : M —
[M, f] are local isometries. Moreover these maps are the holonomy covers of the leaves.

If $ is of finite dimension, then [M, f] is a compact subspace of Mn, imm if and only
if M is of bounded geometry, |V f| is uniformly bounded for all m € N, and |V f]| is
uniformly bounded away from 0 (Propositions |3.1.12| and [3.1.15]).

Different versions of this space can be defined with other structures, with similar basic
properties. For instance, by forgetting the functions f in the construction of M7, we get
a partitioned Polish space M?. In [1], a partitioned Polish space CM? is defined like
M7 by using distinguished closed subsets of the Riemannian manifolds, whose topology
also involves the Chabauty (or Fell) topology on the families of closed subsets. An easy

refined version CM?” of CM? can be defined by using locally constant colorings of closed

subsets. In Section ﬂ, we have also used similar partitioned Polish spaces, G, and §*,
defined with connected simple (colored) graphs. In this sense, we will also use (limit)
aperiodicity and repetitiveness for complete connected Riemannian manifolds, for their
(colored) Delone subsets, and for (colored) graphs.

1.2.3 Main results about realization of manifolds as leaves

In this paper, we realize manifolds as leaves of matchbox manifolds, which are the compact
connected foliated spaces with zero-dimensional local transversals. Moreover we trivialize
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the holonomy group of all leaves, and characterize the possibility of minimality. The
following is our main result.

Theorem 1.2.1. Any (repetitive) connected Riemannian manifold of bounded geometry
is isometric to a leaf in a (minimal) Riemannian matchbox manifold without holonomy.

Besides achieving realization in matchbox manifolds, Theorem improves |6, The-
orem 1.1] by removing holonomy from all leaves, and achieving minimality in the case of
repetitive manifolds. Thus Theorem implies the converse of the following implica-
tion: in any minimal compact Riemannian foliated space, all leaves without holonomy
are repetitive (Proposition [3.1.16)).

For example, Theorem [1.2.1] can be applied to any complete connected hyperbolic
manifold with positive injectivity radius. It can be also applied to any connected Lie
group with a left invariant metric. Some of them are not coarsely quasi-isometric to
any finitely generated group [24,30], obtaining compact, minimal, Riemannian matchbox
manifolds without holonomy whose leaves are isometric to each other, but not coarsely
quasi-isometric to any finitely generated group.

Since any smooth C'*° manifold admits a metric of bounded geometry [34], it follows
from Theorem that any C* connected manifold can be realized as a leaf of a C'™°
matchbox manifold without holonomy. For instance, this is true for the exotic 4-manifolds
that are non-leaves in codimension one [50].

In Theorem [1.2.1] the realization of leaves in smooth matchbox manifolds without
holonomy is relevant because they are homeomorphic to a projective limit of maps be-
tween compact branched manifolds [3,[26]. This was generalized to arbitrary matchbox
manifolds in [48], but the proof has a gap, even though the result might be correct.

In the following consequences of Theorem [I.2.1] the realization of a Riemannian man-
ifold as a leaf is achieved with some additional properties, but losing the density of that
leaf.

Corollary 1.2.2. Any non-compact connected Riemannian manifold of bounded geometry
18 isometric to a leaf in some Riemannian matchbor manifold without holonomy that has
a complete transversal homeomorphic to a Cantor space.

Since minimal matchbox manifolds have complete Cantor transversals, Corollary
is a direct consequence of Theorem if the manifold is repetitive. Otherwise its proof
needs some work.

Corollary 1.2.3. Let M be a connected Riemannian manifold of bounded geometry, and
let M be a regular covering of M. Then M is isometric to a leaf with holonomy covering
M in a compact Riemannian matchboxr manifold.

A more difficult problem is the description the pairs (M, M ) that satisfy the statement
of Corollary with a minimal compact foliated space. In this sense, Cass [23] has
given a quasi-isometric property satisfied by the leaves of compact minimal foliated spaces
without restriction on the holonomy.

Additional properties have been considered in the realization problem: Schweitzer
and Souza [62] constructed connected Riemannian manifolds of bounded geometry that
are not quasi-isometric to leaves in compact equicontinuous foliated spaces; Hurder and
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Lukina used a coarse quasi-isometric invariant, the coarse entropy, to estimate the Haus-
dorff dimension of local transversals when applied to leaves of compact foliated spaces;
and Lukina [49] has studied the Hausdorff dimension of local transversals in a foliated
space.

1.2.4 Ideas of the proofs
The proof of Theorem has two steps. In the first one (Theorem [3.4.1)), we realize M

as a dense leaf of a (minimal) compact Riemannian foliated space X without holonomy.
According to Section , this is achieved with X = [M, f] for some (repetitive) limit
aperiodic C* function f : M — $), where ) is of finite dimension, such that |V f| is
bounded for all m € N, and |V f| is bounded away from zero. This idea was already
used in the proof of [6, Theorem 1.1], with less conditions on f. In the construction of
f (Proposition , an important role is played by a Delone subset X C M, which
becomes a (repetitive) connected graph of finite degree by attaching an edge between any
pair of close enough points. Then f is defined using normal coordinates at the points
of X, and a (repetitive) limit aperiodic coloring ¢ of X by finitely many colors. The
existence of ¢ is guaranteed by Theorem . Actually, (M, X, ) must be repetitive
when M is repetitive, which requires a closer look at the proof of Theorem for this
particular graph X (Proposition .

At this point, there is an interdependence between this chapter and Chapter[2] kept for
the sake of brevity. The proof of Proposition uses Theorem m (its graph version)
and some preliminary results about repetitivity on Riemannian manifolds (Section .
Graph versions of those preliminary results are also needed in Chapter [2], but their proofs
are simpler than in the manifold versions (Section . Therefore those proofs are only
given in this chapter for manifolds.

In the second step of the proof, we construct a (minimal) matchbox manifold 9t
without holonomy and a foliated projection 7 : 901 — X whose restrictions to the leaves are
diffeomorphisms (Theorem . Then X can be replaced with 9t by considering the lift
of the Riemannian metric of X to . The construction of 91 uses simple expressions of the
local transversals of X as quotients of zero-dimensional spaces. This idea is implemented
by using again the space MY, .

The proofs of Corollaries|1.2.2|and [1.2.3| use the following common procedure. Given a
compact foliated space X and a Polish flat bundle F over some leaf M with non-compact
locally compact fibers, we can attach E to X, obtaining a new compact foliated space X’
(Section . This is applied to the matchbox manifold 9t given by Theorem ,
using an aproprite choice of E to get the additional property stated in each corollary.







Chapter 2

Graph colorings

2.1 Preliminaries

Let us recall some basic definitions and elementary results about graphs and its metric
properties. Short proofs are indicated for completeness.

2.1.1 Partitioned spaces

Let X be a topological space equipped with an equivalence relation R. It may be said
that (X, R) is a partitioned space.

Lemma 2.1.1. If the saturation of any open subset of X is open, then the closure of any
saturated subset of X s saturated.

Proof. For any saturated A C X, let 2 € A and y € R(z). For every open neighborhood
U of y, its saturation R(U) is an open neighborhood of x, and therefore R(U) N A # ().
Since A is saturated, it follows that U N A # (). This shows that y € A, and therefore A
is saturated. O

The properties indicated in Lemma [2.1.1} are well known for the equivalence relations
defined by continuous group actions or foliated structures.

Like in the case of group actions or foliations, a minimal set A in X is a non-empty
closed saturated subset that is minimal among the sets with these properties—this min-
imality is achieved just when every equivalence class in A is dense in A.

Given another partitioned space (Y,;8), a map f : X — Y is said to be relation-
preserving if f(R(z)) C 8(f(x)) for all x € X. The notation f : (X,R) — (Y,8) is used
in this case.

2.1.2 Metric spaces

Let X be a metric space. For x € X and r € R, let S(z,7) ={y € X | d(z,y) =1},
B(z,r) ={y € X | d(z,y) < r} and D(z,r) = {y € X | d(z,y) < r} (the sphere,
and the open and closed balls of center z and radius r) (the sphere and disk of center x
and radius 7). For s > r > 0, the set C(x,r,s) = D(x,s) \ D(x,r) is called a corona.

13
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For Q C X, its closed penumbmﬂ of radius r is CPen(Q,r) = {y € X | d(Q,y) < r};
in particular, CPen(B(z,r),t) C B(z,r 4+ t) and CPen(D(z,7),t) C D(z,r + t) for all
r,t > 0, and the equalities hold when X is a length space [16}36]. We may add X as a
subindex to all of this notation if necessary. It is said that @ is (K-) separated if there
is some K > 0 such that d(z,y) > K for all x # y in Q. On the other hand, @ is said
to be (C-) relatively denseﬂ in X if there is some C' > 0 such that CPen(Q,C) = X. A
separated relatively dense subset is called a Delone subset.

Lemma 2.1.2. If X = |J)_,Qn, where Qy C Q1 C --- and every @, is K-separated,
then X is K-separated.

Proof. Given z # y in X, we have z,y € @, for some n, and therefore d(z,y) > K. [

Lemma 2.1.3 (Alvarez-Candel 9, Proof of Lemma 2.1]). A mazimal K -separated subset
of X 1is K-relatively dense.

Lemma has the following easy consequence using Zorn’s lemma.

Corollary 2.1.4 (Cf. |10, Lemma 2.3 and Remark 2.4]). Any K-separated subset of X
15 contained in some maximal K-separated K -relatively dense subset.

Recall that X is said to be proper is its bounded sets are relatively compact; i.e., the
map d(z,-) : X — [0,00) is proper for any x € X.

Definition 2.1.5. For A C X and € > 0, a subset B C X is called an e-perturbation of
A if there is a bijection h: A — B such that d(z, h(z)) < ¢ for every x € A.

The following result is an elementary consequence of the triangle inequality.

Lemma 2.1.6. Let A C X and let B C X be an e-perturbation of A. If A is n-relatively
dense in X forn > 0, then B is (n + ¢)-relatively dense in X. If A is T-separated for
T > 2¢, then B is (T — 2¢)-separated.

2.1.3 Graphs

An (undirected) simple graph X = (X, E) is a set X and a family F of subsets e C X
with cardinality |e] = 2. The term “simple” refers to the existence of no loops and of at
most one edge joining any pair of vertices. The elements of X and FE are called vertices
and edges, respectively. If an edge e contains a vertex x, it is said that e connects to x
(or e meets x, or e and x are incident). The degree (or valency) degx of a vertex x is
the number of edges connecting to x. The degree of X is deg X = sup,.x degz. Two
different vertices are adjacent if they define an edge. Two different edges are consecutive
if they have a common vertex. For n € N (we assume that 0 € N), a path of length n
from x to y in X is a sequence of n consecutive edges joining x to y; in terms of their
vertices, it can be considered as a sequence (2o, ..., z,), where zp = x, z, = y, and z;_;

!The penumbra Pen(Q,r) usually has a similar definition with an strict inequality. On graphs it is
more practical to use non-strict inequalities.

2A C-net is similarly defined with the penumbra. If reference to C is omitted, both concepts are
equivalent.
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and z; are adjacent vertices for all ¢ = 1,...,n. If any two vertices of X can be joined
by a path, then X is called connected. The topological and geometric properties of X
indeed refer to its geometric realization.

On any Y C X, we get the induced graph structure E|y = {{z,y} € F | z,y € Y }.
Then Y = (Y, E|y) is called a subgraph of X. By Zorn’s lemma, there are maximal
connected subgraphs of X, called connected components, which form a partition of X.
Any connected subgraph of X is contained in some connected component of X.

Let X' = (X', E’) be another graph. An bijection X — X' is an isomorphism (of
graphs) if it induces a bijection £ — E’. Given distinguished points, 2o € X and z; € X/,
a (pointed) isomorphism f: (X, xy) — (X', zp) is an isomorphism f : X — X’ satisfying
f(xo) = x. If there is an isomorphism X — X’ (respectively, (X, zo) — (X', x)), then
these structures are called isomorphic, and the notation X = X' (respectively, (X, zq) =
(X', z;)) may be used. The composition of isomorphisms is another isomorphism. An
isomorphism X — X (respectively, (X,z¢) — (X,x¢)) is called an automorphism of
X (respectively, (X, zp)). The group of automorphisms of X (respectively, (X, zg)) is
denoted by Aut(X) (respectively, Aut(X,zo)).

Assume from now on that X is connected. Then we get a metric space X = (X, d),
where d is the N-valued metric defined by declaring d(x,y) to be the minimum length of
paths in X from x to y. The following property is easily verified:

Ve,y € X, Vm,n € N, d(z,y) =m+n—=—= 3z € X |d(x,2) =m, d(y,z) =n. (2.1.1)

Note that £ = {{z,y} | 2,y € X, d(z,y) = 1}. Therefore F and d are equivalent
objects; in fact, this correspondence defines a bijection between the families of connected
graph structures and N-valued metrics satisfying . Thus an isomorphism between
connected graphs is the same as an isometry, and both of these terms will be indistinctly
used. A path (ug,...,u,) in X is called a minimizing geodesic segment if d(ug, u,) = n.
By , there exists a minimizing geodesic segment joining any pair of vertices.

The terminology and notation of Section [2.1.2]is adopted here. Now CPen(D(z,r),t) =
D(xz,r +t) for r,t € N by (2.1.1)). Note that D(z,r) is connected. More gener-
ally, CPen(Q,r) is connected if @ is connected. Note also that |S(x,0)] = 1 and
|S(z,1)| = degx. Since the metric is now N-valued, Lemma and Corollary can
be restated for graphs as follows.

Lemma 2.1.7. A mazimal K-separated subset Q) is (K — 1)-relatively dense in X.

Corollary 2.1.8. Any K -separated subset of X is contained in some mazimal K -separated
(K — 1)-relatively dense subset.

On any connected Y C X, two canonical metrics can be considered, dy (defined by
Ely) and the restriction of dy. Clearly, dx < dy on Y.

Lemma 2.1.9. Let Y = CPen(Yy, 7) for a connected Yo C X andr € N. Then dy(x,y) =
dx(z,y) for all x,y € Yy with dx(x,y) < 2r.

Proof. Let (ug,...,u,) be a minimizing geodesic segment of X between x,y € Y, of
length n < 2r. Then dx(z,v;),dx(y,u;) < rif i,n —j <r, yielding ug,...,u, € Y. So
(ug, ..., uy,) is a path in Y, and therefore dy (z,y) < n = dx(z,y). O



16 Chapter 2. Graph colorings

Corollary 2.1.10. With the notation of Lemma[2.1.9, let A C Yy and 2r > K € Z*.
Then A C Yy is K-separated with respect to dy if and only if it is K-separated in dy.

Definition 2.1.11. For connected Y, Z C X and m € N, amap f: X — Y is called an
m-short scale isometry if dz(f(z), f(y)) = dy(x,y) for all x,y € Y with dy(z,y) < m.

The above definition is also valid for maps between arbitrary metric spaces.

Corollary 2.1.12. Let Y = CPen(Yy,r) and Z = CPen(Zy,r) for connected Yy, Zy C X
andr € N, and let 2r > m € N. If f:Y — Z is a graph isomorphism with f(Yy) = Zo,
then f : Yy — Zy is an m-short scale isometry with respect to the restrictions of dx.

Proof. For z,y € Yy with dx(z,y) < m < 2r, we have dy (z,y) = dx(z,y) by Lemma[2.1.9]
So dy(x,y) = dz(f(x), f(y)) since f: Y — Z is an isomorphism. Thus dz(f(z), f(y)) <

2r, and therefore dz(f(z), f(y)) = dx(f(z), f(y)) by Lemma [2.1.9 because f(z), f(y) €
Zy. Finally, we get dx(z,y) = dx(f(z), f(y))- O

Corollary 2.1.13. For z,y € X and r € N, if h: (D(z,2r),z) — (D(y,2r),y) is a
pointed isomorphism, then h: D(xz,r) — D(y,r) is an isometry with respect to the re-
strictions of dx.

Lemma 2.1.14. If every vertex of X is adjacent to a countable set of vertices, then X
15 countable.

Proof. Given any z € X, since X = J2,S(z,r), it is enough to prove that S(z,r) is
countable for all » € N. This is done by induction on r. We have S(z,0) = {z}, and
S(z, 1) is countable by hypothesis. If S(z,7) is countable for some r € N, then S(s,r+1)
is also countable because it is contained in |J, cg(, .y Sy, 1). O

Lemma 2.1.15. The vertices of X have finite degree if and only if its disks are finite.

Proof. The “if” part is true because |D(z,1)] = 1+ degx for all x € X. Now, assume
that the vertices have finite degree, and let us show that |D(x,r)| < oo for all z € X
and r € Z*. This follows by induction on r using that D(z,r 4+ 1) = CPen(D(z,r), 1)

by (2.1.1). O

The disks of X are finite just when X is a proper metric space, in the sense that its
closed disks are compact.

Lemma 2.1.16. If X is unbounded, then |S(x,r)| > 1 for allz € X and r € N.
Proof. By (2.1.1)) and since X is unbounded, we have S(z,r) # ) for all » € N. O

Corollary 2.1.17. If X is unbounded, then |D(x,r)| > r+1 and |C(z,7,s)| > s —1r for
allz € X andr < s in N.

Proof. Apply Lemma [2.1.16| to the expressionﬂ D(z,r) = |Ji_o S(x,i) and C(z,r,s) =
Uf:r+1 S(I, Z) L

Now, suppose also that A := deg X < oo. Since X is connected, it is a singleton if
A =0, and it has two vertices if A = 1. Thus assume A > 2.

3A dotted union symbol is used for unions of disjoint sets.
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Lemma 2.1.18. |S(z,7)| < AA —=1)""! forallx € X and r € Z™.

Proof. The vertex x is adjacent with at most A vertices, which form S(x,1). For all
r € Z*, any y € S(x,r) is adjacent with at least one vertex in S(z,r — 1) by ,
and therefore y is adjacent to at most A — 1 vertices in S(x,r + 1). Then the inequality
1S(z,7)] < A(A — 1) follows easily by induction on r. O

Corollary 2.1.19. Let x € X and r € Z*. Then

1420 ifA=2
|D(x,r)] < ¢3-2" if A=3
A1) ifA>3.

Proof. Applying Lemma [2.1.18| to the disjoint union D(z,r) = |J;_,S(z,i), we get
|D(xz,r)] <14 2rif A =2 and

D) <14 A=)~ AA—1y -2

A—2 A -2
if A > 3. But
A(A_l)T_Q—?) 2 —2<3.9
A—2 N
if A =3, and
AA-1)" =2 AA-1)" -1 A(A=1)
2 4 =4(A - 1)"
A_2  ° A1 ° A (A-1)
if A > 3 because )
u2v21:>2u+ >E. O
v+ 1 v

Lemma 2.1.20. If A is a K-separated (K — 1)-relatively dense subset of X for some
K € Z*, then |A| > | X|/AK.
Proof. We have X C |J,4 D(a, K — 1), yielding |X| < Y, |D(a, K — 1)|. By Corol-
lary 2.1.19] for a € A,

|ID(a, K —1)| <1+2(K —1) < 2K if A=2,

|D(a, K —1)] <3-2871 < 3% if A =3,

|ID(a, K —1)] <4(A-1DF T <AA-D)E <A ifA>3. O

2.1.4 Colorings

A coloring of a set X (by a set F' “of colors”) is a map ¢ : X — F. The pair (X, ¢)
is called a colored set. The sets of colors F' will usually be a finite initial segmenﬁ of N,
denoted by [M] = {0,..., M — 1} for some M € N.

4Recall that a subset S of an ordered set (Z, <) is called an initial segment if, for all s € S and z € Z,
z < s implies z € S.
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Let X be a simple graph. A coloring of its vertex set, ¢ : X — F, is called an (F-)
(vertex) coloring of X, and (X, ¢) is called an (F'-) colored graph. If zq € Y C X, then
the simplified notation (Y, ¢) = (Y, ¢|y) will be used. The following concepts for colored
graphs are the obvious extensions of their graph versions: (pointed) isomorphisms, de-
noted by f : (X,¢) — (X', ¢') and f : (X, z0,0) — (X', 2(,¢), isomorphic (pointed)
colored graphs, denoted by (X, ¢) = (X', ¢') and (X, xg, ¢) = (X', 2, ¢'), and automor-
phism groups of (pointed) colored graphs, denoted by Aut(X, ¢) and Aut(X, zg, ¢).

Consider only colorings by F. Let §* = §*(F) be the se - of isomorphism classes,
(X, x, ¢], of pointed connected colored graphs, (X, z, ¢), whose vertices have finite degree.
For each R € Z™*, let

[73 = {<[X7x,¢]v [Ya 3/71”) S /gz ‘ (DY(ya R>7y7w) = (DX(va)vxu (b)} :

These sets form a base of entourages of a uniformity on §*, which is easily seen to be
complete. Moreover this uniformity is metrizable because this base is countable.

Note that the degree map deg : G, — Z*, [X, x, ¢] — degx, and the evaluation map
ev: G, — F, [X,z,¢| — ¢(x), are continuous. Suppose that F' is countable. Then G, is
separable because the elements [ X, x, ¢|, where X is finite, form a countable dense subset.
Thus §* becomes a Polish space. R

For any connected simple colored graph (X, ¢), there is a canonical map ix 4 : X — G,
defined by ix4(x) = [X,x,¢]. its image, denoted by [X, ¢], has an induced connected
colored graph structure, and all of these images form a canonical partition of G,.. As we
will see in Lemma for a similar space, we get that the saturation of any open subset
of G, is open, and therefore the closure operation preserves saturated subsets of G,; in
particular, [X, ¢] is saturated. The following result indicates the role played by graphs
with finite degrees, colored by finitely many colors.

Proposition 2.1.21. The closure [X, ¢| is compact if and only if deg X, |im ¢| < oo.

Proof. The “if” part follows using that, if deg X, |im ¢| < oo, then, for each R € Z™,
the pointed colored disks (Dx(z, R),z,¢) (x € X) represent finitely many pointed iso-
morphism classes [Dx(z, R),z,$]. The “only if” part follows using the continuity of
deg:g*—>Z+andev:/9\*—>F. O

It is said that (X, ¢) (or ¢) is aperiodic (or non-periodic) if Aut(X, ¢) = {idx }, which
means that iy, is injective; otherwise, it is said that (X, ¢) (or ¢) is periodic. More
strongly, (X, ¢) (or ¢) is called limit aperiodic if (Y, 1)) is aperiodic for all [V, y, ¥] € [X, ¢].
If X is finite, aperiodicity is equivalent to its limit aperiodicity, and an aperiodic coloring
of X by finitely many colors can be easily given. If X is infinite, limit aperiodic colorings
by finite finitely many colors are much more difficult to construct. The following lemma

will be useful for that purpose.
Lemma 2.1.22. (X, ¢) is limit aperiodic if and only if, for all sequences, x;,y; in X and
R;, S; 1 o0 in ZT, and pointed isomorphisms,
fi : (D(xh Rz)7 X, ¢) - (D(xi-i-la Rl)’ Tit1, ¢) )
hi : (D(xm Si)vxia ¢) - (D(yzu Sz)7y17¢> )

5The graphs X are countable (Lemma[2.1.14)), and therefore we can assume that their underlying sets
are contained in N. In this way, G, becomes a well defined set.
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such that d(x;,y;) + S; < Ry, fi(yi) = yit1, and the diagram

D(2i41, Sit1) L, D(yit1, Siv1)
fZT T 5 (2.1.2)
D(x;,8) —=  D(y:S)
is commutative, we have that, either x; = y; for i large enough, or limsup; d(x;,y;) = oc.

Proof. This follows easily from the definition of the topology of §* n

Remark 1. In Lemma [2.1.22] the case of bounded sequences x;, y; characterizes the ape-
riodicity of X. Thus the case of unbounded sequences x;,y; describes when (Y, ) is
aperiodic for all [Y,y, ] € [X, o]\ [X, ¢].

On the other hand, (X, ¢) (or ¢) is called repetitive if there is some point p € X and
a sequence R; 1 oo in Z* such that the sets

{37 eX | [D<pa Rz)7p>¢] = [D(xaRi)wTa ¢]}

are relatively dense in X. This property is clearly independent of the choice of p. If
(X, ¢) is repetitive, then [ X, ¢| is minimal, and the reciprocal also holds when [X, ¢] is
compact, as we will see in Proposition for an analogous setting.

There are obvious versions without colorings of the above definitions and properties,
which can be also described by taking |F| = 1. Namely, we get: a Polish space 9.,
canonical continuous maps tx : X — G, tx(x) = [X,z], whose images, denoted by
[X], define a canonical partition of G, and the concepts of non-periodic (or agerz'odz’c),

limit aperiodic) and repetitive graphs. The forgetful (or underlying) map u : G, — G,
u([X,z,¢]) = [X,z], is continuous. If X is repetitive, then [X] is minimal, and the
reciprocal also holds when m is compact. The closure m is compact if and only if
deg X < oo. Then, as we will see in Proposition for a similar setting, we obtain
that m is compact if and only if deg X < oo and im ¢ is compact. By Lemma 7
the space G, is a subspace of the Gromov space of isomorphism classes of pointed proper
metric spaces [35], [36, Chapter 3]. The obvious versions of Lemma and Proposi-
tion in this setting follow by considering a constant coloring.

For R > 0 and A > 1, an (R, \)-pointed partial quasi-isometry (shortly, an (R, \)-
p.p.q.i.) between pointed graphs, (X, z) and (Y, y), is a A-bilipschitz pointed partial map
h: (X,z) — (Y,y) such that D(z, R) = domh and D(y, R/\) C im h.

Proposition 2.1.23. Let h: (X,z) — (X,y) be an (R,\)-p.p.q.i. and h': (X,z) —
(X,y') an (R',N)-p.p.q.i. Then h™': (X,y) — (X,x) is n (A\"'R,\)-p.p.q.i. If R\ +
d(z,y) < R, then K o h: (X, x) — (X, 1 (y)) is an (R, A\\N)-p.p.q.1.

The following is a simple consequence of the fact that graph metrics take integer
values.

Proposition 2.1.24. Let 1 < A <2 and R > 0. Any (R,\)-p.p.q.i. h: (X, z) — (Y,y)
between pointed graphs defines a pointed graph isomorphism h : (domh,x) — (imh,y).
In particular, it defines an (R/\,1)-p.p.q.i. (X,z) — (Y,y).
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Corollary 2.1.25. A colored graph (X, ¢) is repetitive if and only if (M, f) (or f) is
said to be repetitive if, given any p € X, for all R > 0 and A > 1, the set

{x € X | 3 a color preserving (R, \)-p.p.q.i. h: (X, p,¢) — (M, x,¢) }

1s relatively dense in M.

2.1.5 A refinement of the main theorem
Using Lemma [2.1.22] Theorem follows from the following.

Theorem 2.1.26. Let X be an infinite connected simple graph with A = deg X < oo.
Then the following properties hold for any sequence €, 1 oo in Z*:

(i) There are:
e a sequence 0, in ZT, with every ¢, depending only on A, &,, for m < n, and
Om for m < n; and

e a coloring ¢ of X by A colors, depending on the sequence €,;

such that, for all x,y € X andn € N,
0 <d(z,y) <e, = [D(x,0,),x,0| # [D(y,),y, | .

(ii) Suppose that, for some p € X and some sequences t, T oo and w, in Z*, with every
t, large enough depending on A and €, for m < n, the sets

Q, ={z e X |[[D(z,v) 2 dx] = [D(p,tn),p,dx] }
are wy-relatively dense in X. Then there are:
e a sequencer, T oo in Z*, with every r,, depending on A, €, and w,, form < n,

and r,, form <mn;

e a sequence o, in ZT, with every o, depending on A, €,, and w,, for m < n,
and r,, and o, for m <n; and

e a coloring ¢ by A colors, depending on the sequences €, and t,;

such that ¢ satisfies with some sequence 0,, and the sets

Qn = {1’ € X | [D(ZL', Z?:O Ti)7 xz, ¢] = [D(pv Z?:O Ti),p, ¢] }
are o, -relatively dense in X.

As indicated in Section [I.1.4] Theorem is stronger than Theorem because
On, ™, and «,, are independent of the choice of X satisfying the hypothesis.

In Theorem [2.1.26] the assumption that X is infinite can be disposed of. The same
ideas work with minor tweaks when X is a finite graph large enough depending on deg X,
refining also Theorem [I.1.1] Since the proof is already quite involved, we leave the details
to the interested reader.

Theorem [2.1.26| is equivalent to the following finitary version, where every coloring
can be explicitly constructed in a finite number of steps.
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Theorem 2.1.27. Let X be a connected infinite simple graph with A := deg X < oo.
Then the following properties hold for any sequence €, T 0o in Z7:

(i) There are:

e a sequence 0, in ZT, with every 6, depending only on A, &,, for m < n, and
Om form < n; and

e a sequence of colorings ¢~ of X by A colors, with every ¢~ depending on e,
form < N;

such that, for all x,y € X, N € Nand 0 <n < N,

0<d(x,y) <en = [D(x,6,),2,0"] # [D(y,6,),y, "] .

(i1) Suppose that, for some p € X and some sequence t,, 1 oo and w; in 7T, with every
t, large enough depending on A and &, for m <n, the sets

Qn = {{E € X | [D(:L‘7tn)7$’dX] = [D(pv tn)7p7 dX] }
are wy-relatively dense in X. Then there are:

e a sequencer, T oo in Z*, with every r,, depending on A, €, and w,, form < n,
and r,, for m < n;

e a sequence o, in ZT, with every o, depending on A, €,, and w,, for m < n,
and r,, and o, for m <n; and

e a sequence of colorings ¢~ by A colors, with every ¢~ depending on e,, and
ty, form < Ny

such that ¢V satisfies with some sequence 6,, and the sets

Q ={z€X|[D(x, Y0 i), 26" = [D(p, 1y rs).p. V] }
are ay,-relatively dense in X for 0 <n < N.

Let us derive Theorem from Theorem 2.1.27, Let X be a graph and ¢, be
an increasing sequence of positive integers satisfying the conditions of Theorem [2.1.27]
Then this result gives a sequence of colorings ¢~. The set of colorings of X by A
colors is endowed with the topology of convergence over finite subsets of X. Since the
set [A] of colors is finite, possibly passing to a subsequence, we can suppose that the
sequence of colorings ¢V converges to some coloring ¢. This means that, on any finite
A C X, the colorings ¢ and ¢” coincide for N large enough. Let us prove that ¢ satisfies
Theorem 2.1.26]

Assume by absurdity that there are some n € N and x,y € X so that 0 < d(z,y) < &,
and [D(x,4,),z,¢] # [D(y,0,),y,¢]. By the convergence of ¢, there is some N > n
such that [D(x,6,),z,¢] = [D(x,8,),z,¢"] and [D(y,d,),y, 6] = [D(y,,),y, ¢"], con-
tradicting Theorem Therefore ¢ satisfies Theorem 7 with the same

choice of sequence 9,
Suppose that, additionally, the family ¢" satisfies the conditions of Theorem 2.1.27
with a distinguished point p. Then, for any n < N and z € X, there is some y € X such
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that d(z,y) < ay, and [D(y, >0 7:),y, "] = [D(p, >_1 i), p, #~]. Assume by absurdity
that there are some n € Nand x € X such that [D(y, > " i), vy, ¢] # [D(p, i i), Ds &)
for all y € D(z,a,). By the convergence of ¢", we have that ¢ and ¢~ coincide over
D(p,> ¢ yr;)and D(y, > " r;) for every y € D(z, ,) and N large enough, contradicting
Theorem [2.1.27][(ii)} Therefore the sets

{x € X ‘ [D<:U7 Z?:O 7"]‘),.1', ¢] = [D(p, Z?:O Tj)’pv ¢] }
are ay,-relatively dense in X. So ¢ satisfies Theorem [2.1.26][(ii)} with the same choice of

sequence a,.
The rest of the paper is devoted to prove Theorem [2.1.27]

2.2 Constants

In order to prove our result, we need to define quantities depending on the sequences
appearing in the statements of Theorem that will function as a priori upper bounds
for parameters that arise in the definition of ¢. They depend on each other in non-trivial
ways, so their definitions are quite involved, which makes this section rather technical.
Let X be a graph satisfying the conditions of Theorem [2.1.26] and let ¢, be an
increasing sequence of positive integers. By induction on n € N, we are going to de-

fine sequences of positive integers, s,, 7,, 7=, 7, and 7=, and sequences of functions,

i, RE A, Ky, Kt N— Nand A,, T A, : N**' — N. First, set
So — 27—|— €0 » A_l = degX =A. (221)

The notation deg X, A and A_; will be used indistinctly, depending on the convenience.
Define 5: N — Q by
o(a) = exp, (L(a — AN — 1)/A3J) , (2.2.2)

where we use the notation exp,(r) = 2" for r € R. Let 7y be the smallest positive integer

such that )
o (Vio(io) = 6) > (4(A = 1)°86=+0 16)" (2.2.3)

Note that this is well-defined since there is a double exponential in the left-hand side of
the inequality, whereas there is a single exponential on the right-hand side. Observe also

that (Z:2.2) and (2:2.3) yield

7o > 2 (2.2.4)

because A > 2 since X is infinite. Let
o = To(3s0 + 1) . (2.2.5)
From and the fact that 7y is an increasing function we get
o <\/m—6> > 1o (\/M‘@

> (4(A _ 1)fosh@so+D) 6)2 - (4(A _1)rst 6)2 . (2.26)
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Define the remaining functions for n = 0 as follows:

RE(G) =4a—1, RE]F(G’) = CL(QS() + 3) ) A0(a> = R+( ) +1, (2 2 7)
Ag(a) =4(A = 1)@ | Ag(a) = Ao(a) . I'5(a) = Ry (a) . B
Now, given n > 0, suppose that we have defined the desired constants and functions
for integers 0 < m < n. Let 7,_; denote the n-tuple (7o, ...,7,_1). Then define
Sp = 27 + 10An_1(’lzn_1) + 2]__‘;;__1(’):”_1) +én - (228)

Let 7,,: N — Q be defined by
(@) = expy (| (a = ALy (7o y) — 1) /Aff:f"*(fn,g)J) | (2.2.9)
Then, let 7,, be the smallest positive integer so that
o (Vi) = 6) > (Ao (Fmy) — 160 4 6)2 | (2.2.10)
This is well-defined like in the case of 7y. Let

P =F(3sn + 1) . (2.2.11)

From (£2.2.3), (2.2.10) and the fact that 7, is an increasing function, we get

Mn < M (Tn) — 6> M < M (Pn) — 6>
( o 1)7%5%(35”—&—1) + 6>2
2
- ( 1 (Fry) — 1) +6> . (2.2.12)
For n € N, let a,, and a,,_; denote the (n+1) and n-tuples (ao, . .., a,) and (ag, . . ., ay—_1).

Let
R (a)=4a—1, Rf(a)=a(2s,+3), Ala)=2R!(a)+1,

-  (an)
An(a,) =4(A, (@) —1)°F : (2.2.13)

n

An(an) =[] Mila) . Tr(an) = Ry(an) - Apilan—) + T} (an) .

1=0

Note that R, is independent of n. Also, by a simple induction argument, we get, for
l=0,...,N,
Tf(ay) > R () . (2.2.14)

Lemma 2.2.1. Let n € N, and let a = (ag,...,a,) be an (n + 1)-tuple such that, for
0 <m <n, we have a,, < 7,,. Then

ansy > 20 (a,) + 6,5  aps> > 2T (a,) + e, .
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Proof. By definition of s, we have

AnSp = an(IOAn—l('Fn—l) + QI‘:—l(Fn—l) + 5n)
> 10(lnAn_1<’Fn_1) + Qrzfl(fn—l) +én .

On the other hand, using (2.2.13)) and the fact that A, _; and I’f_l are monotone in-

creasing functions on every coordinate, we have
Ff(an) < Rrj;(an) ' An—l(fn—l) + F:—l(fn—ﬁ :

Then the proof follows by showing that 10a, > 2R, (a,) and 10a,s, > 2R (a,), which
is an easy consequence of the definitions. m

Let K1 =K_;=K_1=K_, =0, and continue defining K,, and K,, by induction
on n € N as follows:

)= K 1(an_1) + An(a,)(a,s2 + a,(2s, + 1) (2.2.15)

K, ),
Ko(an) = Ko@) + An(@n) (s Ry (Fusn) + T5 (70) + 2RE () . (2:2.16)

(

Finally, for all n € N, let

a,
an,

2.3 Construction of X,

This section is devoted to the construction of subsets X,, C X, which will be used later to
achieve the repetitiveness of ¢ under the assumptions of Theorem [2.1.26][(ii)] Hence we
suppose that X satisfies the hypothesis of Theorem throughout this section.
Therefore we have a distinguished point p € X, some sequences t,, T co and w, in Z*,
with every v, large enough depending on A and ¢, for m < n, such that every set

Q= {aj €X | [D(patn)vpa dX] = [D(x’tn)7$’dX]}

is wy-relatively dense in X. Thus, for each z € (), there is a pointed isometry f, , :
(D(p.tn),p) = (D(z,t4), 7).

Some of the results of the present section will be direct applications of the results
in [5, Section 2]. For notational convenience, let alsot 1 =5 1 =t 1 =w 1 =0. We
will now define sequences s,,t, T oo and 2 > )\, | 1. Assuming this divergence is fast
enough, and possible taking a subsequence of t,, we can assume that they satisfy

t, > K, (7,) + 524, (7,) (T (7,) +n) | (2.3.1)
S, > Ay 1 (Tro1) (20, + Ko 1 (Fro1)), 3AL (70T (Frg) (2.3.2)
t, > K, (%) , (2.3.3)
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in addition to the following inequalities, which are the graph versions of Egs. (3.2.1)

to (3.2.6) of Section [3.2}

5
A — 1
S, > 20\ (ty + 51 +wn)
ty > A5ty 1+t + 5,1+ 2w, 1 + 1),

t, >

(tn 1+5n 1+t 1+2wn71+1)7

PN LA |
{’n 4%‘571—’_{71 1+A(5n l+2wn1+wn)7
>\721 < )\nfl )
b2 o t,(\> — 1)>\2 t, (N8 — 1)>\2
Th— 1()\ — 1))\71 T 1()\ — 1))\2 '

We also assume
o
[[r<2.
n=0

For n € N, define X! = {p} and b}, , = idp(s,,). In Proposition (3.2.2, we will continue
defining subsets X' C X for 0 < n < m, and pointed isometries b;".: (D(p,t,),p) —
(D(z,t,),2) for z € XI". We will use the following notation:

Pr={(l,z)eNxX|n<l<m, z€X"}.

Let < denote the binary relation on B defined by declaring (I,2) < (I',2') if | < I’
and z € b, (%f’), and let < denote its reflexive closure of <. This is actually a partial

order relation, as explained in Section with more generality. Let fnm denote the
subset of maximal elements of P™. For every (I, z) € P, there is a unique (I, ') € B,
such that (1,z) < (I',2') (see Section [3.3). The following result is a particular case of
Proposition [3.3.1] which will be proved independently of this chapter.

Proposition 2.3.1. For 0 < n < m, there are sets X' C X, and for each z € X" there is
a pointed isometry b o (D(p,t,),p) — (D(2,%t,), 2), satisfying the following properties:

(i) The set X" is an s,-separated subset of 0, N D(p, v, —t,).

z) € Py and x € X' N D(z, 1) we have by, = by, o f)fw, on D(p,t,),

o) ()

(iii) For any (1,z) € P, one has X! 0 D(z, vy + 5,) = by (XL).

(ii) For every (I
where ' :=

(iv) For any x € X)) and (1, z) € P, either d(z,z) > v, + s,, or x € b (X},).

(v) Consider integers 0 < k < such that either | < m and k > n, orl =m and k > n.
Then X}, C X}, and for any z € X}, we have b, = b} .| p(pye,)-

(vi) We have p € X7 and b}, = idppy,)-
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For n < m, let ¢": D(p,t,) — {n+1,...,m} be defined by

c(x)=min{n €Z |n<l<m, Iz€ X", x € D(z,v) } .

n

Since the set X" is 2v;-separated by Proposition and (3.2.2)), if z € D(z, ;)

for some z € X]", then z is the unique point in X} that satisfies this condition. Let
p: X" — X be defined by assigning to every x € X7 the unique point p/*(z) in Xom ()
satisfying x € D(p)' (), tem(a))-
For n € N, let <7 be the trivial order relation on X! = {p}.
Proposition 2.3.2. For 0 <n < m, there is an ordeif| relation <™ on X™ such that:
(i) p is the least element of (X7, <7);

(ii) for x,y € X, if <"(z) < *(y), then x <"y (meaning x <"y and x # y); and,

n?’

(ili) for any (1,2) € Pir, the map b} (XL, <L) — (X7 N D(z,v), X)) is order preserv-
mg.
Proof. We proceed by induction. Let <"*! be an arbitrary ordering of X"*! whose least
element is p. For m = n + 1, we have ¢*(z) = m for every x € X7 if P = (). Thus
and are trivially satisfied in this case.
Suppose now that we have defined <! when either | > n, or [ = n and k < m. Let
< be an arbitrary ordering of D(p,v,) \ U .jepm D(2,1). Then we define < using
several cases as follows:

(a) if ¢"(x) < ¢ (y), then = <" y;

(b) if ¢"(z) = ¢"(y) < m and pI'(z) = pI*(y), then x <" y if and only if

(D pm) @) 25 (0 pm) (V) 5

—~
(@)

N
—

if ¢™(z) = ¢(y) < m and p*(x) # p"(y), then <" y if and only if p(z) <7

()

(d) if ¢™(x) = ¢™(y) = m, then x <™ y if and only if = <7 y.

It can be easily checked that this is indeed an order relation, and it is obvious that it
satisfies|(i)| and . Let us prove that it also satisfies Suppose first that (1, z) € B, .
For any z,y € D(z,v;) we have ¢"(x) = ¢*(y) = [ and p"(x) = p*(y) = 2, and therefore
b, is order preserving by (b).

Suppose now that (I,z) € 7 \ B, , and let (I',2') € P, be the unique maximal
element such that ({,2) < (I',2'). Let z” = (b;*,,)~"(2). By the induction hypothesis, the
map

byt (XL, <L) = (XN D", ), =h)
is order preserving, and

by (X5, =) = (X D( ), =)

6In the order relations, it is assumed that any pair of elements is comparable. When this property is
not satisfied, we use the term partial order relation.
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is order preserving because (I, 2') € B, . Therefore
b = b ob: (X5, <L) = (X7 N D(z,u), =)
is also order preserving. O

Define

xn:U%nmv

m>n

‘Bn:U‘,Bm:{(m,a:)ENxX\n<m,x€f{m}. (2.3.4)

m>n

For n € N and z € X, there is some m > n such that + € X'. Let b,, =
me (D(p,tn),p) = (D(x,%,), z), which is independent of m by Proposition .
Let < be the binary relation on B,, defined by declaring (m,z) < (m/,2’) it m < m/
and D(z,t,) C D(2,v,,), and let < be the reflexive closure of <.
Consider the choice of t,,, 5, and t,, given at the beginning of the present section. The
following is a particular case of Proposition [3.3.2] which will be proved independently of
this chapter.

Proposition 2.3.3. For n € N, the following properties hold:
(i) The set X, is an s,-separated subset of €2, containing p.
(ii) For any (I, 2) € B,,, we have X, N D(z,v;) = b (XL).

(ili) For anyx € X,, and (I, z) € B, such that v € X,ND(z,v;), we have §,,, = b ,0by, 4
for 2’ = hle(x)

(iv) For any x € X,, and (I, 2) € B,,, either d(z,2) >t + 6,, or x € hy.(XL).
(v) Forn < m, we have X,,, C X,,, and b5 = Bzl D) for @ € X,
(vi) We have p € X,, and b,,,, = idp(p,s,)-
Remark 2. As we will see in Remark [23] if we choose relatively dense subsets
2, C{ze X |[D(ptn),p,dx] = [D(x,v0), 7, dx] }

and, for every = € (2, we choose a pointed isometry f,.: (D(x,v,),p) = (D(z,t,),Dp),
then we may assume that X,, C €2, and every map b, , is a composition of the form
Frmam ** fnizr- Note that in this case the constant w, may change. The following is a
particular case of Proposition [3.3.3, which will be proved independently of this chapter.

Proposition 2.3.4. X, s relatively dense in X and the implied constant depends only
on A, g, and w,, form <n, and ¢, for m <n.

By Propositions [2.3.1]|(vi)| and [2.3.2||(ii1), the order relations <7, m > n, define an

p—

order relation <,, on X,,. The following is a consequence of Proposition [2.3.2]

Proposition 2.3.5. Forn € N, the following properties hold:
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(i) The point p is the least element.
(i) For x,y € X, if ¢u(x) < ¢,(y), then z <, y.
(iii) For any (1,2) € P, the map by .: (X', =) — (X,ND(z,1;), =) is order preserving.

For m € N, let

m={{,2) eNxX|0<l<m, z€ X"},
Pao={(mz)eNxX|zeX,}. (2.3.5)

We can define on both of these sets the relation < by declaring (I, 2) < (I';2) if I <
and D(z,v;) C D(Z',vy). The induced reflexive closures < are partial order relations. Let
B, denote the subset of maximal elements of P™,. For every (I,z) € P, there is a
unique (I, 2') € P, such that (1,2) < (I, 2').

2.4 Construction of X,

In this section we define a sequence of nested subsets X,, C X that will constitute
the centers of the clusters used in the construction of the colorings ¢V, as explained in
Section [1.1.5l This will be used to prove Theorem [2.1.26] in full generality, so we will
assume that X satisfies the hypothesis of Theorem . If X does not satisfy this,
the same proof applies to Theorem by taking X,, = (), and therefore omitting
the use of the sets B, numbers v,, and maps by', and b, ..

For notational convenience, let

(X_l, E_l) = (X, E) y d_1 = d, r1=58_1= R:El =0 y )\_1 == A_1 =1. (241)

For n € N, we will continue defining constants r,, subsets X,, C X containing X,,, and
a connected graph structure F,, on every X,, with induced metrics d,,. Also, for z € X,
and [ € N, let D,(z,l) and S,(z,1) denote the disks and spheres of center 2 and radius
[ in (X,,d,). (Recall that, in connected graphs, we use disks defined with non-strict
inequalities.) With this notation, let n,,: N — Q be given by

(@) = {exp2 ([(a— (deg X_1)" —1)/(deg X_1)*]) ifn=0 (2.4.2)

 Lexps ([(a— (deg X, 1) = 1) /(deg X, o)™ 1*1]) ifn >0,

Suppose that, for n € N, the graphs (X,,, E,,) and constants r,, have been defined
for integers —1 < m < n. Then let r, be defined as follows:

(A) If there is some x € D, _1(p, 7n(2s, + 1)) such that
(1Dn1 (@, Fusn)l +6)* > (| Dna (2, 70)])
then let 7, = 7, (see (2.2.11)).
(B) Otherwise, let r,, = 7, (see and (2.2.10)).
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Observe that
ro > 2! (2.4.3)

by (2.2.4), (2.2.5)), [(A) and |(B). Moreover, let

Ay =An(ro, .. yrn) s A= Ap(ro,...,7m0),
I =T%(ro,...,m), K,=K.(ro,...,m), (2.4.4)
K,=K,(ro,...,m), R;—' = Ri(rn) s A= A(rn)

All functions in (2.4.4) are monotone increasing on every coordinate. So, if #,, denotes
the (n + 1)-tuple (7o, ...,7,), we get

A, (7)) <A, <ALTF), R, < RE<REF,), (2.4.5)

and so on. From (12.2.14)), (3.2.1) and (2.4.4)), it follows that

t, >TF > RE (2.4.6)
for m =0,...,n. Finally, let
TS =Tn, T =TpS, (2.4.7)
By (2:2.7), (2.:2.13), (2.4.4) and (2.4.7), we have
rt <Ry (2.4.8)

Proposition 2.4.1. For n € N, there are disjoint subsets X7, X~ C X and a graph
structure E, on X, := X, U X, such that the following properties are satisfied:

(i) X, C X, C Xp_1.
(i1) For all (m,z) € PB,—1, we have

hjvl’ (X7:Lt A D—l(pv U _Fn)) = X;Lt N D_1($,tm _Fn) .

(i) For all x € XE, we have

(| Dn-1(2, 7)) = (6 + | Dnos (@, 77s0)[)*

() X, is (2r; 4+ 1)-separated and R -relatively dense in (X,—1,dn—1).
(v) (Xn, E,) is a connected graph. Let d,, denote the induced metric.
(vi) We have d, < d,,—1 < \pdp, and d,, < d_y < A, d,.

(vii) We have
deg X, < Ay, 4(deg X,y — 1)F% |

(viii) For any (m,z) € P,_1, the restriction of hj, to X, N D_1(p,t,, — K,,) is an
(sn+1R) 4 + T)F)-short scale isometry with respect to d,,.
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Remark 3. Note that K, < t,,t, by - and the fact that 7p > 1. This and
the inequality K,, > K, yield v, — K,,t, — K > 0 in and

Remark 4. In accordance with the discussion at the beginning of the section, to prove

Theorem @L if X does not satisfy the hypothesis of Theorem , items
and m must be omitted, and only the inclusion “X, C X,_;” must be considered
in .

The rest of this section is devoted to the proof of the above proposition. We proceed by
induction on n. The following lemma follows from Proposition , and .

The items are irregularly numbered so that there is an obvious correspondence with those
of Proposition [2.4.1]

Lemma 2.4.2. The following properties hold:
(Z’) X0 C X_4.
(ii’) For all (m,x) € P_1, we have

h]’@ (X,1 N D,1<p, tm)) = X,1 N Dfl(ﬂf, 'Cm) .

(iv’) X_y is (2r_15_, + 1)-separated and R*|-relatively dense in X.
(v’) (X_1,E_1) is a connected graph.

(vi’) We have d_y =d =X _1d_1 = A_1d_;.

(vii’) We have deg X 1 = A_;.

(viii’) For any (m,x) € P_1, the restriction of hj, to X,, N D_i(p,tm) is an (soRg +T'§)-
short scale isometry with respect to d_q.

This lemma can be considered the extension to n = —1 of properties , and

(iv)H(viii)| of Proposition In this way, we include the case n = 0 in the induction
step. Thus suppose that, for n > 0, we have already defined X,,, E,,, d,, and r,, for

m < n, satisfying all required properties. When we invoke the induction hypothesis with

some item, e.g. [()] it will refer to Lemma if n =0, and to Proposition

if n > 0.
By -, we have A, <A, _1(7,_1). From this inequality, and the definitions of

N, and 7, in and (2.4.2)), we obtain, for a € N,
(a) =7, (a) . (2.4.9)
Let ¢,: Xp—1 — {n,n+1,...} be defined by

¢n(x) =min{l € N |l >n, Jy € X; so that (I,y) € Pn_1
and x € D_;(y,vy, — K,,—1) }. (2.4.10)
This map is well-defined because v; — oo as [ — oo by (3.2.1) and (| - By Propo-

sition [2.3.3 “. for each x € X,,_;, there is a unique pomt pn( ) € X, (x) such that
& € Dyp_1(pn(x), (@) — Kn—1). This defines a map p,,: ¢,'({n,n +1,. }) =X,
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Lemma 2.4.3. For m > n, there are ordered sets (Y, <I") such that the following
properties hold:

(a) Y is a maximal 2r,,-separated subset of (D_1(p, ty,—Kp—1)NXp_1,dn—1) containing
p.
(b) If m > n, then Y"1 C Y™, and the map (Y"1, <m=1) — (Y™ <™) is order-

Preserving.

(¢) For any (l,z) € P, we have bi*(Y,)) =Y N D_1(z,v; — K1), and the map
b’ (era Sl ) = (Y,"N D (2,1 — Kpoq),<1))
1S order-preserving.

(d) For all x,y € Y™, we have x < y if one of the following conditions holds:

(1) tnlx) < nly);

(2) tn(x) = tu(y) and d—y(pn(2), p) < d-1(pa(y),p); or

(3) en(@) = u(y), Pu(x) = puly) and d_1(z, pn(x)) < d-1(y, Pu(2)).
Proof. We proceed by induction on m. Let Y, be any maximal 2r,-separated subset of
(D_1(p,ty, — K1) N X,,_1,d,—1) containing p. Let < be any order relation on Y,”" such
that, if d_1(z,p) < d_1(y, p), then x <" y. Since ¢,(z) =n and p,(x) = p for all x € Y,*,

this relation satisfies the properties of the statement for m = n.
Suppose that we have defined Y,! and <!, for n <1 < m, satisfying the stated proper-

ties. Let _
= Joenon).
(172)65?71

By the induction hypothesis With )| for every (1, z) € B,,_,, the set b, .(Y}) = b (Y})
is contained in X,,_ and is 27,- separated with respect to d,,_;. Arguing like in the proof
of Proposition [2.3.1 we get that Y is a maximal 2r,-separated subset of

L) DaGzu—K.a),

(l,Z) Eﬁz’il

with respect to d,,_1, containing p. Now, let Y," be any maximal 2r,,-separated subset of
(D_1(p, tn — K, 1) NX,q,dn 1) containing Ym in particular, Y™ safisfies m

Let < be any ordering of Ym satisfying the analogues of @ . and m with Ym
instead of Y. Then, by the induction hypothes1s Wlth and the deﬁnltlon of Ym the
order < also satisfies the analogue of |(3), Let < be any ordering of Ym =Y\ lN/m
satlsfymg the analogue of with Ym 1nstead of Ym Let <" be the order relation on
Y™ defined by < and < on Ym and Y™ respectively, and satisfying <" y for all

n

x € Ynm and y € Ynm. It is easy to check that <] satisfies the stated properties. O

Let Y, = U,,>, Ya"- Like in the case of the relations <] (Section [2.3), the order
relations <" define an order relation <,, on Y.
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Lemma 2.4.4. The ordered sets (Y,,<,) satisfy the following properties:

(a) Y, is a maximal 2r,-separated subset of (X, _1,d,_1) containing p, and therefore it
is 2ry-relatively dense in (X, _1,dp_1).

(b) For any (1,2) € P,_1, we have b, (Y)) =Y, N D_y(2,v; — K,,_1), and the map
b (V<L) = (YN Doi(z,t — Knsi), <n)
1S order-preserving.

(¢) For all x,y € Y,, we have x <, y if one of the following conditions holds:

15 well-ordered.

(1) tn(x) < tuly);

(2) &n(x) = cu(y) and d_y(pn(x),p) < d_1(pn(y),p); or

(3) en(x) = en(y), Pn(x) = Pu(y) and d_1(z, pn(2)) < d-_1(y, pn(z)).
)

(d) (Yo, <n
Proof. Properties |(a)H(c)| follow from Lemma (a) and the definition of (Y, <,).

So let us prove @ By , it is enough to prove that, for each m > n, the ordered subset
(YN, (m), <,) is well-ordered. By|[(2)] the subsets {y € Y,Ne;1(m) | d_1(p(y), p) <1},
with [ € N, form an increasing sequence of finite initial segments of (Y, N ¢ 1 (m), <,)
covering Y,, N ¢, (m). Since

{yev,ng (m)|da(y).p)<i}c |  Dalew—Kin)

YEYn, d_1(y,p)<l
- D—l(pal + Ty — Kn—l) )

all sets {y € Y,Ne Y (m) | d_1(p(y),p) <1} are finite, and therefore well-ordered with <,,.
Then it easily follows that Y, N ¢ 1 (m) is well-ordered, completing the proof of @ O

Remark 5. Note that {n} x X,, C B,_1 by definition. By Lemma [3.2.15[(a)l[(b)] for any
x € X, we have © = b, .(p) C Yy, yielding X,, C Y,,.

Remark 6. For any z € D_4(p,v,— K,_1), we have ¢, () = n and p,(z) = p by definition.
So, by |(2) - D_1(p,v, — K,,_1) is an initial segment of Y;,. Therefore p is the least element

of Y, by-

Let now

Y, ={y € Ya|na(IDuos(y, 7)) < 6+ [Dncaly,risa)) }
={y €Yo [ m(|Duay,m)) = (6 + [Daa(y,rsn))* } -

Lemma 2.4.5. We have
Yy € D,l(p, T — anl - An 1"n$S ) - Dn 1(%7’ Sn) C D*l(p7 Y — anl) .
Proof. By the induction hypothesis with Proposition [(vi)} we have

dfl(x>p) S d*l(xa y) + d*l(y7p> S Anfldnfl(za y) + dnfl(yap)
< An—lrnsi +— Kn—l - An—lTnsi =1 — Kn—l . O
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Lemma 2.4.6. For any (I,2) € Py and y € Y, N D_1(p,v; — K1 — Ay_17p82), we
have that y € Y= if and only if b;.(y) € Y,E.

Proof. By Lemma- we have D,,_ 1(y, s ) C D_y(p,yy — K,,—1) C domb; .. Then
|Dy1(y, m085)| = |Dne1(b12(y), most)| for i@ = 1,2 because b, is a s, R -short scale
isometry on (D_i(p,t; — K,_1), dn,l). O

Using that (Y, <,) is a well-ordered set (Lemma [3.2.15|[(d)), let X% C Y.} be the

subset inductively defined as follows:
e If yo is the least element of (Y, <,), then yo € Xt

e For all y € Y such that y >, yo, we have y € X if and only if d,, _1(y,y') > 2r,s,
for all ' € X;F with ¢/ <, y.

Remark 7.  Observe that X is (2r,s, + 1)-separated and 2r,s,-relatively dense in
(Y dn1).

Remark 8. Note that Lemma |3.2.15 @ yields V! = Y, N D_y(p,v; — K,_1) because

h., = id by Proposition

Lemma 2.4.7. For all z € X, andy € Y, N D_1(p,v, — K,—1 — An,lrnsi), we have
y € X,[ if and only if b, .(y) € X;F.

Proof. By Lemma , it is enough to prove the statement for points y € Y,7. We
proceed by induction on the elements of Y, N D_i(p,t, — K,_1 — A,_17,52) using <,
Let y; be the least element of Y.t N D_y(p,v, — K,,_1 — A,_17,52). We first show that
Y1, bn-(y1) € X;F, establishing the desired property for y;.

By absurdity, suppose that y; ¢ XF. This means that y; >, 3o and there is some
u € X, such that u <, y1 and d,,_ 1(y1, u) < 2r,s,. Since s, > 2 by ([2.2.1)) and -
it follows from Lemma [2.4.5( that v € D_;(p,t, — K,,—1). Then cn(yl) = cp(u) =n
and p,(y1) = pa(u) = p. Lemma m- and the assumption that u <, y; yield
d_1(p,u) < d_1(p,y1). So, in fact, u € D_q1(p, v, — Kn_1 — Ap_17n8; ) contradicting the
hypothesis that y; is the least element of D_;(p,t, — K,,_1 — A, _17,52). This shows that
U € X;Z_

By Lemma @ and Remark the map b, . preserves <,, over D_y(p,t,—K,_1).
So, using the same argument, we get b, ,(y1) € X

Now, given y € Y." N D_y(p, v, — K,_1 — A,,_17,5%) so that yl <n Y, suppose that
the result is true for all ¥ € Y, N D_y(p,v, — K,y — A,_17,82) with ¥/ <, y. By
definition, we have y ¢ X if and only if there is some u € X such that u <, y and
dyp—1(u,p) < 2r,s,. Using the same argument as before, we obtain that, necessarily,
u € D_i(p,ty, — K1 — Ay_17p8%). By the induction hypothesis, we have f)nz( )e X .
Then y ¢ Xt if and only if there is some u € D_4(v,, — K,,_1) with b, .(u) € X, and
dn—1(bpn (), b, 2(y)) < 2r,s,. But, by the induction hypothesis with we have
A1z (1), 002(y)) = dp-1(u,y) < 2rys,. Soy € X[ if and only if b, .(y) 6 Xt as

n’

desired. ]

Proposition 2.4.8. For all (I,z) € By andy € Y,ND_1(p,v; — K1 — Npy_17,52), we
have y € X,F if and only if b, .(y) € X,
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Proof. We proceed by induction on [ > n. The case | = n is precisely the statement of
Lemma[2.4.7] Therefore take any [ > n and suppose that the result is true for n <1 <.
By Lemma m it is enough to prove the statement for points y € Y. We proceed
by induction on the elements of Y," N D_1(p,v; — K,,_ 1 — Ap_17rp8%) using <,,. Let y; be
the least element of Yt N D_1(p,v; — K,_1 — A,,_17,52). We will prove that y; ¢ X, if
and only if b, .(y1) ¢ X,F, establishing the desired property for y;.
The condition y; ¢ X, means that y; >, yo and there is some u € X, such that

u <, y1 and d,_1(y1,u) < 2r,s,. Since s, > 2 by (2.2.1) and (2.2.8), it follows from
Lemma that u € D_1(p,v; — K,,—1), and therefore ¢(y; ), c(u) < I. We will consider

several cases about u.

Suppose that ¢,(u) > ¢,(y1). Then y; <,, u by Lemma contradicting the
assumption that u <, y;.

Suppose then that ¢(y;) = ¢(u) = I. Thus p(y1) = p(u) = p. Lemma
and the assumption that u <, y; yield d_1(p,u) < d_1(p,y1). Therefore u € Y;F N
D_1(p,vyy— Kp1 — An_lrnsi), contradicting the hypothesis that y; is the least element
inY,"ND_1(p,v; — Kp1 — Ny1mn82).

Suppose finally that ¢(u) < [. Then by, pw)(u) € X, by the induction hypothesis
with [. But, by the induction hypothesis with we have d,—1(h.(u), (1)) =
dn—1(u,y1) < 2rp8n. So b.(y1) & X,

Thus far, we have proved that y; ¢ XcD_;(n*t implies b, .(y1) ¢ X,5. The proof of
the converse implication is similar

Now, given y € Y,F N D_y(p,v; — K,,_1 — A,_17,82) so that y1 <n Y, suppose that
the result is true for all ¥ € Y.t N D_y(p,v; — K,y — A,_17,82) with ¢/ <, y. By
definition, y ¢ X, if and only if there is some u € X1 such that u <,, y and d,,_1(u, p) <
2r,s,. Using the same argument as before, we obtain that, either ¢,(u) < [, or u €
D_y(p,v; — Ky — Aparns?). TIf ¢, (u) < I, we get b.(y) ¢ X, arguing as before.
Ifue D y(pv—K,q—A, 1rn 23, then blz( ) € X,I by the induction hypothesis in
Y,"ND_i(p,vy— K1 —A,_17,52). Thusy ¢ X' if and only if there is some u € D_;(t; —
K1) with b;.(u) € X7 and dp,—1(by,2(u), hl,z( )) < 2rypsy,. But dnp_1(hi2(u), bi.(y) =
dyp_1(u,y) < 2r,s, by the induction hypothesis with . So y € X[ if and only if
bi-(y) € X5, as desired. O

Let
X, ={yeY, |dua(y, X)) >rn(2s, +1) } . (2.4.11)

Lemma 2.4.9. We have p € X,,.

Proof. Suppose first that conditionis satisfied in the definition of r,,, and consequently
rn = Tn. Then there is some point z € D,,_1(p, 7n(2s, + 1)) such that

(| Dp—1(z, Prsn)| + 6)2 > (| Dp—1(z, 7)) - (2.4.12)
So Dy,_1(x,7,8,) C Dyp_1(p, 7n(3s, + 1)), and therefore

|Dy—1(p, 7n)| = |Dne1(p, P (35, + 1)) = | D1 (2, 7nsn)| - (2.4.13)
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Using (2.2.11)), (2.2.12)), (2.4.9)), (2.4.12)) and (2.4.13)), we get

(|1 Dy (2, Pnsn)]) > nn(\/nn(an—l(%fn)D - 6)
(VT (1Da-r (2, 70)]) = 6) > 7, (/7)) — 6)

77n(|Dn—1(pv Tnsn)D Tn
Mn

2
( n—1 T'n 1 —1)Tnsn +6>

vV

v

The assumption r,, = 7, implies 7,1 = (¢, ...,7n—1) and A, _1(7,_1) = A,_; according

to (2.4.4). Hence, by Corollary [2.1.19]

Tln(|Dn—1(p, Tnsn)’) > (4(An—1(fn—1) - 1)77”3% + 6)

= (420t = 1% +6)" 2 (IDya(pyras?)] 67

2

and therefore p € Y,F. Thus the statement follows in this case from Remark |§| and the
definition of X,I.
Suppose now that condition holds. Thenp € Y, and Y,f N D,_1(p, (25, +1))

Ol

(), and the statement also follows in this second case.
By (2.2.15)), (2.2.16) and ({2.4.4)), we have
K, =K1+ A(rns2 +1,(25, 4+ 1)), (2.4.14)
K, =K,+MA(sp1 R+ T +2R!) . (2.4.15)

Lemma 2.4.10. For all (I,z) € B,y andy € Y, N D_i(p,v; — K,,), we have y € X, if
and only if b, .(y) € X,, .

Proof. Let y € Y, N D_i(p,t; — K,,). Then, by (2.4.14)),
yeEY,ND_1(pt;— Kn1 — Ay_1(rns2 +1p(28, +1))) .

By Lemma we can assume y, b .(y) € Y, . Hence, by definition, y ¢ X, if
and only if there is some x € X with d,_1(y,7) < 7,(2s, + 1). In this case, by the
induction hypothesis with [(vi)] we have d_(z,y) < A,_17,(2s, + 1). Therefore, by the
triangle inequality, v € D_1(p,v; — K,,_1 — A_17,52) C D_1(p,t;, — K,,). Applying now
Proposition , we get b .(z) € X;F. Also, by the induction hypothesis with , b
is a s, R -short scale isometry on (X,,_; ﬂD,l(p, tm— K,,),d,—1). Therefore b, .(z) € X,
and d,,—1(hi.(2),0:.(v)) < rn(2s, + 1), obtaining b, .(y) ¢ X, .

The proof of the converse implication is similar. m

Let us prove [(i)] By Lemma [2.4.9) we have p € X,, and (n,z) € B, for each
x € X,,. Proposition and Lemma then imply z = b,.(p) € X, for all
x € X, obtaining X,, C X,,. The inclusion X,, C X,,_; follows from Lemma
and the fact that X,, C Y,,. This completes the proof of .

For all (m,z) € PB,,—1, the map bz (D-1(p, vm), ) (D_ (a: t,),x) is a pointed
isometry by definition. Therefore b,,.(D_1(p,tm — K,)) = D_i(z,t,, — K,). Then
property follows from Proposition and Lemma _
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Let us prove . For 2z € X}, the result is an immediate consequence of the definition
of Y, and the fact that X,/ C Y,". So assume z € X, . By absurdity, suppose that

(I D01 (2, 7080)| + 6)* > 0| Ds (@, 7)) -

Since 7,, is an increasing function, and using (2.4.9)), (2.2.12)), (2.4.4)) and Corollary 2.1.19]
we get

11 Das (@, 705)D) 2 (V[P 7)]) = 6) 2 7, (/7 (1Dt (. )]) = 6)
> T (V1) = 6) > (4(8ua(Fam) = 1™ +6)

= (4201 — D +6) > (|Dyi (2, as3)| +6)°

Therefore x ¢ Y,~ by definition, contradicting the assumption that x € X, , which
completes the proof of .
Let us prove . First, define

2o ={ze€X,1|dir(z, X)) = 2rns, >dy1(2, X)) =10}, (2.4.16)
Z¥r i ={zeXo1|dna(2, X)) = 2rps, <dp1(2, X)) =70} . (2.4.17)

Thus X,,_; = Z,,_ ;UZ' |. On the other hand, using ([2.2.7), (2.2.13)), ([2.4.1) and (2.4.4)),
we get

R, =4r,—1, R!=r,(2s,+3).
Lemma 2.4.11. X,/ is (2r,s, + 1)-separated and R, -relatively dense in (Z, 1, d,_1).

Proof. By Remark , we only need to show that X1 is R -relatively dense in (Z," |, d,_1).
Take an arbitrary point z € Z ;. Since Y,, is 2r,-relatively dense in (X,_;,d,_1) by
Lemma [3.2.15)[(a)] there is some y € Y;, with d,,_1(x, z) < 2r,,.

If y € Y,', then, by Remark [7] there is some z € X,} with d,,_1(y,z) < 2r,s,. Using
the triangle inequality, we get

d(z,x) < d(z,y) +d(y,z) < 2r, + 2rps, <rp(2s, +3) =R/ .

If y € X, , we have d,,—1(z, X,,) < 2r,. Then implies d,,_1(z, X;7) — 2r,s, <
T, Obtaining d,_1(z, X;7) < r,(2s, +1) < R}.

Finally, suppose that y € Y~ \ X. By , there is some point z € X7 with
dyp—1(z,y) <ry(2s, + 1), and the lemma follows applying the triangle inequality:

d(z,z) < d(z,y) + d(y,z) <21y + 71,25, + 1) = r,(2s, + 3) = R} . O
Lemma 2.4.12. X is (2r,s, + 1)-separated and R, -relatively dense in (Z,_,,d,—1).

Proof. Let z € Z, ;. Like in Lemma , there is some y € Y,, with d,,_1(z,y) < 2r,.
In the case where y € X, , the lemma is trivial.
If y € X, then d,—1(2, X;]) < 2r,, yielding d,,—1(z, X;7) — 2rns, < 2r,(1 — s,).
Using (2.4.16), we get d,—1(y, X,,) — rp < 2r,(1 — s,), and therefore d,_1(y, X,,) <
2r,(2 — s,). However, by and , we have s, > 2, reaching a contradiction.

Therefore y ¢ X,
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Now, suppose y € Y, \ X,. By Remark [7] there is some z € X, with d,_1(z,y) <
2r, 8y, and we get d,_1(z,x) < 2r,(s, + 1) using the triangle inequality. Then (2.4.16)
yields

do1(2, X)) < dp_1(2, X)) = 28, + 70 < dp_1(2,2) — 2rpsp + 14
<2rn(sp+ 1) —2rpsp+1, =3r, <R, .

Finally, suppose y € Y, \ X,. By (2.4.11), there is some point z € X, with
dp—1(z,y) < r,(2s, + 1), obtaining d,_1(z, X,) < r,.(2s, + 3) by the triangle inequal-
ity. Therefore d,_1(z, X;") — 2r,s, < 3r,, obtaining d,,_1(z, X, ) < 4r, by ; ie.,
dn-1(2,X,) <4r,—1=R,. O

To finish the proof of Proposition [2.4.1 it remains to show that d,,_1(X, , X;7) >
2r,s, + 1, which follows from ([2.4.11)).
To prove the next items of Proposition [2.4.1] we need some more preliminary results.

Lemma 2.4.13. For all z € X,,_1, we have z € Z} | if and only if
dn1(2, XN D, 1(2,RY)) — 2rps, < d,1(2, X, N D, 1(2,R5)) — 1, . (2.4.18)

Proof. Suppose first that 2 € Z ;. Lemma [2.4.11| implies X;* N D,,_;(z, R}) # 0, and
therefore
dnfl(Z,X: N anl(Z, RI)) = dnfl(Z,X;» .

Then (2.4.16) implies (2.4.18]).
Suppose now that (2.4.18]) holds for some z € X,, ;. Property implies that at
least one of the inequalities d,,—1(z, X,,) < R} or d,,—1(z, X;7) < R} is satisfied. So at

least the left-hand side of (2.4.18)) is finite. Therefore ([2.4.18]) yields (2.4.16)). O]

Corollary 2.4.14. For allu € X,,_1 N D_1(p,vy — K, — A,_1R}) and (1, z) € P,,_1, we
have u € 2= | if and only if b, .(u) € ZF .

Proof. Let u € X,_1 N D_i(p,v; — K, — Ay_1R}) and (I,2) € B,_1. Since X, ; =
Z, W Z it is enough to prove that u € Z! , if and only if b, .(u) € Z,,.

The induction hypothesis with and the triangle inequality yield D,_(u, R,}) C
D_i(p,yy—K,) C dom b;.. Proposition , Lemma|2.4.10[and the induction hypothesis
with @ imply that the restriction of b;. to D_;(p,v; — K,,) preserves X* and is an
R -partial isometry with respect to d,,—;. Then the result follows from Lemma O

Remark 9. Note that (2.4.14) yields K,, > K, + A, 1R. Then v, — K, — A, 1R > 0
in Corollary [2.4.14] by (3.2.1)).

Recall the definition of r* given in (2.4.7).

Lemma 2.4.15. If v € X*, then D, _1(z,r}) C Z* .
Proof. For x € X, , suppose on the contrary that there is some z € D,,_1(z,,) such that

dn—l(ZaX:) — 2rpsp < dn—l(Z7X7:) T -
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In particular, d,_1(z, X;") < 2r,s, because d,_1(z,X,) < dp_1(z,2) < r,. By the
triangle inequality, it follows that

dp1(2, X7) < dp1(2,2) + dp1(2, X,7) <1+ 2rp8, = 10 (25, + 1),

contradicting the definition of X, in (2.4.11])).
The proof when = € X, is similar. O

For every z € XF, let
Cona(x)={2€Z5 | dy1(2,7) =dp1(2, XT) } . (2.4.19)
Remark 10. Observe that the sets 67“1 1(z), for x € X,,, cover X,,_;.
Lemma 2.4.16. For x € X, we have C,,,,_1(x) C D,_1(z, RY).

n’

Proof. This is a direct consequence of Lemmas [2.4.11| and [2.4.12] O

Define a graph structure E, on X, by declaring that x,y € X,, are joined by an edge

if
dn_l(Cmn_l(x),Cmn_l(y)) S 1. (2420)
To prove , let z,y € X,,. By the induction hypothesis with X,_1 is connected,
and, by construction, X,, C X, ;. So there is some path in (X,,_1, E,_1) of the form
(ugp = x,uy,...,u, =y). By Remark for each 1 =0, ..., a, there is some z; € X,, such
that u; € Cpn_1(2i), 20 = * and z, = y. Clearly, d,_1(Cpn1(2i1), Cm_1(2)) < 1 for

1=1,...,a. Thus (zo, ..., Zq) is a path in X, connecting z to y.
Let us prove For x,y € X,, with d,(z,y) = a, there is a finite sequence (zo =
T,X1,...,T —y 1nX suchthatd(C’nn 1(251),Crmi(x;)) < 1fori=1,...,a. By

Lemmam and - we have d,_1(x;_1,x;) < 2RJr —|— 1=\, Then

follows from the trlangle inequality, using (2.2.13]), (2.4.1)) and
Let us prove . For z,y € X, if E,y, then d,,_1(x,y) < 2Rj{ —i— 1 by (2.4.20) and
Lemma [2.4.16l So

19, (%, 1) < |Dues(z, 2R} + 1)| < 4(deg X,_y — 1)257

by Corollary 2.1.19, Then the bound deg X,, < A, follows by induction with [(vii)|
using £:2.7), @.2.13) and (2.4.4). B
Let us prove|(viii)} Let (m,2) € Bp—1 and z € X, N D_1(p, vy, — K, —2A,R;}). Then

Cpn(z) C D_1(p,ty — K, — A,RY) C domb,, . (2.4.21)

by Lemma [2.4.16] Proposition|2.3.3 , and the induction hypothesis with and .
Recall that 533,,_1 C B,,_2 by (2.3.4) and (2.3.5)). Furthermore, from the induction hypoth-

esis with Proposition [2.3.3|[(v)} Corollary 2.4.14] (2.4.19) and (2.4.21), it follows

that B B
B,z (Con—1(2)) = Crn1 (m.2(x)) - (2.4.22)
So, for 2,y € X,, N D_1(p,tm — K, — 2A Rf{ m ) holds if and only if

dn-1(Crn-1(hin,(2)), Crmr (Binz(y))) < 1.

Therefore xE,y if and only if b, .(z)E,bm - (y). Then is a consequence of Corol-
lary [2.1.12] (2.4.17)) and the induction hypothesis with [(vi)] This completes the proof of
Proposition [2.4.1}
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2.5 Clusters

In order to define the colorings satisfying the conditions of Theorem , we will
divide the sets X,,_; into “clusters”, denoted by C), ,—1(x) and indexed by z € X,,. These
will be used in Section to construct the suitable colorings locally on this family of
sets.
In Section , we have defined well-ordered sets (Y,,, <,,) for n € N, whose restrictions
to the subsets X, determine a family of well-orders <,,. For n € N, let 77: 2% | — X*
be defined by
= (w) =inf{z € X |dp1(u,2) = dp1(u, X))}, (2.5.1)

n—1

with respect to <,,. For each n € N and z € X, let C,,,,_1(x) = (75)7!(x). These sets
form a partition of X,,_1, and satisfy

Com1(z) = Copa(@)\ | Canal(@) (2.5.2)

x’EXf, r’'<npz

for x € Xf,‘_by (2.4.19) and (2.5.1). For —1 < m < n — 1, we continue defining sets

Chm(z) and C,, ,,,(z) by reverse induction on m, taking

Cmm(x) = U Cm-l—l,m(u) ) Cn,m(x) = U 6m+1,m(u) .

uECh,m+1(x) u€CH m+1(x)

It is straightforward to check that, for —1 <[y <y < I3 < n,

Cls,ll (I) = U Clle (u) ) Uls,ll (.T) = U alz,ll (u) : (253)

u€Cly 15 (%) u€Ciy 1, (z)
By (2.2.13)) and ([2.4.4)), we have
I¥=Ry, TF=RA,,+T5 . (2.5.4)

Lemma 2.5.1. C,, _;(x) C C,,_1(x) C D_y(x,TT).

Proof. We proceed by induction on n. For n = 0 and x € XSE, we have Cy _1(x) C
D_i(z, R¥) by Lemma [2.4.16) and ([2.5.2). Now take any n > 0 and suppose that

Cp1(y) CCr1(y) € D_y(y,TE) for 0 <m < n and y € XE. By (2.5.3),

Coa(@)= |J GCunalw), Cotil@)= |J Cunalu).

Uecn,nfl(w) uGén,nfl(:E)

We get d,,_(z,u) < R} forallu € C,,,,_1(z) by Lemma(2.4.16(and (2.5.2)). So d_;(z,u) <
A,—1R} by Proposition [(vii)] Then the result follows easily from the induction
hypothesis using the triangle inequality. O]

Lemma 2.5.2. For everyn € N and v € X£, we have D,,_y(x,7E) C Cp o1 ().

Proof. Foru € D,,_1(x,7F), we have u € Z* | by Lemma[2.4.15, and d,,_1 (u, X,,) < v by
definition. Then the result follows from ([2.5.1)) and the fact that X= is (2 +1)-separated
by Proposition (i) O
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The following result follows from Lemma by induction.
Corollary 2.5.3. For everyn € N and x € X,,, we have D_y(x,Y " ;1;) C Cyp1().

The following lemma states that every C,, ,,— () is a star-shaped subset of (X,,_1, F,, 1)
with center x.

Lemma 2.5.4. Forz € XT and u € C,,,,_1(x), any geodesic segment in (X,_1, E,_1) of
the form T = (x = 19,..., 7 =u) is a path in Cy ,—1(x).

Proof. We prove that 7, € C,,,—1(x) by reverse induction on k = 0,...,l. We have
7 = u € Cyp-1(x) by hypothesis. Now, suppose that 7,41 € C,,—1(2) for some k =
0,...,0 — 1. Assume by absurdity that 7 ¢ C,,,,—1(x). Since 7 is a geodesic segment,

o1 (T, Xy ) < dp1 (T4, @) = dyp1 (Thg1,7) — 1
= dn—l(Tk-i-laX:f) -1< dn—l(TbX;f) )
and therefore 7, € C,,_1(z). So, according to (2.5.1)), there must be some y € X*

such that d,—1(7,y) = dy_1(7,2) = k and y <,, x. But then d,_1(7411,y) < k+1 =
dp—1(T41, @), yielding 7411 ¢ Cypn—1(x) by (2.5.1), a contradiction. O

Lemma 2.5.5. Let x € X, N D_1(p,ty, — K;_1 — 2A,_1R}) and (m, z) € B,—1. Then
Cn,nfl(x) C dom bm,z and bm,z(Cn,nfl(:E)) = Cn,nfl(hm,z(x))'

Proof. 1t is an immediate consequence of (2.4.21)), (2.4.22)), (2.5.2) and Lemma3.2.15][(b)]

[
2.6 Colorings
2.6.1 Colorings y,
Given a € N, let [a] = {0,...,a —1}. Forn € Nand r € X, let
Hn,x = [nn (|Dn71 (ZIZ’,T’:)D] 5 [n,z == [5 -+ ‘Dn,1 (x,rfsn)u . (261)

The standard ordering of N and the calligraphic ordering of I2  can be used to realize

I? . as an initial segment of N. Since |I, ;> < |Hy .| by Proposition , the sets
I, and Ifw become initial segments of H,,,. For n € N, let

Ho=J Huzr Tn= ] Lna- (2.6.2)

ZBEXTL .’L'EXn

From now on, when referring to a coloring ¢: X,, — H,, (respectively, ¢: X,, — J,,), we
assume ¢(x) € H, , (respectively, ¢(x) € I,, ) for all z € X,.

Proposition 2.6.1. For every n € N, there is a coloring x,: X, — J, satisfying the
following conditions:

(i) We have x,(z) = 0 if and only if v € X,,.
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(ii) For all x,y € X with d,_1(z,y) < r¥s, n we have xn(x) < xn(y) if and only if
r <py. In particular, if 0 < d,_1(z,y) < rEs,, then xn(x) # Xu(y).

(1i1) For every (m,z) € Py—1, the map b .o (Dn(p, T, Xn) = (Dn(2,T), xn) is color-
preserving.

Proof. First, set y,(r) = 0 for all x € X,,. Then we define y,(z) for x € X=\ X,, by
induction using <,,. Let AT :={y e XF |y <,z }, and let

Xn(2) = min (I, \ ({0} U xn(AF N Dyi(z, 75 80)))) - (2.6.3)
Note that this is well defined since
|IAZ N Dy 1 (z,758,)| < |Dpv(z,758,)| — 1 < |[Lha] — 1.

With this definition, it is obvious that x,, satisfies|(i)|and .

To prove [(iii), we show by induction on (X, \ X,, <,) that, if z C D,(z,T};) for
(m, z) € Pr1, then x,(x) = xn(h,,.(x)). By Remark |§|, the set X, N D_y(p,t, — K,,—1)
is an initial segment of (X, <,). For x € X,, N D_y(p, v, — K,,_1), the result is trivial
since B, is the identity. Suppose z € X, N D,(z,I'}) for some (m,z) € P,_1 with
z # p. By (3.2.1) and (2.4.4), we have D,_(x,r%s,) C D_1(z,t, — K,_1). Thus

O,z (Dn—l(b;iz(m% Tfsn)a <n) = (Dp-a(z, quzzsn)v <) (2.6.4)

is order-preserving and an rs,-short scale isometry with respect to d,_; by Proposi-

tion and Lemma [3.2.15|[(b)] Therefore

A;t N Dn,1<x,7’i:8n) = hm,z(Ai—1 anl(hil (SL’) Tisn)) .

b'm z (Z‘) mjz n

Then, by the induction hypothesis, we have

Moreover I,,, = I, ) because (2.6.4) is order-preserving and an rFs,-short scale
isometry with respect to d,,_;. Then the result follows from (2.6.3)). O

2.6.2 Equivalences

We will define, by induction on n € N, the notion of n-equivalence between points
x,y € X,. In addition, an explicit family of n-equivalences will be constructed, together
with an induced equivalence relation.

Consider the restriction of the graph structure E,,_; to Cy,,—1(z), for every n € N
and z € X,,.

Definition 2.6.2. For z,y € Xy, a O-equivalence from x to y, denoted by f: x — y, is a
pointed graph isomorphism

fr(Coi(@),2) = (Co1(y),y)
such that f(Co1(z)) = Co1(f(2)).
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Let ~Z be the equivalence relation on X3 defined by declaring « ~F y for z,y € X§
if there is some 0O-equivalence (Co_1(z),2) — (Co._1(y),y). Let ®; be the map defined
on Xy = X U X, that sends each point € X7 to its equivalence class with respect to
N(j):. The range of this map is obviously finite.

Lemma 2.6.3. For n € N, there are disjoint subsets X(;’(I’,XJ’CD C Xy satisfying the
following properties:

(a) The sets XSE’(D are maximal among the subsets of XS—L where ®q is injective.
(b) Forue X5 and v e XF, if Po(u) = o(v), then do(u,p) < do(v, p).

Proof. Take in each N(jf—equivalence class a representative that minimizes the dy-distance
to p. 0

By Lemma 7 for every point z € X, there is a unique element u € Xg[ 2 satisfying
®o(z) = Do(u). Let rept: XF — X% be the maps determined by this correspondence,
and let repy: Xo — X2 := X® U X;"® be their union.

Lemma 2.6.4. For all (m,y) € P_1 and z € X5 N Do(p,T7), the following properties
hold:

(a) Co_1(z) C domb,y,,.
(b) The restriction
my (Co1(2),2) = (Co1(Biny (%)), by (@)
is a 0-equivalence; in particular,  ~q by, ,(z) and p ~o y.
Proof. By Lemma and the triangle inequality,
Co-1(z) C D_1(z,Tf) C D_y (p, Ao}, + 1) . (2.6.5)

By (B2.1) and (244),
ty > 40N, + K,

The assumption (m,y) € P_; implies m > 0 according to (2.3.5). So Ay, > Ag > A =1

by @213) and @44), K, > Ko > K_; = 0 by (2.2.15), (2.2.16) and (2.4.4), and
't > Ry by (2.4.6). Therefore

v, — K_1 — 2A_1R3_ > 4Am]_—‘;; + K,, — QRS_ > AOF;—Z + RS_ .

Then ([2.6.5)) yields
Co-1(z) C D_y (p,vm — K1 —2A_4R]) (2.6.6)

completing the proof of because dom b, , = D_1(p, t).

Property [(b)] follows from (2.4.22) and Proposition O

Proposition 2.6.5. For x € XSE, there is a 0-equivalence

how: (Co—1 (repy(z)),repy(z)) = (Co—1(z), z)

satisfying the following properties:
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(i) If v € X%, then ho is the identity on Co_y(z).
(ii) For (m,y) € P_1 and x € XoN Do(y,T§), we have hgp = hoy © hop= (@)
(ZZZ) _[f.r € %0, then h/(]’m - b0,$|60’_1(x)'

Proof. First, set ho, = idg, _,(z) for every x € Xoi’q), so that |(i)| is satisfied. Now, we
define hg, independently for x € A,, \ A,,_1, where

YEXm

for m > n, and A_; = (). Note that A,, is a union of disjoint subsets by Proposi-

tion [Q)] since s, > T, by (3.2.2) and (2.4.4). This completes the definition of
ho. for all x € X, because Xy = UmZO A, since p € X, (Proposition and
[ 1 0o. Moreover is a direct consequence of |(i) and and therefore we only have

to check

Let x € Ay, \ A1 for m > 0. On the one hand, if
x e (Do(p, F:rn) \ X(;I)) \Amfl )

then let hg_, be any O-equivalence (Cy _; (repy()),repy(z)) — (Co_1(z),z). On the other
hand, if
2 € (Do(y, Ti) \ X9) \ A

for some y € X, \ {p}, then rep,(z) € Do(p,T}.) by Lemma (D)} and let ho, =
By © hgp-t (1) Note that this composite is well defined because

imhgp- )= Doz, r$) € D_1(x, Ry) C dom b,

by Lemma and (2.4.8)). Property ((ii)|is obvious with this definition of hy,. [

Now, given any integer n > 0, suppose that we have already defined the equivalence
relations ~,,, the sets X2, and maps rep,, and h,, , for 0 < m < n. Let

Coa(@)= | Cuaalv), Copaa(@)= |J Conalv).

VEDy (z,n) vEDn (x,n)

Definition 2.6.6. For n € N and z,y € X, a pointed graph isomorphism

n

fr(Coa(2),2) = (Coa(y),y)

is called an n-equivalence from x to y, denoted by f: x — v, if it satisfies the following
properties for 0 < m < n and v € D, (x,n):

(i) We have f(D,(z,n)) = D,(f(z),n).

(ii) We have f(Cyn-1(v)) = 6n,rz—l(f(U)) and f(Crpn-1(v)) = Crpn1(f(v)).
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(iii) We have
f (X;Ltf1 N en,n—l(x)) - X,:1|11 N en,n—1<y) )
and

E (en,n—1($)7Xn—1) — (emn—l(y)vXn—l)

is a color-preserving graph isomorphism with respect to F,_1.

(iv) We have
f (%n—l N en,n—l(x)) - :{n—l N en,n—1<y) .

(v) For all u € Pen,_(Cyn_1(z),1), the restriction f: €, _1(u) — Cp_1_1(f(w))

equals hy,_1 f() © h;im; in particular, it is an (n — 1)-equivalence.

Remark 11. Note that X* N C,,_1(z),Cp_1_1(u) C C,_1(z) by ([2.5.3).

Remark 12. For u_€ Pen, 1(Cpp1(7),1) and v € Dy_y(u,n — 1), du(z, me(v)) < n
by Proposition and the definition of E,. So C,_1_1(v) C dom f in Defini-
tion E0.9[[¥)

The following lemma is an immediate consequence of Definitions [2.6.6| and [2.6.16]

Lemma 2.6.7. For n € N, the family of n-equivalences between points of X= is closed
by the operations of composition and inversion of maps.

According to Lemma [2.6.7, for n € N, an equivalence relation ~ on XF is defined
by declaring x ~= y if there is some n-equivalence between z and y. Let ®,, be the map
defined on X,, = X;F W X, that sends each point x € X to its equivalence class with
respect to ~*. The range of each of these maps is obviously finite.

Lemma 2.6.8. For n € N, there are disjoint subsets X% X% C X, satisfying the
following properties:

(a) The sets X% are marimal among the subsets of X+ where ®,, is injective.
(b) Foru e X5® andv € XT, if D, (u) = ®,(v), then d,(u,p) < dn(v,p).

Proof. This follows by taking in each ~*-equivalence class a representative that minimizes
the d,,-distance to p. O

By Lemma 2.6.8 for every point x € X =, there is a unique element u € X% satisfying
P, (x) = ®,(u). Let rep: XF — X% be the maps determined by this correspondence,

n

and let rep,: X,, — X% := X;»® W X'® be their union.

Lemma 2.6.9. For all (m,y) € B,_1 and x € XT N D,(p,T}), the following properties
hold:

(a) C,_1(v) C domby,,,.
(b) The restriction
Oy (Cn-1(2),2) = (Cn o1 (Bmy (2)), By (7))

is an n-equivalence; in particular, T ~, b, () and p ~, y.
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Proof. By Lemma2.5.1) C,, _1(v) C D_;(v,T;}) for every v € D, (x,n). Using the triangle
inequality, we get

Cn—1(v) C D_y(z, I} 4+ nA,) C Doy (p, An(T), +n) + 1) (2.6.7)
By (21) and (244), we have
ty > 40, (T +m) + K,

The assumption (m y) € B,,—1 implies m > n according to (3.2.20). So A >N, >N

by (2.2.13) and (2.4.4), K,,, > K,, > K, by (2.2.15), (2.2.16) and (2.4.4), and T}, > R,
by ([2.4.6]). Therefore

ty — K, > 4N, (TF +m) + K,,, — K, > A, (T} +n) + T .

Then ([2.6.7)) yields
Cp-1(v) C Doy (p, e — Ky) (2.6.8)

completing the proof of@ because dom by, ,, = D_1(p, t,).
Let us prove @ We proceed by induction on n. For n = 0, the result follows
from Lemma - - So suppose that, given some n > 0, the result is true for

0 < m < n. Deﬁmtlon “ . )| follows from Proposition “ and -

By Lemma .55, (2.4.22) and (2.6.8), we get bpy(Crn1(u)) = Con-1(bmy(u)) and
By (Crn—1(u)) = C’nm l(hm,y< )) for every v € D,,(z,n) and u € Cp, (v). Thus Defini-

tion [2.6.6) “E (ii)| is satisfied. The map by, Cppo1(v) = € pno1(w) is a graph isomorphism
that preserves x,-1 by Propositions [2.4.1]|(viii)| and [2.6.1||(iii)} Therefore

hm,y(Xqi N en,n—l(x)) = X$ N en,n—l(y)

by Proposition 2.4.1[(i)][(viii)} Hence b, , satisfies Definition[2.6.6](iii)] Definition
follows by the induction hypothesis. By Proposition we have X,,_1ND(y,v) =
Oy (X7 ,) for each (m,y) € P,—1. In particular, for (m,y) = (m,p), we obtain
X, Xn_l N D(p,tm)- So

xn—l N D(ya tl) = hm,y(xn—l N D(pa tl)) 3
and Definition follows using (2.6.7) and [(a)] since v,, > R} > r according
to (2.4.6)—(2.4.8)). Therefore b,,, satisfies Definition This completes the proof
of [(b)} [

Proposition 2.6.10. For n € N and x € X,,, there is an n-equivalence hy, ,.: rep, (z) —
xsatisfying the following properties:

(i) If v € XF, then h, . is the identity on €, _1(z).
(ii) For (m,y) € Pp—1 and x € X,, N D, (y,T}), we have hyy = by 0 b, Bl (@)

(i11) If v € X, then hy,, = by on C, ().



46 Chapter 2. Graph colorings

Proof. First, define h,, as the identity on C, _;(z) for every z € X2, so that is
satisfied. Now, we define h,,, independently for = € A,, \ A,,—1, where

YyEXm

for m > n, and A,_; = 0. Note that A,, is a union of disjoint subsets by Proposi-

tion (D)} since s, > T\ by (3:2.2) and (2.4.4). This completes the definition of
by for all z € X, because X,, = |J,,>, Am since p € X,,, (Proposition and

['F 1 oo. Moreover is a direct consequence of [(i)| and and therefore we only have
to check

Let x € Ay, \ A1 for m > n. On the one hand, if
z€ (Du(p, T N Xn \ X7)\ At

then let h,, ,: rep,(z) — = be any n-equivalence, whose existence is guaranteed by the
definition of rep,,. On the other hand, if

z € (Dy(y, TH) N X \ X))\ As

for some y € X,, \ {p}, then rep,(z) € D,(p,I},) by Lemmas[2.6.3][(b)] and 2.6.§|[(b)} and

let hpz = by o hn’%ly(z). Note that this composite is well defined because, for € X,

n

im hn,h;fy(z) = anl('rﬂ Tﬁ) - anl(xu RriL) C dom bm,y

by Lemma and ([2.4.8). Property is obvious with this definition of h,,,. O

Remark 13. In accordance with the discussion at the beginning of Section [2.4] only

Proposition [2.6.10}/(i)| is needed to prove Theorem [2.1.26 , whereas the whole Proposi-
tion [2.6.10| is needed to prove Theorem |2.1.26 .

Remark 14. Note that the definitions of ~*, ®, e repr, and the properties of X>®
already guarantee the existence of n-equivalences h,, ,. Moreover there is no problem to

assume [(i)] and [(iii)] So the really new contribution of Proposition [2.6.10]is (i)}

2.6.3 Weak equivalences

Next we introduce another notion of equivalence very similar to that of n-equivalence.
We need both concepts due to how we prove the crucial Lemma [2.6.42] In this result we
first prove that a certain map is an n-weak equivalence, and use that to conclude that it
is in fact an n-equivalence over a smaller domain.

Definition 2.6.11. For z,y € Xy, a 0-weak equivalence from z to y, denoted f: z — v,
is a pointed graph isomorphism (D_;(x,7),2) — (D_1(y,75),v)

Let 2% be the equivalence relation on X7 defined by declaring er(jfy for x,y € X5 if
there is some O-weak equivalence (D_y(z,r5),2) = (D_1(y,75),y). Let @ be the map
defined on Xy = X W X, that sends each point # € X to its equivalence class with
respect to Qéc. The range of this map is obviously finite.
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Lemma 2.6.12. Let f: 2 — y be a 0-equivalence. Then the restriction of f to D_i(z,r5)
is a 0-weak equivalence; in particular, x ~qg y implies x~gy.

Lemma 2.6.13. For n € N, there are disjoint subsets XO_’@,XJ’@ C Xy satisfying the
following properties:

(a) The sets XSE’EI; are maximal among the subsets of XS—L where </150 1S injective.
(b) Foru € Xoi’@ and v € X5, if Do(u) = Do(v), then do(u, p) < do(v, p).
(¢c) We have XSE’E) c X7

Proof. Take in each r/\?(jf—equivalence class a representative that minimizes the dy-distance
to p. [

By Lemma |2.6.3| for each point x € XSE, there is a unique element u € XSE 2 satisfying
<A1>0(x) = @0(u). Let repy : X7 — X5 be the maps determined by this correspondence,
and let 1@py: Xo — X& := X" U X;°? be their union.

The following lemma follows from Lemmas [2.6.4] and [2.6.12]

Lemma 2.6.14. For all (m,y) € P_1 and x € XF N Do(p, '), the following properties
hold:

(a) D_i(z,r3)(z) C domb,,,,.
(b) The restriction
Oyt (D-r(w,15)(2), ) = (D1 (2,75) (@), by ()
is a 0-weak equivalence; in particular, x ~o b, ,(x) and p~oy.
Proposition 2.6.15. For xz € XSE, there is a 0-weak equivalence
how: (Doa(€Dy(x),75), 1ebg(2)) = (D-a(w,77), )

satisfying the following properties:

(i) If x € XSE’&), then ho , is the identity on D_y(x,75)(z).

(ii) For all v € X§, izo’x = ho 0 iLO,repO(x)'

Proof. First, for every x € XS_L’@, let }ALOJ; be the identity on D_(z, T(:)t). Then, for points

x € th’q) \ th’q), let iL(),xZ repy(z) — x be any 0-weak equivalence. Finally, for every
T e X() \ Xét@, 1et how = hO,;t o hO,repO(x)~ D

Now, given any integer n > 0, suppose that we have already defined the equivalence
relations <,,, the sets X2, and maps rep,, and h,, , for 0 < m < n. Let

Gr)= | Cuoolw).

w€Dy_1(z,riE)
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Definition 2.6.16. For n € N and z,y € X, a pointed graph isomorphism
[ (Gulx), ) = (n(y),y)

is called an n-weak equivalence from x to y, denoted f : x — y, if it satisfies the following
properties for 0 < m < n and v € D, (x,n):

(i) We have f(D,_1(x,rE)) = D, 1(y,r¥).
(ii) We have
f(Xooi N Dy, )) = X5ty N Dua(y, 1)
and
fi (Dnoa(@,r), Xno1) = (Duca(y,75)s Xn1)
is a color-preserving graph isomorphism with respect to F,_;.

(iii) We have
f (%n_l N Dn_l(x,rf)) = X1 N Dy (2, rE) .

(iv) For every u € D,_i(z,rf — 1), the restriction f: C,_1(u) — C,_1(f(u)) equals
Rin-1,f(u) © hyly .3 in particular, it is an (n — 1)-equivalence.

Remark 15. Note that, for n > 0, z € X,, and u € D,,_;(z,rF — 1), we have €, _;(u) C
%n(x) because D,,_1(u,1) C D,_1(z,r).

The following lemma is an immediate consequence of Definitions [2.6.6| and [2.6.16]

Lemma 2.6.17. The family of n-weak equivalences between points of X+ is closed by
the operations of composition and inversion of maps. Moreover the composition of an
n-weak equivalence and an n-equivalence is an n-weak equivalence; in particular, every
n-equivalence is an n-weak equivalence.

According to Lemma m for n € N, an equivalence relation ~ N on X* is defined
by declaring <= oy if there is some n-equivalence between x and y. Let @ be the map
defined on X,, = X7 W X, that sends each point * € XF to its equivalence class with
respect to ,’\Di The range of each of these maps is obviously finite.

Lemma 2.6.18. For n € N, there are disjoint subsets X;’a),Xf[’&’ C X, satisfying the
following properties:

(a) We have X,‘L—L’E’ C Xﬂfﬁ’.
(b) The sets X,f"f’ are mazimal among the subsets of X+ where &\Dn 18 injective.

(c) Foru € Xﬁf’q’ and v € X=, if Op(u) = By (v), then dy(u,p) < du(v,p).

Proof. Take in each g?f—equivalence class a representative that minimizes the d,-distance
to p. ]

By Lemma- for each point = € X, there is a unique element u € X=® satisfying
D, (z) = O, (u). Let repn L XE 5 XE® be the maps determined by this correspondence,

and let 1ép, : X, — X2 := X7® U X% be their union.
The following result follows from Lemmas [2.6.14] and [2.6.17}
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Lemma 2.6.19. For all (m,y) € B_1 and x € XT N D, (p, ), the following properties
hold.

(a) €,(z) C domb,,,.
(b) The restriction

by (Gn(@),2) = (Goo1,-1(0my (2)), by (2))
is a n-weak equivalence; in particular, x ~, b, (z) and p~,y.

Proposition 2.6.20. For © € XZ, there is a n-weak equivalence hy,,: tep, () — =
satisfying the following properties:

(i) If v € Xff"%, then hy.y is the identity on Dy_y(z,r¥).
(ii) For all x € X+, ;Aln:r = hpy 0 iln,repn(l’)'
Proof. The proof is identical to that of Proposition [2.6.15] m

2.6.4 BFS-orderings

We introduce a special kind of orderings on graphs that are used to produce aperiodic
colorings. They are essentially a reformulation of the breadth-first search spanning trees
in [27].

Definition 2.6.21. Let (A, z) be a pointed connected graph with finite vertex degrees
endowed with an order relation <. Define the parent map, Pa: A\ {z} — A, by

Pa(u) = min S(u, 1) . (2.6.9)
For v € A, its children set, denoted by Ch(v), is
Ch(v) = Pa~*(v) = S(v,1) \ ( U S(w, 1)U {:1:}) : (2.6.10)
w<v

Definition 2.6.22. A BFS-ordering on a pointed connected graph (A, z) is an order <
on A satisfying the following conditions for all u,v € A:

(i) If d(z,u) < d(z,v), then u < v.
(ii) If u,v # x and Pa(u) < Pa(v), then u < v.

There exists a BFS-ordering < on any pointed connected graph (A, z) with finite
vertex degrees. It can be defined on D(x,n) by induction on n € N as follows. First,
declare x to be the least element in A. Then the restriction of < to S(z, 1) is any order,
and declare the points in D(z,1) to be an initial segment of <. Next, the restriction of
< to S(x,2) is any order such that u<wv if

min(S(1,u) N D(1,x)) <min(S(1,v) N D(1,x)) ,

and so on. This argument gives the following result.
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Lemma 2.6.23. Let a € N, let (A,x) be a pointed connected graph with finite vertex
degrees. Then there is a BFS-ordering < on (A, x).

Given an isomorphism of graphs, f: A — B, and an order relation <4 on A (<4 C
A x A), the corresponding push-forward order relation on B is (f x f)(<4) C B x B,
simply denoted by f(<,).

Recall that C,, ,,_1(z) is a connected subgraph of (X,,_;, E,_1) by Lemma E Con-
sider the n-equivalences h,, 5, for n € N and x € X,,, given by Proposition [2.6.10]

Proposition 2.6.24. Forn € N and v € X,,, there is a BFS-ordering <,, , on the pointed
connected graph (Cy,,—1(7),x) satisfying <y 2= P rep, (@) (Dnrep, (2))-

Proof. Take any BFS-ordering <,, , on (C,,,,_1(z),z) for z € X? (Lemma [2.6.23)). Then
define Slmz: hmrepn(g&)(ﬂn,repn(x)) for x € X, \ Xg) ]

From now on, for every n € N and = € X,,, the notation Pa, , and Ch, , is used for
the parent map and children sets on the pointed connected graph (C), ,—1(z), z), with the
BFS-ordering 4, , given by Proposition [2.6.24]

Lemma 2.6.25. Let n € N and © € X,,. The following properties hold for every u €
Cn’n,1($).'

(a) If u# x, then d,—1(z, Pay, . (u)) = dp_1(x,u) — 1.

(b) We have
U Chy, 2 (v) = Cppa(z) \ {z} .

vECH n—1(x)
(¢) If u # x, then | Ch, . (u)| < A,—; — 1.

Proof. Property is an easy consequence of Definitions [2.6.21| and [2.6.22 . Prop-
erty follows from @ and Definition [2.6.21] whereas @ is obvious. O]

2.6.5 Adapted colorings for n =0

When we sketched the outline of the proof in Section [1.1.5] it was said that we needed
to construct many colorings wfm on the clusters C, ,,—1(x) that break the symmetries of
the cluster. These are the building blocks that we will use to construct the colorings in
the statement of Theorem [2.1.26]

Definition 2.6.26. For z € X, a coloring ¢: Cp _1(x) — [A] is said to be adapted if it
satisfies the following two conditions:

(i) There is a geodesic segment in (X_1, F_;) of the form 7 = (x = 79,...,75) such
that
{70, 71,72, 75} if x € X

Y1 0) N Dy (2, 7) = {

1 +
{r0, 71,72, 70,75} ifx € Xy .

(ii) For all u € Cy _1(x), the coloring # is injective on Chg ,(u).
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It is said that ¢ is strongly adapted if it is adapted and moreover the following property
holds:

(iii) We have ¢»=1(0) \ D_y(z,7) = 0.

Lemma 2.6.27. For every v € XF, there is a strongly adapted coloring ), : Co-1(z) —
[A].

Proof. First, choose a geodesic segment in (X_1, E_q) of the form 7 = (z = 79,...,75),

which is contained in Cy _;(z) because D_,(z,r5) C Cy_1(z) (Lemma[2.5.2), and rg >
21 by (2.4.3) and (2.4.7). Consider the set

Ty = {70, 71, T2, 75} it v e X, or

+ . 4
Iy = {7'0,7'1772,7'4,7'5} if v e Xy -

Color the corresponding set TOi with the color 0, depending on whether x € X, or
r € X . In both cases ¥, (z) = 0. The sets Chg,(u), for u € Cy_;(x), form a par-

tition of Cy_y(z) \ {z} by Lemma [2.6.25|[(b)] Moreover | Cho,(u) \ 7| < A —1 by
Lemma [2.6.28][(c)] So, for each u € Cy _1(x), we can color the points in Chg,(u)\T; with
different colors from {1,..., A—1}. This procedure defines a coloring ¢, : Cp _1(x) — [A]
satisfying all conditions of Definition [2.6.26] O

For a colored graph, (X, ¢), and a graph isomorphism, h : X — Y, the notation h(¢)
is used for the corresponding pushforward coloring of Y.

Proposition 2.6.28. There is a family of strongly adapted colorings, 7,08’1: Co—1(x) —
[A], for z € Xo, satisfying Vg, = hou (V0 repy ()

Proof. If x € X, take any strongly adapted coloring (Lemma [2.6.27). If x € X\ X2, let
qu,x = hOJ(qu’repo(z)). It is trivial to check that h07x(¢87repo(x)) satisfies the properties

and of Definition [2.6.26, whereas its property follows from Proposition [2.6.24] [

Proposition 2.6.29. There is a family of colorings, ¥ ,: Co_1(z) — [A], for z € X
and © € Hy , satisfying the following properties:

(i) The coloring v, is strongly adapted.

(1) We have 1} , = how(w&repo(z)).
(i1i) Fori € Hy,, the coloring wé,z is adapted.

(w) For x € Xg and i,j € Hyy,, let A = Cy_1(x) (respectively, A = D_y(z,r7)), and
let f: (Az,9,) — (A z,9],) be a color-preserving 0-equivalence (respectively,
0-weak equivalence). Then f is the identity map on A, and i = j.

Proof. First, for ©+ = 0, we take the strongly adapted colorings ¢8,m constructed in Propo-

sition [2.6.28. So is satisfied.

For every © € X, choose a maximal 3-separated subset Ny, of C_;(z, 10,7"3[),
together with an enumeration of its powerset,

P(No) = {Ng}x =0, Né,:m )
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We have |D_;(z,10)| < A by Corollary 2.1.19, Thus |C_i(z,10,75)| > |D_1(z,75)| —
A" (recall that ry > 2''). By Lemma [2.1.7, Ny, is 2-relatively dense in C_,(z, 10, 75).
So

|No x| > mD,l(x,r?f)\ — A”)/Aﬂ > L(]D,l(x,rff)] — AN — 1)/A3J (2.6.11)
by Lemma [2.1.20] Therefore

[P(Now)| = expy (| (|1D-1(w,730)| = A = 1) /A% ]) = no(| D (z,75)]) -

Thus an injective map Hy, — P(No,) is well defined by i — N .
If r ¢ X2, let Ny, = o2 (Norepy(x)) and Nf)@ = h07$<Né,rep0(x))’ so that Ny, satis-

fies (2.6.11]). Then define

; PO (u) if ug N,
Voo(u) = ot : i ?’
0 if u € Ng,, .

Note that this definition agrees with the previous one in the case i = 0. Property [(ii) m
follows immediately from Proposition and the fact that Nj , = ho I(No,repo( ))-

To prove |(iii), note that ), = Z/}O’x on D_;(x,10) by construction. So Defini-
tion is trivially satisfied by vy ,. For every u € Cy_1(x), we have Chgz(u) C
D_;(u,1), which yields d(v,w) < 2 for all v,w € Chg,(u). Hence Ny, N Chg,(u) has
at most one point because Ny, is 3-separated, and therefore Néyx N Chg,(u) has at
most one point. The coloring gbo assigns different colors to all points in Chg,(u) (Def-
inition [2.6.26 mn If ue D_ (:1: 9), then Chgg(u) C D_y(z,10), and therefore ¢,
also assigs different colors to all points in Chg,(u) since ¥, = g, on D_i(x,10). If
u € Co_1(x) \ D_1(x,9), then 9§, assigns different colors to all points in Chg,(u), all of
them different from 0, and it follows from the definition that 1 , assigns different colors
to those points too. Thus Deﬁmtlon mn is satisfied by % ., and the coloring ¥} x
is adapted.

To prove , suppose first that A = Cp_1(x) and f is a 0-equivalence. For all
u € Cy_1(x), we show that f is the identity map on Ch,,,(u), and that Nj , N Chy, »(u) =
N{)'J N Ch,, ,(u), using induction on u with <y ,. This will complete the proof because it
follows that f is the identity map and N, , = J ., yielding i = j.

First, we have f(x) = x by Definition , since x is the unique point having
the correct coloring pattern on some geodesic segment of the form 7 = (x = 79,...,75).
Also, we have

Nj . N Chye(z) = N), N Chy () = 0

since Ny, N D(z,10) = 0.

Suppose now that, for some u € Cy_1(x) with d_1(u,x) > 0, f is the identity map
on Chog(v) and Njj, N Chy,4(v) = N&w N Ch,, . (v) for all v <, w. In particular, f is
the identity map on Chnyx(Pan,x(u)), and therefore f(u) = u. Furthermore this implies
f(Chgz(u)) = Chog(u) by ([2.6.10). By definition, for I = 4, j, we have 1, = ¥{, on
Choq(u) \ Noo, and ¢ ,(u) = O if u € Nj,. Recall that Ny, N Cho,(u) has at most
one point, which is denoted by w. By |(iii) and Deﬁmtlon mﬂ 2/101 is injective on

Cho,(u)\{w}. Thus ¢ , and ¢0,z agree and are injective on Chyg ,(u)\ {w}, and therefore
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f is the identity on Chg,(u) \ {w}. But this yields f(w) = w, and f is color preserving
only if Chog(u) NN, = Chog(u) NN,
The proof of when A = D_,(x,rF) and f is a 0-weak equivalence is similar. [

Corollary 2.6.30. Let z,y € Xo, i € Ho, and j € Hyy, let A= Cy_1(x) (respectively,
A= D_y(x,rF)), and let f: (A, x, %,x) — (A, 2,9.,) be a color-preserving 0-equivalence
(respectively, 0-weak equivalence). Then i = j and f = hy, 0 h, L on A.

n,T

Proof. Suppose that A = Cjy _1(z). Since there is a 0-equivalence between z and y, we
have ®o(z) = Po(y) and repy(z) = repy(y) =: z. So hé,xwé,x = %,z for | = i,j by
Proposition [2.6.29 . Then

ha,; o f © hO,z: (00,71(2)7 <, ¢6,z> - (Coﬁl(z)a 2, 7v/}(J),z)
is a color-preserving 0-equivalence. The result follows from Proposition [2.6.29 .

The case where A = D_(z,r) is similar. O

2.6.6 Adapted colorings for n > 0

Definition 2.6.31. Let € X,,. A coloring ¢: C,,,,—1(z) — J,,_1 is said to be adapted if
the following conditions are satisfied:

(i) We have ¢p=1(0) = X,,_1 N Cp 1 ().

(ii) We have

0 otherwise .

b {{x} ifz e X7\ Xy

(iii) We have

0 otherwise .

_ z} ifrxe X\ X, -
b2 = {{ ) \ oo
(iv) Ifx € X,,_1NX,}, then v~ (3) = {y} for some y € S,,_1(z, 1), otherwise 1)1 (3) = 0.

(v) Ifz € X,_1NX,, then vy~1(4) = {y} for some y € S, _1(x, 1), otherwise ¢»~1(4) = 0.

The coloring v is strongly adapted if it is adapted and, additionally, it satisfies the fol-
lowing condition:

(vi) ©=1(5) = 0.
Recall that the sets C,, ,,—1(x), for z € X,,, form a partition of X,,_; by definition.

Lemma 2.6.32. Consider a family of adapted colorings, ,: Cyp-1(x) — Jn_1, for
x € X,,, whose combination is denoted by . For every u € X, _1, we have u € X,, if
and only if, either (u) € {1,2}, or ¥ (u) =0 and there is some v € S,,—1(u, 1) such that
U(v) € {3,4}.
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By Proposition[2.4.1][(vi)| and Lemmas[2.4.16{and[2.5.1], we have d_; (u,v) < 2A,_1 R}
for any u,v € Cy—1(x). On the other hand, if u,v € X,,_1, then d_y(u,v) > s,_1 by

Proposition 2.3.3|[(i)} Since s,-1 > 3\, > 3A,1 R} by (.2.2), (2.4.4) and (2-4.6)),

it follows that

|Cn,n_1(ZL‘) N Z{n_1| S 1. (2612)

Lemma 2.6.33. For every x € X, there is a strongly adapted coloring 1, : Cy, p—1(x) —
Jn_1.

Proof. First, note that [7] C I,,_1, for all u € C,,,,—1(x) by (2.6.1). Define ¢, (u) = 0 for
every u € Cy, ,—1(x) N X,,_1. In the case where x € X,,_4, choose some y € S,,_1(z, 1) and

define
3 ifrxreX,
valy) = {4 ifod X

If x & X,_1, set

1 itzeX,
%(x)_{Q ifzd X5

Let A be the set of points in C), ,_1(z) that have been already colored at this point.
For u € C,,,—1(x) \ A, let ¢,(u) be any color in I,,_1, \ [6]. O

Proposition 2.6.34. There is a family of strongly adapted colorings, wng Chn-1(z) =
Jn_1, for x € X,,, satisfying wgw = N (Y0 rep (x)).

Proof. This follows from Lemma [2.6.33| like Proposition [2.6.28] O

Proposition 2.6.35. There is a family of colorings, w;‘m: Con-1(x) = I, forxz e X,
and © € H, 5, satisfying the following properties:

(i) The coloring 1[)2_,B s strongly adapted.
(it) We have ¥y, o = hno (U, 1op (2))-
(ii) Each coloring 1}, , is adapted.

(i) There are sets Ni, , C Cp_1(x,10,75 — 1), for v € X,, and i € Hy 4, satisfying:

(a) Nﬁ,m = hnvz(me,@n(z));
(b) (Yp_1,)"'(4) =N, ,; and

(¢c) Npow # N, if i # 5.

Proof. First, for © = 0, we take the strongly adapted colorings gz5871 constructed in Propo-

sition [2.6.28] so that |(1)|is satisfied.
For every x € X% let N,, be a maximal subset of C,,_;(z,10,7E) \ X,_; that is
Ti_lsn,l—separated with respect to d,,_. Choose an enumeration of the powerset P(N,, ),

T<Nn,x) = {N?L,m = @, N’}z,;m .. } .
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We have |D,,_1(x,10)| < (deg X,,_1)'" and |C,,,,—1(z) N X,_1] < 1 by Corollary [2.1.19
and ([2.6.12)). Therefore

|Co1(2,10,75) \ X > | D (,778)| — (deg X, 1)t = 1.

By Lemma [2.1.7, N, is (r2_;s,_1 — 1)-relatively dense in |C),_1(z, 10, r;F)| with respect
to d,,_a, SO

|Nn,x‘ > L(’anl($arf)| - (deg Xn*1>11 - 1)/(deg an2>T%_1sn71J (2613)
by Lemma [2.1.20, Therefore, by (2.4.2]),

|P(No)| 2 expy (L(!anl(x,rfﬂ — (deg Xp,—1)"' — 1) /(deg Xn,Q)”iflsn—ID
= (| Dna(,m,)]) -

Thus an injective map Hy,, — P(N, ) is well defined by 7 — N}, ,
Ifz ¢ X3, let N, = fme(Nn rep, (z)) and N’ = hnx(N; rep, )), so that N, , satis-
fies (2.6.13]). Then define
; V.(u) ifugN
) = {4 <) T

ifuelN,, .

With this definition, is obvious because NO = 0. Property H )| follows immediately
from Proposition [2.6. 34 and the fact that me = ho (N ) iz & X; ?. Finally, [(iv)

0,repg

follows since N;, , # N/, , for i # j. O

Remark 16. In Section m, it was said that Iﬁx is considered as an initial segment of

H, , for every x € X,. Let ¢, , denote the inclusion I? < H, .. From now on, the

n,r
notation %7, will refer to the coloring ¢’ 2 Od)

2.6.7 Colorings ¢¥

In this subsection we proceed to define the colorings ¢, which will give us the colorings
¢ in the statement of Theorem [2.1.27 First we define the notion of a rigid coloring,
which are those obtained by combining different colorings v, over clusters Co _1(z).

Definition 2.6.36. Let n € N and = € X,,. A coloring ¢: C,, _1(x) — [A] is called rigid
if, for all u € C,,o(z), there is some i € H, , such that the restriction of ¢ to Cy_;(u)

equals ¥ ,.
Lemma 2.6.37. For all 1,25 € X7, if d, (21, 22) < 2, then dp_1(x1,22) <7l s,.

Proof. By the definition of E,,, there is a point x5 € X,, and points, u; € C’nn 1(z1), ug €
Cn1(z2) and uz, uy € C,y ., 1(x3), such that uy E, yus and uyE,_uy. By Lemma[2.4.16]
the triangle inequality, (2.2.13) and (2.4.4)), we get

dn1(21,29) <ART +2 = 4(r,(28, + 3)) + 2 < 207,58, < TS :

since s, > 20 by (2.2.1)) and (2.2.8)). O
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Lemma 2.6.38. For all x1, 29,23 € X, if x1E,x0E, 23, then d,_1(x1,x3) < 1., Sp.

Proof. By the definition of E),, there are points, u; € Crm_1(z1), ug,uty € Cpp1(x9)
and uz € Cpn—1(23), such that ui E,_yus and u,FE,_jus. By Lemma [2.4.16| the triangle

inequality, (2.2.13)) and (2.4.4)), we get

dp1(x1, 1) < 4R, +2 =4(4r, +2) + 2 < 261, < 18, ,

since s, > 26 by (2.2.1)) and (2.2.8). O

Proposition 2.6.39. For n € N and v € XZE, let A = C,,_i(z) (respectively, A =
Dy iz, ry — 1)), let ¢: Uuep Cno1,-1(a) — [A] be a rigid coloring, and let f: x — x
be an n-equivalence (respectively, an n-weak equivalence) preserving (. Then f is the
identity map on A.

Proof. We proceed by induction on n € N. If n = 0, then the result follows from
Proposition . Therefore suppose that n > 0 and the result is true for 0 < m < n.
By hypothesis, f is an n-(weak) equivalence and f(x) = x. Thus, f(Ch_1n-2(2)) =
Cr-1n—2(z) and f : * — x is an (n—1)-equivalence by Definitions 2.6.6](v)| and [2.6.16]/(iv)|
Hence f is the identity on C),_1,_»(x) by the induction hypothesis.

Let us prove that f is the identity on C),_1 ,—2(u) by induction on u € A, using <, ,,.
The case u = x was proved in the previous paragraph. Thus suppose u # x. By the in-
duction hypothesis, we have f(Pa, ,(u)) = Pa,.(u). Then we have (f(u), f(Pa,.(u))) €
E,,—1 by Definitions [2.6.6|[(ii)] and [2.6.16][(ii)], and therefore (f(u), Pay 4(u)) € E,—1. We
consider the following cases.

If u, f(u) € X,7_y, then dy_s(u, f(u)) < r}_ s,—1 by Lemma [2.6.37 If u, Pa, . (u)
X,_,, then f(u) € X, by Definitions[2.6.6[[iii)|and [2.6.16[(ii)| obtaining d,, o (u, f(u))
Tr_1Sn—1 by Lemma [2.6.38) By Definitions [2.6.6||(iii)| and [2.6.16| , we have x,_1(u)
Xn—1(f(u)). Thus Proposition [2.6.1][(ii)] yields f(u) = u in these two cases.

Finally, suppose that u, f(u) € X,,_; and Pa,.(u) € X," ;. By the definition of F, 1,
there is some v/ € X | N D,_1(Pa,.(u),1) such that there are v € C,_1,_»(u) and
v € Cpo1pn—o(u) with vE, _5v’". Note that this implies d,,—(z,v’) < d,—1(x,u). If fis
an n-equivalence, then this implies v’ € C,, ,,_1(x), whereas if f is an n-weak equivalence,
we obtain v’ € D,_i(z,7F —1). In any case, using Definitions [2.6.6] and [2.6.16| we get
that f restricts to a (n — 1)-equivalence from v’ to f(u'). Since (v, Pa,, ,(u)) € E,—1 and
f(Pa, .(u)) = Pa,,(u), we obtain d,_s(u, f(u)) < r} ;s, 1, and the same argument of
the previous paragraph gives us f(u') = «’. Then the induction hypothesis (on n) yields
f(v'") = v'. Therefore d,,_5(v, f(v)) < 2, and we obtain d,,_s(u, f(u)) < 2R, + 2. Then
f(u) = u as before, and we get that f is the identity on C,_; _1(u) by the induction
hypothesis. [l

I A m

Corollary 2.6.40. For n € N and z,y € XE, let A = C,_(x) (respectively, A =
Dyi(z,rE = 1)), let ¢: Uyen Cuo1—1(a) — [A] and C: Usesay Cn-1,-1(b) — [A] be

rigid colorings, and let f: x — y be an n-equivalence (resgective]y, n-weak equivalence)
satisfying f*C = C. Then f = hy, o h;,i: (respectively, f = hy, 0 h;i).

Definition 2.6.41. For N € N, let ¢ : X,, — 72 and ¥",: X_; — [A] be defined by
reverse induction on n = —1,..., N as follows:
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e For n =N, let ¢% = (xn,0).

e For 0 <n < N, define ¢ so that, for every € X, 1,
B2 cun e = (V7 xale)) (26.14)
e Finally, define ¢, so that, for every x € X,
Mo = ¥ (2.6.15)

Remark 17. Tt follows from Proposition that ¢ (z) # ¢N(y) for z,y € X= if
0 < dp1(z,y) <ris,.

Remark 18. By Definitions and 2.6.3]][(i)} for all 0 < m < N and = € X,,, the

value ¢ (z) determines whether x € X,,,.

We now prove the crucial lemma from which we will derive Theorem [2.1.27. Let
Wy =10 and W; = 2 for ¢ > 0, and let T,, be recursively defined by

T 1=0, Y,="To1+MA_ 1 (W,+3R+1)+T} +A,. (2.6.16)

Lemma 2.6.42. Fix 0 <n < N and R > Y,. Let A C X and v € A be such that
D_i(z,R) C A, and let f: (A, z,0™) — (f(A), f(z),oY,) be a pointed colored graph
isomorphism with respect to the restriction of E_1. Then the following properties hold for
0<m<nandd<IlI<n+1:

(a) The restriction
fo (XN Doy(z, R=Yi), 2,8 ) = (Ximo N Doy (f(z), R—Tim0), f(z), 8Y4)
1s a pointed colored graph isomorphism with respect to Ej_1.

(b) For any z € X;, 1N D_1(x, R — Y1 — Auo1 W), we have z € X if and only if
f(z) e XE.

(¢) Forall z € Xy, N D_y(z, R — Yoy — Appos (Wi, + 1)), the restriction of f is an
m-weak equivalence.

(d) Forany z € X, ND_1(x, R— Y1 — A1 (Wi +7.15)), we have ¢X (2) = oM (f(2)).

(e) Forany z € X;,,ND_1(z,R—"p,_1 — Ay o1 (W, + 75 + 1)), we have z € X, if and
only if f(z) € X,.

(f) Forall z € X 1 N D_1(2, R — Tpy — M1 (W, + 2R))), we have z € ZE | if
and only if f(z) € Z%_,.

(9) Forany z € X, N D_1(z, R—Ty 1 — Ay s (Wi +3Ry),)), we have f(Crnmi1(2)) =
Cm,m—l(f(z))'

(h) Forany z € X,,ND_1(x, R—Lp1—Npo1 (Wi, 43R} ) — Ay, we have f(Crym—1(2)) =
Cm,m—l(f(z))'
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(i) Forallz,2 € X,,ND_1(x, R— Y01 — N1 (W, + 3R} +1) =T ), we have zE,, 2’
if and only if f(z)Enf(2').

(j) Forallz € X;,ND_y(z, R—="p 1= Ay (Wi +3R;+1) =T} = A,y,), the restriction
of f to Uyep,, (z1) Cm—1(w) is an m-equivalence.

Proof. We proceed by induction on m and [. For [ = 0, @ is true by hypothesis. When
[ >0, @ follows from and the induction hypothesis for m = [ — 1 with @
and For m = 0,...,n, we are going to derive |(b)H(i)| from @, completing the proof
of the lemma.

Let us prove |(b)l The coloring ¢ , is adapted by Remark For every z € X, 1,
we have z € X= if and only if the colored set (D,,_1(z, W,,/2), ¢ ;) has one of the

patterns described in Definition [2.6.26||(i)| and Lemma [2.6.32] By Proposition

and the triangle inequality, we get
Dm_l(Z, Wm) C D_1<Z,Am_1Wm) - D_l(flf, R — Tm)

Therefore the restriction f: Dy,—1(2,W,,/2) — Dp-1(f(2), Wi, /2) is an isometry by
Corollary [2.1.13] The induction hypothesis with [(a)] implies that the set D,,_1(z, W, /2)
has one of the patterns of Definition and Lemma if and only if the set
Dy—1(f(2), Wi, /2) does. Then [(b)] follows from [(a)]

To prove let z € XX If m =0, is obvious. Thus suppose m > 0. We have

f(2) € X% by|(b)] By Proposition
Dm,l(z, Trin) - Dfl(Z, Am,ﬂ“;) C Dfl(.ﬁE, R — Tm,1 — Am,lwm) .

Now, in Deﬁnition the properties andfollow from , the propertyholds
by the induction hypothesis with @, and the property follows from the induction
hypothesis with |(j)!

Let us prove. By Definition , the restriction of ¢ | to Cy,m_1(2) equals
(Vh_12> Xm—1(2)) for some i € Hp.. Then ¢)(z) = ¢ (f(2)) if and only if the re-
strictions of @) ; to Chpym—1(2) and Cpm-1(f(2)) are equal to (¢}, ., Xm-1(2)) and
(wﬁn_lﬂz),xm,l(f(z))), respectively. Furthermore 4 is determined by (¢¥ ,)71(4) N

Dya(z,m5 = 1) =N. _if m >0, or by (¢Y)71(0) N C_1(2,10,75 — 1) = N}, if m = 0.

By [(a)]
FUOR_) T4 N Doy (2,7 = 1)) = (¢ 1) (4) O Dy (f(2), 7 — 1)

if m > 0, and
F(@Y)7H0) N Coi(2,10,75 = 1)) = (¢2)71(0) N C1(f(2), 10,15 — 1)

if m = 0. Since Xm-1(2) = Xm-1(f(2)) by and Definition property [(d)]
follows from Proposition @

Property @ follows from @ and Remark

Let us prove . Let z € Dy 1(z, R— Y1 — A1 (Wy, + 2RE)). By , Proposi-
tion and Corollary , the restriction of f to D,,_1(z, R— Yy 1— A1 (Wi +

R1)) preserves XT and is an R -short scale isometry with respect to F,,_;. Then z sat-
isfies (2.4.18)) if and only if f(z) does, and |(f)| follows.
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To prgve let z € XN Dy 1(x, R—"L 1 — N1 (W,, +3R})). By Lemma |2.4.16]
we have C\n_1(2) C Dy_1(2, Rf). Using Proposition [2.4.1||(vi){and the triangle inequal-
ity, we get

Crum-1(2) CDpa(z, R =Yy — Ny 1 (W, +2R1))

Therefore, for all u € Cy,,n_1(2), we have u € Z=_, if and only if f(u) € Z= | by [(f
Let y € X,, such that d,,—1(u, Xpn) = dpn-1(u, y) Thus d,,—1(u,y) < R} by Propo—
sition [iv)] yielding d_1(u,y) < An_1R,, by Proposition 2.4.1][(vi)] By [(a)] [(b)]
and Corollary we get f(y) € X= if and only if y € X= and d,,_1(u,y) =
dm—1(f(u), f(y)). Then [(g)| follows by (2.4.19).

Let us prove . By Proposition and the triangle inequality, we get

Dm(Z, ].) C D_l(Z,Am) C D_1($, R — Tm—l — Am—l(Wm + 3R7—;))) .

Therefore f(Cppn_1(u)) = Cpp1(f(u)) for all u € D,,(2,1) by. Moreover ¢ (u) =
SN (f(u)) for all u € D,,(z,1) bym In partlcular this ylelds Xm (1) = xm(f(u)). Then

the result follows from Proposition [2 (i1)| and -
Property |(i)| follows easily from Corollary 2.1.12| and the definition of E,,.

Finally, |(j)| follows from @, @, @ @ and the induction hypothesis with . O

We are now in position to complete the proof of Theorem [2.1.27] Consider the in-
creasing sequence of positive integers €, of the statement of Theorems [2.1.26] and [2.1.27]
used in Section . Let §,, =4} + T, + 2A,,.

Proposition 2.6.43. For 0 <n < N andu € X, let

g (Dfl (u,65) 5 u, ¢]—Vl) - (Dfl (f(u);6n) s fu), ¢]—V1)

be a color-preserving pointed graph isomorphism with respect to E_1. Then, either f(u) =

u, ord_i(u, f(u)) > e,.

Proof. Let x € X such that u € C,, _;(z). We have d_;(u, ) < '}l by Lemmal[2.5.1] and
D_y(z,3T} 4+ 7T, +2A,) C dom f by the triangle inequality. By Lemma[2.6.42|[(b)l[(d)] we
obtain f(r) € X and ¢¥(x) = ¢ (f(x)). In particular, x,(z) = xn(f(x)). Therefore,
either f(x) =z, or d,,_1(x, f(x)) > rEs, by Proposition

If f(z) =z, then f(u) = u by Proposition and the result follows. So suppose
dp_1(z, f(2)) > 2rfs,. By Lemma2.5.1] d_i(u,z) = d_1(f(u), f(z)) < TE. Then, by
the triangle inequality, d(u, f(u)) > rZs, — 2I'F. Applying now Lemma 2.2.1] we get
d(u, f(u)) > ep. O

This completes the proof of Theorem [2.1.27||(i)| taking ¢~ = ¢*,.

Proposition 2.6.44. Forn = 0,...,N, x € X, and u € C,,,(p), we have ¢X(u) =
¢7]\ri(hn,x(u)) fOT —1<m<n.

Proof. We proceed by inverse induction on m. For m = N, we have ¢% = (xn,0). So
$3(u) = 0 (h.o(w)) by Proposition (6.1 (D)
Suppose that, for 0 < m < N — 1, the result is true for m + 1. Let u € C,,,(p)
and z € Cymi1(p) such that u € Cppy1,m(2). By the induction hypothesis, ¢2 ., (z) =
P+ 1(hnz(2)). By the definition of ¢f_,, Lemmas [2.6.4) and [2.6.9 and Corollary [2.6.40}
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this means that the restrictions of ¢}y, to Crng1m(2) and Cry1m(bnz(2)) equal 5/,
and @Z)ﬁjhm(z) for some (i,7) € Iﬁw C H,,, (see Remark . But @/):;Ljhm(z) = Bl ;nJ@)
by Proposition [2.6.35 O

Propositions |2.4.1| and |2.6.44| , together with Corollary yield X, C €, for

n < N by taking ¢ = ¢",, with the set €, defined in Theorem m Then
Theorem [2.1.27)[(ii)] follows from Propositions [2.3.4and 2.4.1|[(1)] taking cv, = 25,4+t 43w,.




Chapter 3

Realization of Riemannian manifolds
as leaves

3.1 Preliminaries

3.1.1 Riemannian manifolds

Let M be a connected complete Riemannian n-manifold, g its metric tensor, d its distance
function, V its Levi-Civita connection, R its curvature tensor, inj(x) its injectivity radius
at x € M, and inj = inf,¢p inj(z) (its injectivity radius). If necessary, we may add “M”
as a subindex or superindex to this notation, or the subindex or superindex “/” when a
family of Riemannian manifolds M; is considered. Since M is complete, it is proper as
metric space.

Let TOM = M, and T™M = TT™ DM for m € Z*. If | < j, then TOM is
sometimes identified with a regular submanifold of 7™ M via zero sections. Any C™ map
between Riemannian manifolds, h : M — M’, induces a map R ) N )
defined by h{” = h and h{™ = (A" V), for m € Z*.

The Levi-Civita connection determines a decomposition T M = H @ V, as direct
sum of the horizontal and vertical subbundles. Consider the Sasaki metric ¢ on TM,
which is the unique Riemannian metric such that H{ L V and the canonical identities
He = Te M = V¢ are isometries for every £ € T'M. For m > 2, consider the Sasaki metric
g™ = (¢gm=)®) on T M. The notation d™ is used for the corresponding distance
function, and the corresponding open and closed balls of center v € T™ M and radius
r > 0 are denoted by B™)(v,r) and D™ (v,r). For | < j, TWM is totally geodesic in
T M and g™ |pa)y, = g,

Let D C M be a compact domainﬂ and m € N. The C™ tensors on D of a fixed type
form a Banach space with the norm || ||cm p, defined by

1Allempg = _max _|V'A(z)].

0<i<m, z€eD

By taking the projective limit as m — oo, we get the Fréchet space of C'"* tensors on D of
that type equipped with the C'™ topology (see e.g. [39]). Similar definitions apply to the

LA regular submanifold of the same dimension as M, possibly with boundary.

61
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space of C™ or C'* functions on M with values in an Euclidean space or in a separable
Hilbert space $).

Recall that a C' map between Riemannian manifolds, h: M — M’ is called a (\-)
quasi-isometry if there is some X\ > 1 such that A7 |v| < |h.(v)] < X|v| for all v € TM.

For m € N, a partial map h : M — M’ is called a C™ local diffeomorphism if
domh and imh are open in M and M’, respectively, and h : domh — imh is a C™
diffeomorphism. If moreover h(x) = a’ for distinguished points, z € dom h and 2z € im h,
then h is said to be pointed, and the notation h : (M,z) — (M’ 2') is used. The term
(pointed) local homeomorphism is used in the C° case.

Form e N, R >0and A > 1, an (m, R, \)-pointed partial quasi—isometryﬂ (or simply
an (m, R, \)-p.p.q.i.) is a pointed partial map h: (M,z) — (M’ ,z’), with domh =

D(z, R), which can be extended to a C™*!-diffeomorphism h between open subsets such
that D](\Zn) (x,R) C dom AU and A s a A-quasi-isometry of some neighborhood of
Dg\?) (z,R) in T M to TU™ M’'. The following result has an elementary proof.

Proposition 3.1.1. Let h: (M,z) — (M,y) be an (m, R, \)-p.p.q.i. and h': (M, x)
(M,y') an (m', R, N)-p.p.q.i. Then h™': (M,y) — (M,z) is an (m, \" 'R, \)-p.p.q.i. If
m’' >m and RA\+d(z,y) < R, then W oh: (M, x) — (M, }h'(y)) is an (m, R, AX)-p.p.q.i.

In the following two results, E is a (real) Hilbert bundle over M, equipped with
an orthogonal connection V. Let C™(M; E) denote the space of its C™ sections (m €
NU {o0}), and E, its fiber over any z € M.

Proposition 3.1.2 (Cf. [ Proposition 3.11]). Let 8 C C™™Y(M; E) for m € N, and let
xg € M. Then 8§ is precompact in C™(M; E) if

(i) sup,egsupp, |V¥s| < oo for every compact subset D C M and 1 <k <m+1; and
(i) { (V¥s)(z0) | s € 8} is precompact in Eyy @ @, Ti M for all 0 < k < m.

Proof. We proceed by induction on m. Consider the case m = 0. From for k =1,
it follows that 8 is equicontinuous on the interior of D, and therefore on M because D
is an arbitrary compact subset. Moreover for k = 0 states that {s(zo) | s € 8} is
precompact in E,,. So 8 is precompact in C(M; E) by the Arzela-Ascoli theorem.

Now assume that m > 1 and the result is true for m — 1. Given z € M, 0 <t,u <1
and a piecewise smooth path ¢ : [0,1] — M from x, to x, let P : Ecty = Eew) be the
V-parallel transport along ¢ from u to v. For any e € E,, and a € C™ ' (M; E @ T*M),
let )

Q.(e,a) = Péo(e) —i—/ Péta(c’(t)) dt € E, .
0
This expression defines a continuous map Q. : E,, x C"Y(M;E @ T*M) — E,. In
particular, for any s € C™(M; E), we have

Qc(s(x), Vs) = s(y) (3.1.1)

2The extension & is an (m, R, \)-pointed local quasi-isometry, as defined in [6]. On the other hand, any
(m, R, \)-pointed local quasi-isometry defines an (m, R, A)-pointed partial quasi-isometry by restriction.
Thus both notions are equivalent.




3.1. Preliminaries 63

because

d
P Vews = @PE,USC(U)Iu:t

if ¢ is smooth at ¢.
Let
T:C™"(M;E) = E, x C" Y (M; EQT*M)
be defined by T'(s) = (s(xg), Vs), and let Q(M, z() denote the set of piecewise smooth
loops d : [0,1] — M based at x.
Claim 1. The following properties hold:

(a) We have

im7T ={(e,a) € B,y x C" N (M; EQT*M) | Qule,a) = e Vd € Q(M, x0) } .

(b) T is a closed embedding, and T~ : imT — C™(M; E) is given by T~ (e, a)(z) =
Q.(e,a), where ¢ : [0,1] — M is any piecewise smooth path from z( to z.

If (e,a) € im T, then Qq(e,a) = e for all d € Q(M, zo) by (3.1.1).

Now suppose that Qq4(e, o) = e for all d € Q(M, zp). Then a section s € C™(M; E) is
well defined by s(x) = Q.(e, ), where ¢ : [0, 1] — M is any piecewise smooth path from
xo to x. By choosing the constant path at zo, it follows that s(zg) = e. On the other
hand, given x € M and X € T, M, there is a piecewise smooth path ¢ : [0,1] — M from
xo to z with ¢(1) = X. Hence

d d “
Vxs =—P) sc(u)|u=1 = —P,, <Pc”“fo(e) —I—/ Pa(d(t)) dt)
0

du du

- % (PC{()(e) + /0 " PLa( (1) dt)

u=1

=a(X).
u=1
So Vs = a, and therefore T's = (e,a). Thus (e, @) € imT', completing the proof of [(a)|

The above argument also shows that T is injective, and 77! : imT — C™(M; E) is
given by T~ (e, a)(z) = Q.(e, ), where ¢ : [0, 1] — M is any piecewise smooth path from
zo to x. Thus T~' : im T — C™(M; E) is continuous, showing that 7" is an embedding.

Finally, im T is closed by @ and the continuity of Qg : F,y x C"™ Y M; EQT*M) —
E,, for every d € Q(M,zp). Thus T is also a closed map, and the proof of Claim [1] is
finished.

By Claim|[l] it is enough to prove that 7'(8) is precompact in E,, x C™~1(M; EQT*M).
But

T(8) C {s(xg) | s€8} xV(§),

where the first factor is already known to be precompact in E,,. On the other hand,
we have V(8) € C™(M;FE ® T*M), and this subspace satisfies for 1 <k <m
and for 0 < k < m—1. So V(8) is precompact in C™ (M;E ® T*M) by the
induction hypothesis. Thus T'(8) is precompact in E,, x C™ 1(M; E ® T*M) because it
is contained in a precompact subspace. O

Corollary 3.1.3. Let 8 C C*°(M; E) and o € M. Then 8 is precompact in C*°(M; E)
if and only if conditions and in Pmposition are satisfied for all k € N.
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Proof. The “only if” part follows from the continuity of

vk C®(M; E) — O <M; E®Q T*M)
k

for all k € N. The “if” part is true by Proposition since C*°(M; E) =), C™(M; E)
with the inverse limit topology. O]

Recall that M is said to be of bounded geometry if inj,, > 0 and sup,, |V Ry| < oo
for all m € N. For a given manifold M of bounded geometry, the optimal bounds of the
previous inequalities will be referred to as the geometric bounds of M. Let B, = Bgrx(0,7)
(r > 0).

Proposition 3.1.4 (See [57, Theorem A.1], [58, Theorem 2.5], [55, Proposition 2.4], [29)]).
M is of bounded geometry if and only if there is some 0 < ro < inj,, such that, for normal
parametrizations k, : By, — By(z,10) (x € M), the corresponding metric coefficients,
gij and g, as a family of C™ functions on By, parametrized by x, i and j, lie in a
bounded subset of the Fréchet space C*(B,,).

Proposition 3.1.5 (See the proof of |58, Proposition 3.2], [63, A1.2 and A1.3]). Suppose
that M s of bounded geometry. For every T > 0, there is some map c: Rt — N, depending
only on T and the geometric bounds of M, such that, for any T-separated subset X C M,
and all z € M and 6 > 0, we have |D(z,d) N X| < ¢(9).

Proposition 3.1.6. Let X be a T-separated n-relatively dense subset of a manifold of
bounded geometry M for some 0 < T <mn. Given(0 <e <7/2ando >0, let 7' =17 —2¢
and ' = n+e¢e. Then there is some 0 < P = P(e) < o, depending only on T, €, 0 and
the geometric bounds of M, with P(e) — 0 as € — 0, and such that, for every 0 < p < P
and A C X satisfying d(a,b) & (o0 — p,0 + p) for all a,b € A, there is an e-perturbation
X' € M of X such that A C X' and d(2',y') ¢ (0 — p,o + p) for all 2,y € X'. In
particular, X' is 7'-separated and n'-relatively dense by Lemma[2.1.6]

Proof. By Propositions [3.1.4] and [3.1.5], the following properties hold:

(a) There are C, Py, > 0 such that every 7'-separated subset Y C M satisfies |Y N
D(y,oc+p+7/2)|<Cforally e Y and 0 < p < P,.

(b) There is some K = K(e) > 0, with K(¢) — 0 as ¢ — 0, and such that vol B(z,¢) >
K for all z € M.

(c¢) Given 0 < L < K/C, there is some 0 < P = P(¢) < By, with P(e) - 0 as ¢ — 0,
and such that volC(z,0 — p,oc+p) < Lforx € M and 0 < p < P.

Take any 0 < p < P.
Claim 2. Let X' C M be a 7'-separated subset, and let

A={zeX'|d(x,y) ¢ (c—p,o+p) VyeX'}.
Then, for all z € X'\ A, there is some & € M such that d(z,2) < € and

(X'\ {2} U e N Cldo - po+p) = 0.
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By [(a)] the subset
Z={zeX|B(r,e)NC(z,o—p,o+p) #0}yC XNC(z,0 —p,oc+p+7/2)

has cardinality at most C'. Thus, by and @, for all z € X'\ A,

vol <B(:U,5)ﬂ UC’(z,a—p,a—i—p)) < ZVOIC(z,a—p—s,a—i-p—i-s)
z€Z 2€Z

< CL < K <vol B(z,e) .

So there is some & € B(z,¢) such that & ¢ C(y,o — p, o + p) for every y € Z. Therefore
¢ Cly,0—p,o+p) for all y € X', and Claim [2| follows.

Let x1,25,... be a (finite or infinite) sequence enumerating the elements of X \ A.
Then X’ is defined as the union of A and a set of elements x, defined by induction on ¢
as follows. Equivalently, taking Xy = X, we construct the sets X; = (X;_1 \ {z;}) U {z}}
by induction on 7. Assuming that X;_; is defined for some ¢, by Claim [2 there is some
x; such that d(z;,z}) < € and X; N C(z},0 — p,0 + p) = 0. These conditions yield the
desired properties of X’; in particular, it is a 7/-separated r/-relatively dense subset of M
by the triangle inequality. ]

Proposition 3.1.7. Let X be an e-relatively dense subset of M for some ¢ > 0, and let
h be an isometry of M. If € is small enough and h =id on X, then h =id on M.

Proof. Fix any zo € M and 0 < o < inj,, (). For 0 < r < rg, let B(r) denote the open
ball B(0,r) in T, M. Moreover let X = exp,!(X) C T,,M. There is some A > 1 such
that exp,, : B(ro) — Bar(zo,70) is a A-bi-Lipschitz diffeomorphism. Since X is an e-
relatively dense subset of M, for all x € By (xg, 79 — €), there is some y € X N By (xg, 1)
with das(z,y) < €. Hence, for all v € B(rg — ¢), there is some w € X N B(rg) with
lv —w| < Ae. If ¢ is small enough, it follows that X N B(ry) generates T,, M. Since
h. = id on X N B(r) because h = id on X, we get h, = id on Ty, M, yielding h = id on
M. O

3.1.2 Foliated spaces

A foliated space X = (X, F) of dimension n is a Polish space X equipped with a partition
F (foliated structure or lamination) into injectively immersed manifolds (leaves) so that
X has an open cover {U;} with homeomorphisms ¢; : U; — B; x T;, for some open
balls B; C R™ and Polish spaces T;, such that the slices B; x {*} correspond to open
sets in the leaves (plaques); every (U;, ¢;) is called a foliated chart and U = {U;, ¢;} a
foliated atlas. The corresponding changes of foliated coordinates are locally of the form
¢io ¢ (y,2) = (fij(y,2), hij(2)). Let p; : Ui — T; denote the projection defined by
every ¢;, whose fibers are the plaques. The subspaces transverse to the leaves are called
transversals; for instance, the subspaces ¢; '({*} x T;) = T, are local transversals. A
transversal is said to be complete if it meets all leaves. X is called a matchbox manifold
if it is compact and connected, and its local transversals are totally disconnected.

We can assume that U is regular in the sense that it is locally finite, every ¢; can be
extended to a foliated chart whose domain contains U;, and every plaque of U; meets at
most one plaque of U;. In this case, the the maps h;; define unique homeomorphisms
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hij : p;(UiNU;) = pi(U; NU;) (elementary holonomy transformations), which generate a
pseudogroup H on ¥ := | |, ¥;. This H is unique up to Haefliger’s equivalences [37,38|, and
its equivalence class is called the holonomy pseudogroup. The H-orbits are equipped with
a connected graph structure so that a pair of points is joined by an edge if they correspond
by some h;;. The projections p; define an identity between the leaf space X/J and the
orbit space T/H. Moreover we can choose points y; € B; so that the corresponding
local transversals ¢; ' ({y;} x T;) are disjoint. Then their union is a complete transversal
homeomorphic to ¥, and the JH-orbits are given by the intersection of the complete
transversal with the leaves. If X is compact, then U is finite, and therefore the vertex
degrees of the H-orbits is bounded by the finite number of maps h;;. Moreover the coarse
quasi-isometry class of the H-orbits is independent of U in this case.

If the functions y — f;;(y, z) are C*° with partial derivatives of arbitrary order de-
pending continuously on z, then U defines a C'* structure on X, which is called a C*
foliated space when equipped with such structure. In this case, C'"* bundles and sections
also make sense on X, defined by requiring that their local descriptions are C'*° in a sim-
ilar sense. For instance, the tangent bundle TX (or T'F) is the C'*° vector bundle on X
that consists of the vectors tangent to the leaves, and a Riemannian metric on X consists
of Riemannian metrics on the leaves that define a C* section on X. This gives rise to
the concept of Riemannian foliated space. If X is a compact C* foliated space, then
the differentiable quasi-isometry type of every leaf is independent of the choice of the
Riemannian metric on X, and is coarsely quasi-isometric to the corresponding H-orbits
(see e.g. |10, Section 10.3]).

Many of the concepts and properties of foliated spaces are direct generalizations from
foliations. Several results about foliations have obvious versions for foliated spaces, like
the holonomy group and holonomy cover of the leaves, and the Reeb’s local stability

theorem. This can be seen in the following standard references about foliated spaces:
[51], |17, Chapter 11], |18 Part 1] and [33].

3.1.3 The spaces M! and JT/EZZ

For any n € N, consider triples (M, z, f), where (M, ) is a pointed complete connected
Riemannian n-manifold and f : M — § is a C™ function to a separable (real) Hilbert
space (of finite or infinite dimension). Two such triples, (M, z, f) and (M’,2’, '), are said
to be equivalent if there is a pointed isometry h : (M,z) — (M’,2’) such that h*f' = f.
Le J/\\/[Z} = JT/[ZZ ($) be the se of equivalence classes [M, z, f] of the above triples (M, z, f).
A sequence [M;, x;, fi] € J/\\/E:} is said to be C* convergent to [M,z, f] € J/\\/[Z: if, for any
compact domain D C M containing z, there are pointed C* embeddings h; : (D, z) —
(M;, x;), for large enough 4, such that hjg; — gu|p and hj fi — f|p as i — oo in the
Cc> topologyﬂ In other words, for all m € N, R,e > 0 and A > 1, there is an (m, R, \)-

3In [64[8,/10], the notation M, (n) and ﬁ[*(n) was used instead of M” and J\A/[Zj, adding the superindex
“o00” when equipped with the topology defined by the C*° convergence.

4The cardinality of each complete connected Riemannian m-manifold is less than or equal to the
cardinality of the continuum, and therefore it may be assumed that its underlying set is contained in R.
With this assumption, M7 is a well defined set.

®The C™*! embeddings and C™ convergence of [8, Definition 1.1] and [6, Definition 1.2], for arbitrary
order m, can be assumed to be C* embeddings and C*° convergence [39, Theorem 2.2.7].
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p.p-a.i. hi : (M, ) — (M;, x;), for i large enough, with |V!(f —h} f;)| < € on Dy (z, R) for
0 <1 < m |8, Propositions 6.4 and 6.5]. The C*° convergence describes a Polish topology
on M» [6, Theorem 1.3]. The evaluation map ev : M = §, ev([M,z, f]) = f(x), is
continuous.

For any connected complete Riemannian n-manifold M and any C* function f :
M — $, there is a canonical continuous map iy f : M — M7} defined by iy f(x) =
[M, z, f], whose image is denoted by [M, f]. Note that [M, f] = [N,y] if (M, f) and
(N,y) are pointed isometric, and [M, f] N [N,y] = (0 otherwise. We have [M, f] =
Iso(M, f)\M, where Iso(M, f) denotes the group of isometries of M preserving f. The
images of these maps form a canonical partition of J\A/[Zj, which is considered when using
saturations or minimal sets in J\A/[f. Any bounded linear map between Hilbert spaces,
®: H — $’', induces a relation-preserving continuous map @, : J/\\/[Z(ﬁ) — J/\\/[f:(.ﬁ’ ), given
by ®.([M,x, f]) = [M,z,® o f], which defines a functor.

Lemma 3.1.8. The saturation of any open subset ofJ/\;[’;’ 1s open, and therefore the closure
of any saturated subset of M7 is saturated.

Proof. Let V be the saturation of some open U C ﬁf, and let [M, x, f| € V. Then there is
some y € M such that [M,y, f] € U. Since U is open, there arem € N, R,e > 0and A > 1
so that, for all [M' ¢/, f'] € J/\/\[Zj, if there is an (m, R, \)-p.p.q.i. h : (M,y) — (M’ y')
with [VY(f — h*f")| < € on Dy(y, R) for 0 < I < m, then [M',y/, f'] € U. We can
assume that R > dp(z,y). Take any convergent sequence [M;,z;, f;] — [M,z, f] in
JV[Z. For i large enough, there is some (m,2R, \)-p.p.q.i. h; : (M,z) — (M;,x;) with
IVU(f — hifi)| <eon Dy(x,2R) for 0 <1 < m. Since Dy (y, R) C Dy(z,2R), it follows
that [M;, hi(y), fi] € U for ¢ large enough. Therefore [M;, x;, f;] € V for i large enough,
showing that V is open.

The last part of the statement follows from the first part and Lemma [2.1.1} m

Let d : (JV[Q)Q — [0, 00] be the metric with possible infinite values induced by dj; on
every equivalence class [M, f] = Iso(M, f)\M, and equal to co on non-related pairs.

Lemma 3.1.9. For every open U C JV[:Z, the map d(-,U) : 3/\\/[2 — [0, 00] is upper semi-
continuous.

Proof. To prove the upper semicontinuity of a?(, U) at any point [M, x, f], we can assume
that d([M,z, f],U) < oo, and therefore there is some y € M such that [M,y, f] € U.
Take a convergent sequence [M;,z;, f;] — [M,x, f] in J/\\/[Q, and let ¢ > 0. We can also
suppose that

~ A

d([(M, . f], [M,y, f]) < d([M, 2, f,U) +/3,
dar(,y) < d([M.x, [1.[M.y, []) +¢/3

Since U is open, there are m € N, R > dy(z,y)+e, 1 < X < (dy(z,y)+¢/3)/dm(x, y) and
0 < § < e so that, for all [M',y/, f'] € M2, if there is an (m, R, A\)-p.p.q.i. h: (M,y) —

(M, ) with |[V!(f —h*f")] < § on Dy(y, R) for 0 <1 < m, then [M’,y/, f'] € U. By the
convergence [M;, x;, f;] — [M,x, f], for i large enough, there is some (m,2R, \)-p.p.q.i.
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hi + (M,z) — (M, ;) with |VY(f — hifi)] < 6 on Dy(z,2R) for 0 < [ < m. Since
Dy (y, R) C Dy(z,2R), it follows that [M;, y;, fi] € U for y; = h;(y), and

A~

d([M;, zi, fi], [Ms, yi, fi]) < di(s,y:) < Mdu(,y) < du(w,y) +¢/3
<d([M,z, fl,U) +e¢.

Hence ci([Mi,xi, fil, W) < cZ([M,x, f1, W) + € for ¢ large enough. a

It is said that (M, f) (or f) is (locally) non-periodic (or (locally) aperiodic) if Ins s
is (locally) injective; i.e., aperiodicity means Iso(M, f) = {idy}, and local aperiodicity
means that the canonical projection M — Iso(M, f)\ M is a covering map. More strongly,
(M, f) (or f) is said to be limit aperiodic it (M’, f') is aperiodic for all [M', 2/, f'] € [M, f].
On the other hand, (M, f) (or f) is said to be repetitive if, given any p € M, for all m € N,
R,e > 0and A > 1, the set

{x e M|3Fan (m,R,\)-p.p.q.i. h: (M,p) — (M, )
with |[V'(f — h*f)| <eon Dy(p, R) VI <m} (3.1.2)

is relatively dense in M. Clearly, this property is independent of the choice of p.

Proposition 3.1.10. The following holds for any connected complete Riemannian n-
manifold M :

(i) If (M, f) is repetitive, then [M, f] is minimal.

(i1) If [M, f] is compact and minimal, then (M, f) is repetitive.

Proof. By Lemma m, [M, f] is saturated, and therefore its minimality can be consid-
ered.

Itemfollows by showing that [M, f] C [M’, f'] for every equivalence class [M’, f'] C
[M, f]. In fact, it is enough to prove that [M, f]N[M’, f'] # () because [M’, f'] is saturated.
Fix any p € M, and let m € N, R,e > 0 and A > 1. By the repetitiveness of (M, f), for
some ¢ > 0, there is a c-relatively dense subset X C M such that, for all x € X, there
is an (m, R, A\Y2)-p.p.q.i. hy : (M, p) — (M, z) with |[V'(f — h:f)| < &/2 and |V'hi¢| <
3|Vl on Dy(x,R) for 0 < I < m and ¢ € C*°(M). On the other hand, since
[M', f'] C [M, f], given any y' € M’ there are some y € M and an (m, \"/?c+ AR, A\'/?)-
p.p.q.i. b (M',y') » (M,y) so that |V'(f—(h™1)*f)| < g/3 on h(Dyp (2, \/2c+AR)) for
0 <1< m. Take some x € X with dy(x,y) < c. We have Dy (y, c) C h(Dar(y', \/?¢)),
and therefore there is some 2’ € Dy (y', \1/2¢) with h(z') = 2. By Proposition , the
composite h~th, defines an (m, R, \)-p.p.q.i. (M, p) — (M’ 2"). Moreover

VI (f = (B he) ) < VU = RGP+ IV (R f — (B ha)* f)]
e 3¢

S IV = B )|+ SRIVT = (Y )] < S o =

on Dy(p,R) for 0 < I < m. Since m, R, ¢ and \ are arbitrary, we get [M,p, f] €
(M, fIn[M, f7].
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To prove [(ii)} fix any p € M, and take m € N, R,e > 0 and A > 1. The set

U={[M, 2, f] €M |3 an (m,R,\)-p.p.qi h: (M,p)— (M)
with |[V'(f — h*f')| < e on Dy(p, R) VI < m}

is an open neighborhood of [M,p, f] in J\A/[f By Lemma , and the compactness and
minimality of [M, f], we have d(-,U) < ¢ on M7 for some ¢ > 0. So (3.1.2)) is a c-relatively
dense subset of M. Since m, R, € and \ are arbitrary, we get that (M, f) is repetitive. [

The non-periodic and locally non-periodic pairs (M, f) define saturated subspaces
Mr o C MP, C M. The pairs (M, f) where f is an immersion define a saturated

*,0P *,Inp

Polish subspace M C M» The following properties hold [6, Theorem 1.4]:

*,imm *,Inp*

o M? is open and dense in M7.

*,imm

o Mn is a foliated space with the restriction of the canonical partition.

*,imm

e The foliated space JT/[Zimm has unique C* structure such that ev : Jv[f — 9 is

C°. Furthermore ipp @ M — J/\\/[Zf is also C* for all pairs (M, f) where f is an
immersion.

e Every map ipp: M — [M, f] = Iso(M, f)\M is the holonomy covering of the leaf
(M, f]. Thus M2, N M2, . is the union of leaves without holonomy.

*,1np *,imm
o0 . = n . . . ~ .
e The C foliated space M, has a Riemannian metric so that every map iy :

M — [M, f] = Iso(M, f)\M is a local isometry.

By forgetting the functions f, we get a Polish space M? [8, Theorem 1.2]. We have
MP = J\?EQ(O), using the zero Hilbert space. The forgetful or underlying map u : 3\7[’*1 —
M2 u([M, x, f]) = [M, z], is continuous. We also have a canonical partition defined by the
images [M] of canonical continuous maps ¢y : M — M2, 1p,(x) = [M, x], giving rise to the
conditions on M of being (locally) non-periodic (or (locally) aperiodic), and the subspaces
M, MLy, € M. The condition on M to be repetitive is also defined by forgetting
about the functions, and the obvious version without functions of Proposition is
true. Then the following properties hold for n > 2 [8, Theorem 1.3]:

n 1 1 n
+1np 18 open and dense in M.

tmp 18 a foliated space with the restriction of the canonical partition.

e The foliated space MY, has a unique C*° and Riemannian structures such that

every map ty : M — [M] = Iso(M)\M is a local isometry. Furthermore u :
M7 — M2, is a C* foliated map.

*,imm *,1np

e Every map ¢y : M — [M] = Iso(M)\M is the holonomy covering of the leaf [M].
Thus M7 is the union of leaves without holonomy.

*1p
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Moreover [M] is compact if and only if M is of bounded geometry [8, Theorem 12.3] (see
also [25], [53, Chapter 10, Sections 3 and 4]).

For m € N, consider quadruples (M,z, f,£), where (M, z, f) is like in the defini-
tion of JVEZ} and £ € Q,, T M with || = 1. An equivalence between such quadruples,
(M,x, f,&) ~ (M’ 2, f',&), means that there is an isometry h : M — M’ defining an
equivalence (M, z, f) ~ (M',2’, f") with h*¢’ = €. The corresponding equivalence classes,
denoted by [M,x, f,£], define a set Smﬁ[f = Smﬁ[f(f)), like in the case of JT/[:” More-
over the C® convergence [M;, x;, f;, & — [M, z, f,£] in Smﬁf’,} means that, for all m € N,
R,e > 0and A > 1, thereis an (m, R, \)-p.p.q.i. h; : (M, x) — (M;, x;), for ¢ large enough,
such IVU(f — h*fl)| < e on Dy(x, R) for 0 <1 < m and hf§; — £ Like in the case of
M" it can be proved that this convergence deﬁnes a Polish topology on 8’”3\/[” Moreover
there are continuous maps iy, re @ M — SmM:}, defined by iy, fe(z) = [M, z, f,&], whose
images [M, f, ] form a canonical partition of SmJ\A/[f satisfying the same basic properties
as the canonical partition of J/\\/Ef. We also have a continuous forgetful or underlying map
u: SmJ\A/[ZZ — J?[Z} given by u([M,z, f,£]) = [M, z, f].

Proposition 3.1.11. The map u : SmJ\A/[Q — j/\ff 1S proper.

Proof. For any compact subset X C J\A/[f, take a sequence [M;, z;, fi,&] in u='(X). Since
K is compact, after taking a subsequence if necessary, we can assume that [M;,x;, f;]
converges to some element [M,x, f] in K. Thus there are sequences, m; 1T oo in N,
0<R;To0,0<¢e {0and 1<\ |1,such that, for every i, there is some an (m;, R;, \;)-
p.p-q.i. by : (M,x) — (M;,x;) with |[VI(f — hif;)| < & on Dy(x, R;) for 0 < 1 < m;.
Since A; ™ < |h;&| < AT for all 4, some subsequence hj &;, is convergent in ),, T M to
some & Wlth €] = 1. Using h;, , it follows that the subsequence (M, , i, fi.,&,] converges
to [M, z, f,€] in u=}(X), showing that u=!(X) is compact. O

For every m € N, a well-defined continuous map V™ : Smﬁ(f — §) is given by

V(M x, f,€]) = (V™) (2,€).

Proposition 3.1.12. Let M be a complete connected Riemannian n-manifold, and let
f e C®(M,$) and xog € M. Then [M, f] is compact if and only if M is of bounded
geometry and V™ (u" ([M, f])) is precompact in $ for all m € N.

Proof. Assume that [M, f] is compact to prove the “only if” part. The map u : Mr

* 1mm

M defines a map u : [M, f] — [M] with dense image because 1y = wo iyy. By
the compactness of [M, f], it follows that this map is surjective, and therefore [M ] is
compact. So M is of bounded geometry. Furthermore V™ (u™*([M, f])) is compact in $
by Proposition [3.1.11]

The “if” part follows by showing that any sequence (M, f, xp] in [M, f] has a subse-

quence that is convergent in M” Since [M | is compact and u : M” — M7 continuous,
we can suppose that [M,x,] converges to some point [M’, 2'] in M7. Take a sequence of
compact domains D, in M’ such that By (2',q+1) C D,. For every ¢, there are pointed
C> embeddings h,, : (D, 2') = (M, x,), for p large enough such that h; gy — gn
on D, with respect to the C* topology. Let f; , = h’ f on D,. From the compactness
of V™(u!([M, f1)), it easily follows that, for all ¢, m, we have sup, supp, [V™f; | < o0,
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and the elements (V™ f; )(z') form a precompact subset of $ ® ), T.xM*. Hence the
functions f; , form a precompact subset of C*°(Dy,E) with the C> topology by Corol-

lary 3.1.3l So some subsequence f, p(q.) 1S convergent to some fi € C’OO(Qq,E) with
respect to the C'™ topology. In fact, arguing inductively on ¢, it is easy to see that we
can assume that each f{; +1p(g+1,0) 18 @ subsequence of fé (g0 and therefore f;,, extends
fy- Thus the functions f; can be combined to define a function f" € C*°(M',E). Take
sequences {,,m, T oo in N so that

”f, - h;p(%ftz)fncmqv[)qvgl\f = ||f‘; - féyp(szq)HCmqﬁq’gN —0.

Considering f’ as an $-valued function, we get that [M, f, zpqe,)] — [M', f';2'] in J/\\/E:} as
q — Q. ]

The following is an elementary consequence of Proposition [3.1.12]

Corollary 3.1.13. Let M be a complete connected Riemannian n-manifold, and let f €
C>®(M,$). Suppose that dim$) < oco. Then [M, f] is compact if and only if M is of
bounded geometry and sup,,; |V™ f| < oo for all m € N.

Corollary 3.1.14. Let M be a complete connected Riemannian n-manifold, let fH =
91 D H2 be a direct sum decomposition of Hilbert spaces, and let

f=(f1,f2) € C(M,9H) = C*(M,$H:) ©C™(M, $H2) .
Then [M, f] is compact if and only if [M, f1] and [M, f5] are compact.

Proof. Assume that [M, f] is compact to prove the “only if” part. Let II, : § — $o
(a = 1,2) denote the factor projections. The induced maps Il . : M ($H) — MI($,)
define continuous maps I, : [M, f] — [M, f,], whose images are dense because i, s, =

[Iae 0 ipg . By the compactness of [M, f], it follows that these maps are surjective and

the spaces [M, f,] are compact.

Now assume that every space [M, f,] (a = 1,2) is compact to prove the “if” part. By
Proposition [3.1.12] this means that M is of bounded geometry and, for all m € N, each
set V™(u™'([M, f,])) is precompact in §,. Since

V™ (M, f])) € VTN (M, A]) x V(T H((M, f2]))

for every m because (V" f)(x,&) = (V™ fi)(z,£), (V™ fo)(z,€)) for all z € M and £ €
&, T:M, we get that V™ (u™'([M, f])) is precompact in $) for all m. Hence [M, f] is

compact by Proposition |3.1.12] O

Proposition 3.1.15. Let M be a complete connected Riemannian n-manifold, and let
feC>®(M,$). Then the following properties hold:

(i) If [M, f] is a compact subspace of M then infy, |V f| > 0.

*,imm

(i) If infpr [V f| > 0, then [M, f] € M

*,imm *

Proof. This holds because the mapping [M', 2, f'] — [(Vf')(2)] is well defined and
continuous on M. O
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Proposition 3.1.16. In any minimal compact Riemannian foliated space, all leaves with-
out holonomy are repetitive.

Proof. This is a direct consequence of the Reeb’s local stability theorem and the fact that
LNU is relatively dense in L for all leaf L and open U # () in a minimal compact foliated
space [10, Second proof of Theorem 1.13, p. 123]. ]

Example 3.1.17. For any compact C'* foliated space X, there is a C"° embedding into
some separable Hilbert space, h : X — $ |17, Theorem 11.4.4]. Suppose that X is
transitive and without holonomy, and endowed with a Riemannian metric. Let M be
a dense leaf of X, which is of bounded geometry, and let f = h|y € C*(M,$). We
have infy; |V f| = ming |[VA| > 0. So X' := [M, f] is a Riemannian foliated subspace of
j/\[’,}’imm (Proposition [3.1.15 . Since X is compact and without holonomy, and M is
dense in X, it follows from the Reeb’s local stability theorem that the leaves of X' are
the subspaces [L, h|.], for leaves L of X, and the combination of the corresponding maps
maps i, p[, is an isometric foliated surjective map iy, : ¥ — X’. Using that evoiyy = h,
we get that iy, : X — X' is an isometric foliated diffeomorphism, and ev : X' — §
is a C* embedding whose image is h(X). Thus X’ is compact and without holonomy,
and (M, f) is limit aperiodic. If moreover X is minimal, then (M, f) is repetitive by
Proposition [3.1.16

3.1.4 The spaces CM! and @MZ}

Like in Section |3.1.3| using distinguished closed subsets C' C M instead of C'*° functions
f: M — 9, we get set CM” of equivalence classes [M,x,C] of triples (M, x,C), where
the equivalence (M,z,C) ~ (M',2’,C") means that there is a pointed isometry h :
(M,z) — (M',2') with h(C) = C". A sequence [M;,z;,C;] € CM is said to be C'*-
Chabauty convergent to [M,z,C] € CM? if, for any compact domain D C M containing
x, there are pointed C*° embeddings h; : (D,x) — (M;,z;), for large enough i, such
that hlg; — gu|p in the C™ topology and h; '(C;) — C'N D in the Chabauty (or Fell)
topology [1, Section A.4]. In other words, this convergence also means that, for all m € N,
R > ¢ > 0and A > 1, there is some (m, R, \)-p.p.q.i. h; : (M, x) — (M;,x;), for i large
enough, such that:

(a) forally € Dy(x, R—)NC, thereis some y; € hy *(C;) C Dy, R) with das(y, ) <
€; and,

(b) for all y; € Dys(x, R—e)Nh;'(C;), there is some y € Dy (x, R) with dp(y, ;) < €.

The C'*°-Chabauty convergence describes a Polish topology on CM? [1, Theorem A.17],
and the forgetful or underlying map u : CM? — M2, u([M,z,C]) = [M, x|, is continu-
ous. There are also canonical continuous maps ¢y @ M — CM?, tyro(z) = [M,z,C],
whose images, denoted by [M, C], form a canonical partition of CM?. We have [M,C] =
Iso(M, C)\ M, where Iso(M, C) denotes the group of isometries of M preserving C'. There
are obvious versions of Lemmas|[3.1.8| and |3.1.9]in this setting, as well as obvious versions
of (limit) aperiodicity for (M, C'). Similarly, the repetitivity of (M, C') can be defined like
in the case of (M, f) in Section [3.1.3] using [(a)] and [(b)] instead of the condition on f
in . The obvious version of Proposition holds in this setting.




3.2. Repetitive Riemannian manifolds 73

Now fix some countable set F' like in Section m A set EM? = @M:}(F ) can be
defined like CM?”, using equivalence classes [M,z, C, ¢] of quadruples (M, x,C,¢), for
closed subsets C' C M with locally constant colorings ¢ : C' — F', where the equivalence
(M, z,C, ) ~ (M',2’,C" 1)) means that there is a pointed isometry h : (M, z) — (M', 2')
with A(C) = C" and h*¢' = ¢. The convergence [M;, z;, C;, ¢;] — [M,z,C, ¢ in éMf
can be defined like in the case of CM?, adding the condition ¢(y) = ¢;h;(y;) in
and @ Like in [1, Theorem A.17], it can be probed that this convergence defines
a Polish topology on @MZ, and the forgetful or underlying map u : @M’j — CM7,
w([M,z,C,¢|) = [M,x,C], is continuous. There are also canonical continuous maps
imce - M — @Mf, imeoe(r) = [M,z,C, ¢], whose images, denoted by [M,C, ¢], form
a canonical partition of CM satisfying the obvious versions of Lemmas [3.1.8 and [3.1.9]
Similarly, the concepts of (limit) aperiodicity and repetitivity have obvious versions for
(M, C, ¢), satisfying the obvious version of Proposition [3.1.10}

3.2 Repetitive Riemannian manifolds

Let M be a complete connected Riemannian manifold and fix a distinguished point p € M.
Fori e N, R >0, and A > 1, let

Q, R, N) ={xeM|Jan (i, R, \)-p.p.q.i f: (M,p)— (M,x)}.

Suppose that M is repetitive; i.e., the sets (i, R, \) are relatively dense in M. We will
hereafter consider sequences 0 < r;,s;,t; T 0o and \; | 1 satisfying a list of conditions
that can be achieved by assuming that these divergences and convergence are fast enough.
For integers i, 7 > 0, we will use the notation

J
Mg =TT . MN=]]>:
k=i

k>1

in particularﬁ A;; = 11if j <i. Let w; denote the smallest positive real such that the
set ; = Q(i,r;, \;) is w;-relatively dense in M. For notational convenience, let also
r1=s41=t1=w_1=0,and fix any A_; > 1. For ¢ > 0, we can assume

ry > Aﬁ —(ric1+ s+t + 2w+ 1) (3.2.1)
s > 2\ (ri + si_1 +wi) (3.2.2)
ti > No(5tiy + 1+ sic1 + 2w + 1), (3.2.3)
b > 4%73 bt 4 A+ 20 i) | (3.2.4)
N < i1, z (3.2.5)

ri()‘? - 1))‘?71 ri()‘? - 1))‘?71

227" 5 .
Tict (A = DAF i (A — 1)A7

(3.2.6)

6An empty product is assumed to be 1.
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When i < j, (3.2.5) yields
Ai,j <A\ < H)\?l_k =\, (327)

k>i
Finally, let ﬁz = Q(i,r;, \;) and ﬁ” = Q(i, 73, N ).
Lemma 3.2.1. Fori < 7,

NAZ—1 N1 MNAZ—1 N6
T ]j\‘ <4 Z)\Q Ti, Tj ]/i' <4 z>\2
J ) J )

ri (3.2.8)

Proof. We will prove the first inequality, the proof of the second one being similar. For
i < k<7, let

A2 —1
A
We have to show that
)\in -1 '
ri———— < 4f(i) . (3.2.9)
A;

By (3.2.7)),
342 2 5
)\jAj - )\j < )\jAj — A,
and therefore
MAZZ1 X

TJ < Tj )\2
J

L < — (). (3.2.10)

J

On the other hand, (3.2.6) yields

LSO fU=D)  fHD) gt g
0= om0 <2 <), B21)

and (3.2.9) follows from (3.2.10)) and (3.2.11]). ]

For i € N, let M{ = {p} and let h}, = idp(,,). In Proposition [3.2.2, for integers
0 <@ < j, we will continue defining subsets Mf C M and an (i,7;,A; j—1)-p-p-q.i.
hi.: (M,p) — (M, z) for every z € M;. Using this notation, let

Pl ={(l,2)eNxM|i<l<j, z€M}. (3.2.12)

Note that P,f C P’ if i <k < j. Moreover, let < be the binary relation on Pij defined by

7

declaring (I, z) < (I',2') if l < {"and z € h{,jz,(Mll'), and let < denote its reflexive closure.

We will prove that < is in fact a partial order relation (Lemma . Let FZ denote
the set of maximal elements of (P!, <), which is nonempty because all chains in P/ are

(A
finite.

Proposition 3.2.2. For all integers 0 < i < j, there is a se M/ = ]\/47J S ]\Ajf C M and,
for every x € M}, there is an (i,rs, Nij_1)-p.p.q.i. hi,: (M,p) — (M,x) satisfying the
following properties:

"The dotted union symbol denotes a union of disjoint subsets.
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(i) ]\//.TZJ is a mazimal s;-separated subset of

QNnDpr;—t)\ ) D NAya(rn+s)) .
(l,z)eﬁg
(i1) sz is an s;/ N1 ;-1-separated subset of Qm,l N D(p,r; — ti).

ii) For every (1,2) € P! and x € M Nk} (D(p,m)), we have h! = h) ohl_, where
( ) Y 7 ) l,z 1,T l,z 1,T
o = () (a).

(iv) For any (I,2) € P/, we have M) N h{,Z(D(p, r)) = h{Z(Mf)
(v) For any x € M} and (1, 2) € P/, either d(z,z) > NA;(r; + s;) or x € h{Z(MZl)

(vi) For all integers 0 < k <[ such that either | < j and k > i, orl = j and k > i, we
have M{ C M and hl, = hj | p@p,r,) for any z € Mj.

(vii) We have p € M? and hZ,p = idp(p,,)-

Remark 19. In Proposition [3.2.2||(iii), the equality hfz = h{z o hl, holds on D(p,r;)
because

hﬁw,(D(p, 1)) C D(2',A; j—1m;) C D(p, 1) (3.2.13)

Here, the last inclusion is true since, for all y € D(2', A; j_17;),
d(y,p) < d(y,a") +d(2',p) < Nijari+r—t; <

because 2/ € M! C D(p,r, — t;) by |(ii)| and |(iv), and ¢; > A;;_17; by (3.2.3) and (3.2.7).
The proof of Proposition is long and has several intermediate steps. By Re-

mark for integers 0 < i < 7, Items |(i)| to refer only to points z € M} or pointed
quasi-isometries hﬁg’z where either [ < j, or [ = j and k& > ¢. This allows us to proceed

inductively in the following way: First, for i > 0, we define M;*" and h{t! for z € M+
Then, for 0 < i < 7 — 1, we construct Mf and h{ , for z € Mf under the assumption that
we have already defined M and hj . when cither [ < j,orl=jand#k > 1.

For i > 0, let ]\/4\2-”1 = M!*! be any maximal s;-separated subset of Q; N D(p,r; — t;)
containing p, and let M*' = . Let hitt = idp(py, and, for each x € M\ {p}, let
hf;lz (M,p) — (M, z) be any pointed (i, 7;, \;)-p.p.q.i. These definitions satisfy Items|(i)

to in Proposition because P/ = ().

Now, given 0 < i < j — 1, suppose that M} and hf,f’z are defined if either | < 7, or
[=jand k > 1.

Lemma 3.2.3. We have the following:

(a) For (1,2),(l,2') € Pl

). any of the following properties yields z = 2':
(1) d(z,2") < 2r; + 2s;,

(2) d(z,2') < si/Nij1-1, or
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(3) (I,z) < (L,2).
(b) (P!, <) is a partially ordered set.

Proof. Let us prove @ It is obvious that - (3)|yields z = 2’ since < is the reflexive closure
of < Item . )| implies [(2)| because, since i < [, we get 2r; + 2s; < s;/\) < 8§ Al+1j 1
by (3.2.2)) and ( - Accordmg to (3.2.12), we have [ > i and z, 2’ € Mf, 50 ((2)| yields

z=2 because M is s;/Ai11 j_1-separated by the induction hypothesis.

Let us prove @ First, let us show that the reflexive relation < is also transi-
tive. Suppose (I,z) < (I',2') < (I”,7"), which means | < I' < ", z € hf, (M,
and 2/ € h{,,’z,,(Mll,”). By the induction hypothesis with |(iv)| it is enough to show
z € h{,,,z,,(D(p, rp)) in order to obtain z € h{,/z,,(Mll”) and thus (,2) < (I",2"), so
let us prove it.

By hypothesis, we have z = hl, ,( ) for some y € M/, which is contained in D(p, ry)
by the induction h pOtheSIS with (i)l We also have 2" € P} by (3:2.12), so the induction
hypothesis with yields hj, , hl,, PR hz/ ,on D(p,ry), where y = (hz//, 2)71(2"). By
Remark [19]

// = h%:lyy/(y) 6 h%:iy/(D(p7 Tl/)) C D(p’ T‘l//) .

Thus z = hj, .(y") € hiy_,(D(p, 7)), proving the transitivity of <.

Finally, let us prove that < is antisymmetric. Let (I, 2), (I',2) € P’ be such that
(l,2z) < (I',Z') and (I',2') < (I,2). By the definition of <, we get [ = I’. Thus z = 2’
by [(a)} and therefore (1, z) = (I',2'). O

Lemma 3.2.4. The following properties hold:
(a) For (1,2),(I',2') € P!, if I <1 and d(z,2") < NA;j(ry + 1), then (1, 2) < (I, 2").

(b) For every
T € U h D(p,m))

(l,z)EPf

there is a unique (1,z) € Fj such that x € hj (D(p,m)). In particular, for all
(k,y) € P/, there is a unique (I,2) € P satisfying (k,y) < (I, 2).

(¢) For (l,2),(I',2") € P!, we have
D(Z, )\lAl,j—l(Tl + SZ)) C D(Z/, )\lAl’,j—1<Tl’ + Sz))

if (1, z) < (U, 2).

Proof. Ttem @ follows from a simple application of the induction hypothesis with .

Let us prove @ Suppose by absurdity that there are (I,z) # (I',2') in P] such
that hi_(D(p,m)) and hj, ,(D(p,rr)) intersect at some point x € M. By the induction

hypothe51s h] and hz' , are (l ri, A j—1) and ({77, Ay j—1)-p.p.q.i., respectively. In the

case where [ < l then (3.2.2)) and - 3.2.7)) yield

d(Z, Z,) < d(Z,I) + d(f, Z/) < Al,j—lrl + Al’,j—lrl’ < Al(’l“l/ + Sl) < /\%(Tl/ + Sl) .
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Thus (1, z) < (I',2) by [(a)] contradicting the maximality of (I, z). If, on the other hand,
[ =1, then the induction hypothesis with yields

si/Nivrj-1 < d(z,2) < d(z,2) +d(,2") <2057

In particular, s; < 2A3r; by (3:2.7), contradicting (3.2.2). The second assertion of [(b)
follows from the first one because (k,y) < (I, 2) yields y € hj (D (p, 1)) NV, . (D(p,71)).

Let us prove We are assuming that ([,z) < (I',7), so z € h{“z,(Mll/). Since
h{,7z,: (M,p) — (M,2') is an (I',ry, Ay j—1)-p.p.q.i., we have d(2,z) < Ay j_1rp by the
induction hypothesis with , SO

D(Z, AlAl,j—l(rl + Sl)) - D(Z/, Al’,j—lrl’ + )\lAl,j—l(Tl + 81)) .

But now (3.2.1)) yields
)\lAl’,j—l(Tl’ + Si) > Al’,j—lrl’ =+ ()\l — ].)Allhj_l/rl/ > Al’,j—lTl’ —+ /\lAl,j—l(rl + Si) . O

Let us define the disjoint sets J\A/ff and ]\//TZJ , whose union is the definition of M7. First,
let
M= | n.). (3.2.14)
(l,z)eﬁf
Note that this set is well-defined since M! C D(p,r;) = dom h{}z by the induction hypoth-
esis with Second, take any maximal s;-separated subset
M cunD(pr;—t)\ | Dz Ayl + ) - (3.2.15)

(l,z)Eﬁz
We have M? N ]\/I\f = () since, for all (I,2) € FZ,
hi (M) C b (D(p,m)) C D(z, Arj_1r1) C D(z, MAyj—1(ri + s7))

because hiZ: (M,p) — (M, z)is an (I,r;, Ay j_1)-p.p.q.i. by the induction hypothesis.

The definition of the partial maps hfz depends on whether z € J\/Zf or r € J\Ajf If
S Z\//Ej, let hfx be any (i,7;, \;)-p.p.q.i. (M, p) — (M, x), which exists because = € €.
If x € ]\/Zf , then the induction hypothesis with yields

x e U h?c,y(Mzk) - U B<y7Ak,j—1rk) .

(ky)eP] (ky)eP]

By Lemma [3.2.4)|(b)|, there is a unique (I, z) € FZ such that = € hiz(D(p, 77)). Then define
hfm = hiz o hi ., where 2’ = (h{,z)_l(x). Note that im(h} ) C dom(hiz), as explained in

Remark [T9
Lemma 3.2.5. If ([, z) € FZ, then z € ]\/47.

Proof. The statement is true for [ = j — 1 because ]\//fj_l = Mf_l by definition. Suppose

by absurdity that | < j — 1 and z € ]\Zj. Then, by (3.2.14), there is some (I',2') € ?{
with I’ > [ and z C hf,’z,(Mll/). Thus (I, 2) < (I',2'), a contradiction. O
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Lemma 3.2.6. The following properties hold for every x € Mf :
(a) If x € ]\/4\17, then the partial map hfx is an (4,75, N\;i)-p.p.q.i. (M,p) — (M, z).

(b) The partial map h;, can be expressed as a product by, , ---hl% (1 < L < j—i),

1L»TL

where i1 > -+ >ip =1, =71 >+ > ]JL andmlej\//zgl (1<I<L).
(¢) The partial map hzx is an (i,74, N; j_1)-p.p.q.i. (M,p) — (M, x).

Proof. Ttem holds by the definition of him when x € J\//Tij, so let us prove Items |(b)
and by induction. When j = i + 1, we have M/ = J\//Tf and so Items @ and
hold trivially. Suppose the result is true when either either [ < j, or [ = j and k > 1.
We only have to consider the case where = & ]\75 . Let (I,z) € P, be the unique pair
satisfying € B(z,r;) (Lemma |3.2.4 , and let z’ = (h{z)_l(a:) By the induction
hypothesis, hﬁﬁx, : (M,p) — (M,2') is an (i,7;, Aj;—1)-p.p.q.i. and can be written as a
product h{;w-~hfbml (1<L<Il—i),wherei; < - <ig=1d,j=7j1> >jg=1

and zy, € ]\/Zf: (1 <k < K). By the definition of k], when x € M? | we have

W =h R, =h R R

l,z'%,x! L2k, xK 1,71 )

and Item @ follows from Lemma m Finally, Item follows from the equality
hi, = hj_h . the induction hypothesis and Proposition . ]

l,z"",x

Once we have made the relevant definitions, let us show that they satisfy the properties
listed in Proposition . Item |(i)| is guaranteed by the definition of M}, so we really

start by proving .

The inclusion M C /Q\izj_l is obvious by Lemma Let us prove that ]\AJJJ C
D(p,rj —t;). We have M; C D(p,r; —t;) by construction, so let us show that M; C
D(p,r; — t;). By the induction hypothesis with , we have z € D(p,r; —t;) for all

(I,2) € Fﬁ Then D(z, \yry) C D(p,r; —t;) because, for any y € D(z, \iry),

d(y,p) < d(y,z)+d(z,p) < Nri+r;—t,<r;— 1,

by (3.2.3). Thus AZ7 C D(p,r; — t;) according to (3.2.14)), since h{,z : (M,p) — (M, 2) is
an (1,7, \)-p.p.q.i. for all (I, z) € P] by Lemmas ’E and [3.2.6, and M} C D(p,;) by
the induction hypothesis with [(ii)}

The proof of is concluded by showing that MZ] is s;/A; j_1-separated. To begin
with, we prove that ]\/\J/f is s;/A; j_1-separated. Let (I, z) € P]. By the induction hypothe-
sis, M! is s;/A;;_-separated and h{z : (M, p) — (M, z) is an (I, 7, A j_1)-quasi-isometry.
Thus h{Z(Mf) is s;/\; j_1-separated. Moreover h{z(MZl) C D(z,A;;—1m) by the induction
hypothesis with . By , it is enough to show that

d(Z, ZI> Z Al,j—lrl + Al/,jflrl/ -+ Si/Ai,jfl (3216)

for (1,2) # (I',2') in P.. If I = U, then, by (3.2.2) and (.2.7),
Sl/AH—Lj—l > Sl/)\g > )\0(277 + Si> > 2Ai,l—1rl + Si/Ai,j—l . (3217)
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Thus (3.2.16) follows from the induction hypothesis with applied to Ml] Il <l
then (3.2.2)) yields
512> Xo(ri483) > Npjari+si/Nij1

So, applying Lemma and (3.2.7)), we get

d( ) > )\lA (’/’l/ + Sl) > Al/ 1Ty + Al,j—lrl + S,’/Ai’j_l .

The set ]\/IZJ is s;-separated by construction. Thus, to prove that M] M] L M]
is s;/A; j—1-separated, it suffices to show that d(]\/zj,]\//z]) > si/Aij-1. Let @ € MJ
and & € ]\ZJ By (3.2.13), (3.2.14) and (3.2.17)), there is some (I,z) € Pl such that
T € D(z,Ajj—1m) and & ¢ D(z, NNy j—1(r; + s;)). By the triangle inequality, we get
d(Z,%) > s;, which concludes the proof of (ii)]

Let us prove ((iii)l Let (I,z) € P/ and x € M/ N hj (D(p,r)). We have

7

M 0 D(z, A(r + 1)) =0 (3.2.18)
by (3.2.15) and Lemma “ sox € M. M?. Consider first the case where (I,z) € P
Then the equality h’ =N, o hl7 ., for o’ = (hj )_ (x), is precisely the definition of

hfz Therefore we can suppose that (I,z) € P’ \ P,. According to Lemma [3.2.4/|(b)}
there is a unique (I,7') € FZ such that (I,2) < (I',2') and x € 1m(hl, ). We have
already proved that hiz = h{,jz, o hﬁ:x, for 2’ = (h{,’z,)_l(x). Moreover, by the induction
hypothesis with |(iii)} if y = (h}, ,)_1( ) and 2 = (h],)'(x), we have (h{,)'(z') = 2",
hi,=hyohi, and bl = h oh. .. Therefore

i,z T

W, =hj  ohl =hi  ohi, ohl,=hl_ohl, .
Let us prove |(iv)| Let (1, z) € PZ] By (3.2.18), we only have to show that
M OB (D(p,m)) = hi.(M]) . (3.2.19)
Consider first the case where (I, 2) € P For (I',7) € P \{(,2)}, byn and (3-2.16),
h{,Z(D(p, 7)) N h{’,z’ (MZI) C D(z,Arj—1m) N D', Ay j_ary) =10

and M! C D(p,r)), yielding (3.2.19)), as desired.
Suppose now that (,2) € P’ \ P]. Then, according to Lemma m@ there is a
unique (', 2') € Pl such that (I, z) < (I, 2'). We have already proved that

M (Vb (D (p, 1)) = hj L (M]) .

Let y = (h{,jzl)_l(z). By the induction hypothesis with , we know that M! N
hf:y(D(p, 7)) = hfly(MZl) Thus (3.2.19) follows using |(iii)

M] 01 (D(p,r)) = M} 01, 0 by (D(p.11) = By o (M) Oy, s o b, (D(p, 1)

= i (MY (VR (D)) = (B (V1) = B (02
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Let us prove |(v)l If (I, 2) € F' then the result follows from (3.2.14)) and (3.2.15)). So
suppose (I, z) ¢ Pl Consider first the case where x € M;. M?. By Lemma |3 2. 4” | there is

a unique (I',2') € Pz such that (I,z) < (I',7'), and so Lemmas |3 2. 5| and |3 2. 6| and H
give

2 € W (M) C b, (D(r — 1)) C D(!\ Ml — 1))
Then (3.2.15)), (3.2.3)) and (3.2.7) yield
d(l’, Z) > d(l‘, Z/) — d(Zl, Z) > )\ZAZ/,jfl(rl’ + Si) — )\p(T[/ — tl) >t > )\ZA]’<TZ + Si) .

Consider now the case where z € ]\717 . Then there is a unique (', 2') € FZ such that
x € R (M. If (1I,2) = (I',2), then x € hi (M}). If (I,2) # (I'2') and | = I, then
d(z, Z) > s1/Ais1,j-1 by (i)} Thus and - 3.2.7) yield
d(z,z) > d(z,2') — d(z, z) > 51/ N1 -1 — Apjoar > NN (r + si)
If I <! and (I,2) £ (I',2'), then Lemma [3.2.4)[(a)l (3:2.2) and (3:2.7) yield
d(ZB, Z) > d(z, Z/) — d(a:, Z/) > )\lAj(Tl/ + Sl) — Al’,j—lrl’ > 5 > )\lAj(T’l + Si) .

This holds since N A; — Apj—y > 0 by (3.2.7). If I > I, then Lemma [B.2.4][(a)] (3.2.2)
and ((3.2.7) yield
d(z,z) > d(z,2') —d(z,2") > N Nj(ri + sp) — Ay
> )\l’AjTl + sy — )\I’Tl’ > /\lAj(rl + Si) .

At this point, only the case (I,z) < (I',2') remains to be considered; i.e., [ < I’ and
z€hy ,(M["). Let &/ = (hj, ,)""(x) € M} and y = (hy, ,)"'(2) € M/'. By the induction
hypothesis with |(v)| either ' € hf,(M}), or d(z',y) > MMy (r;+ s;). In the first case, we
have x € hj, _, o hfly(MZl) = h{Z(le) by |(iii). In the second case, the fact that h{,z, is an
(U',ry, Ay j—1)-p.p-qi. (M,p) — (M, 2") gives

d(z' Ay
d(z,z) > (', y) >\ (r + 5:) = NA(r+ s1) -
-1 Ay ja

Lemma 3.2.7. M{™' C M/, and hl_ = hi_" for all z € M}™".

Proof. Let z € Mj L By . and the induction hypothesis with we have z €
B(p,rj_1), p € M” , and h] 1p = idB@,r,_,)- By the definitions of PZJ in (3.2.12) and <,

it is immediate that (j — 1,p) € P]. Then z € M/™' = h; 1p(Mj h ¢ MJ Using |(iii)}
we see that

W, =1

j—Llp

-1 __ . i—1 i—1
© hf,z = ldB(Pﬂ"j—ﬂ Ohg,z = hz,z : L
Lemma 3.2.8. M/, ¢ M/, and hg’z = th’Z]B(p’m for every z € M7, ;.

Proof. Let z € M/,,. Then (i + 1,z) € P/. Moreover p € M;™ and hitt = idpg,, by
definition, and . ’ ‘
Z= h‘zz-&—l z( ) - hz—i—l z(le+1> - sz

by Therefore, by m

hi, =hl

H—l
i+1,z h

= hz+1 Lo ldppr) = hg+1,z|B(p,n) . U



3.2. Repetitive Riemannian manifolds 81

Now [(vi)| follows from Lemmas [3.2.7 and [3.2.8] by induction.
Finally, |(vii)| follows from M and the definitions of M} and h! > completing the proof
of Proposition [3.2.2]

Remark 20. Refining Proposmonuﬂ note that p € M, M by definition, and p € M; M/
for j > i+ 1 by the argument of Lemma [3.2.7]

Remark 21. Note that, in the course of the proof of Proposition [3.2.2] the only properties
needed from the sets €2; are Q; C Q(i,r;, \;) and the fact that ; is relatively dense in
M. Therefore Proposition [3.2.2] also holds by substituting the sets €); with a prescribed
family of subsets of M satisfying the above conditions, after possibly changing the value
of w;. Similarly, the choice of (i, 7;, \;)-p.p.q.i. hj for z € M; M s arbitrary. So, if we have
for every z in €; a prescribed (i, 7;, A;)-p.p.q.i. fz (M,p) — (M, z), then we can also
assume that hfz = f, for every x € ]\/4\5 Thus every map hﬁx is a composition of the
form f;--- f; by Lemma|3.2.6

For i € N, let
M=\ M, P=|JP ={(x)eNxM|j>izecM}. (3.2.20)
j>t 7>t

For every x € M;, there is some j > i such that © € M/. Then let h;, = h‘zx, which

is independent of j by Proposition . Thus the order relations < on the sets Pij
(7 > i) fit well to define an order relation < on P;; more precisely, < is the reflexive closure
of the relation < on P; defined by setting (j,2) < (j,2') if j < j" and & € hy (M ).
The following result is a direct consequence of Proposition |3.2.2]

Proposition 3.2.9. The following properties hold:

(i) M; is an s;/N\;11-separated subset of Q.

(i1) For every x € M;, h;, is an (i,r;, \;)-p.p.q.i. (M,p) — (M, x).
(i) For any (I, z) € P;, we have M; N hy(D(p,r;)) = hy.(M}).

() For every (j,y) € P and v € M; N h;,(D(p,7;)), we have h;, = hj, o h; s, where
a = h;,(z).

(v) For any x € M; and (j,y) € P,, either d(z,z) > N(r; + s;), or x € h(M}).
(vi) Fori < j, we have M; C M;, and h;z = hjz|p(p,y,) for x € M.
(vii) We have p € M; and h;p, = idppr,) -

For integers 0 <i < 7, let

=Dprj—ti—w)\ () Dz MAL_1(r+ 1) +wn);. (3.2.21)

(1,2)€P’

Lemma 3.2.10. The set S(p,r; — t; — w;) is contained in I.
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Proof. Since
S(p,?“j — tl — wi) C D(p, Tj — tz — wz-) s

the lemma follows by proving that, for (I, z) € F{,
S(psrj —ti —wi) N D(2, M1 (r + 85) +wi) =0 (3.2.22)

On the one hand, d(p, z) < r; —t; by Proposition [3.2.2|[(ii)} On the other hand, by (3.2.3)
and (327),

t >t 4+ N (g + s5) + 2w
and therefore
T — tl + )\lAl,j—l(Tl + Si) +w; < ry — tz — W .
Thus
D(Z, )\lAl,jfl(rl -+ Si) -+ wi) C B(p, Tj — tz — wi) s
and (3.2.22)) follows. O

Lemma 3.2.11. For all z € I/, we have d(z, M7) < w; + s;.

Proof. Let z € Iij . Since €); is w;-relatively dense in M, there is some y € €); with

d(y, z) < w;. Thus, by (3.2.21)),

y € D(p,r; —t;)\ U D(u, NAyj_1(ri+s5)) -

(Lu)eP)

Then, by Proposition the set ]\/4\27 U {y} cannot be s;-separated and properly
contain M. So, either y € M, or there is some x € M; \ {y} with d(z,y) < s;. In

the former case d(z, M) < d(z,y) < w;, whereas in the latter d(z, M/) < d(z,z) <

For i € N, let

L= {J (1))

(4,2)EP;

Lemma 3.2.12. [; is relatively dense in M, where the implied constant depends only on
Tiy Sis tiy Wiy Ai, and Ag.

Proof. Let x € M. We have D(x,w;) C D(p,r; —t;) for j large enough. If x ¢ I;, then
x ¢ hj,(I]) = I]. So, according to (3.2.21)), there is some (I, z) € P/ such that

€ D(z, NAj—1(r + s;) +wi) (3.2.23)

We can suppose that the pair (I, z) minimizes d(z, z) among the elements in P/ satisfy-
ing (3.2.23). Moreover we can assume that [ is the least value such that (I, z) is in P’
and satisfies the above properties.

Consider first the case where x ¢ hy,(B(p,7 — t; — w;)). Let 7: [0,1] — M be a
minimizing geodesic segment with 7(0) = = and 7(1) = z. There is some a € [0,1) such

that

T(a) € hy(S(p,ri —ti —w;)) C C(z, (rp —t; —wi) /Ay, Ny(r; — 8 —w;))
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where the last inclusion holds because h; .: (M, p) — (M, z) is an (I, 7, A;)-p.p.q.i. Then,
by (3.2.23)), (3.2.5) and ({3.2.7)),
d(z,7(a)) = d(z,2) — d(7(a), 2) < NA(r+ 53) +wi — (11—t — w;i) [\
< Tl()\lAZZ — 1)//\[ + )‘(2)51 +t + 2w; .

Using Lemma [3.2.1] we get

5

> — 1
d(l‘, hl7z(S(p, T — tl — (JJZ))) < 47“7,27 + )\381 + tl + 20)2' s

)

and then the result follows from Lemma [3.2.10
Suppose now that z € hy . (B(p, 7 —t; — w;)). Then hz_zl (z) ¢ I! because hy,(I}) C I;.
Therefore
h;; (ZE) < D(Z/, )\l’Al’,l71<Tl’ + Si> + wi) (3224)

for some (I',2') € P}, according to (3.2.21). Assume first 2’ # p, and let us prove that
z # p. Suppose by absurdity that z = p. We have hl_z1 (x) = x by Proposition .

So now ([3.2.24)) gives
€T € D(Zl, )\Z’Al’,l—l(rl/ + Si) + wi) C D(Z/, )\Z’Al/,j—l<7al’ + Si) + wi) .

Since d(z, z) < d(z,2"), we get x € D(2z, \vAp j—1(rv + s;) + w;), contradicting our choice
of (1, z) because I' < I.

Since p € My by Proposition we have d(p,2') > sp/Ayy1 by Proposi-
tion . So, by ,

d(p, h;zl (ZL‘)) Z d(p, Z/) — d(Z,, h'l_,zl (ZL’)) Z Sl’/Al’+1 — )\Z’Al’,l—l(rl’ + Si) — W . (3225)

Note that z' € M}, C D(p,r, — ty) C domh,. by Proposition [Gi)] Moreover
(I',lu:(2')) € P} according to (3.2.12)) because hi.(2') = h{_(2') € h{_ (M}) C Mj by
Proposition [3.2.2|[(iv)] using that (I, z) € P;*. Since hy,: (M,p) — (M, z) is an (I,r;, A;)-
p.p.q.i., and using (3.2.25)), (3.2.2)), (3.2.5), (3.2.7) and ([3.2.24]), it follows that

d(z,z) > A7 (s /Avgr — ANy ga (e + 83) — wi)
> 2)\3(7’1/ + s; + w,) - )‘l’Al’,l—l(rl’ + Si) — W
> )\3(7"[/ + Si) + w; > Al)\l’Al’,lfl(rl’ + SZ') + w; > d(hl,z(z'), x) .

This contradicts the assumption that (I, z) minimizes d(z,z) because (I, hy.(2')) € P?.

At this point, only the case 2/ = p remains to be considered. Then, since b ,: (M, p) —
(M, z) is an (1,7, A;)-p.p.q.i., and using (3.2.24), (3.2.5) and (3.2.7)), we get

d(l’, Z) < Ald(hl_,zl(]}),p) < Al ()‘Z’Al’,l—l('rl’ + Si) + wi) < )‘IQ’AI’(TI’ + Si) + Aow; -

Note that Proposition yields (I',z) € P/ since i < I' < I. Thus the minimality
of [ gives
d(z,2) > N Apga(rpy +8) + @0 >rp —t — w;
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using (3.2.23]). Then, arguing like in the second paragraph of the proof, we construct a
minimizing geodesic segment 7 from x to z that meets hy .(S(z,rp —t; — w;)) at a point
7(a) satisfying

d(z,7(a)) = d(z,2) — d(7(a), z) < NoAy(ry + 8;) + Now; — (1 — t; — w;) /Ny

ANAZ —1
< TZ/% + )\(2)81 +t;, + (1 + )\0)&)1' .
l/
Using Lemma [3.2.1] we get
N1
d((lf, hl/’Z(S(Z, ry — tz — wz))) S 4TzZT + /\(2)Sz + tz + (1 + )\0)(,01' s
and then the result follows from Lemma [3.2.701 O]

Proposition 3.2.13. M; is relatively dense in M, where the implied constant depends
only on r;, S;, ti, wi, i, and Ag.

Proof. Note that M; C I; since, for all x € M;, we have © € hiy1,.(D(p,Ti41 — ti)) =
hiy1.(IT). By Lemma , it is enough to show that M; is relatively dense in I;.
Let y € I;. By definition of [;, there is some (I,z) € P; such that y € hy,(I}). By
Lemma , there is some x € M! C dom h;, such that d(hl_zl(y),a:) < w; + ;. By
Proposition [3.2.9)[(iii)} we have h;.(z) € M;. Then the fact that hy.: (M,p) — (M, 2) is
an (I,r;, \y)-p.p.q.i. gives

d(y, M;) < d(y,hi.(z)) < A(w; + 8:) < Aj(wi + s1) - [l

Proposition 3.2.14. For every n > 0, there is a separated n-relatively dense subset
X C M such that p € X and

X N h(D(p, 1) = hu:(X 0 D(p, 1)) (3.2.26)
for all (I,2) € By.
We will derive this result from the following auxiliary lemma.

Lemma 3.2.15. For anyn > 0 and 0 < § < n/Aq, there are sets X; C Xo C --- C M
containing p such that:

(a) every X; is 6/Ay,_1-separated and 6\, ;_q-relatively dense in D(p,r;); and,

(b) for all (1,z) € R,
Xi N hl,z(D(P, T’l)) - hl,z(Xl) .

Proof. We proceed by induction on i € Z. Let X; be a maximal §-separated subset
of D(p,r1) containing p, given by Zorn’s lemma. By Lemma , it is also d-relatively
dense in D(p,r).
Now, given any ¢ > 1, suppose that we have already defined X, for 1 < k < i
satisfying @ and @ Let
X = U h;,z(Xl> :

(l,z)efé
Note that X;_; C X; by Proposition . The following assertion follows from the
induction hypothesis with [(a)] and Proposition [GiD)
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Claim 3. )?1 is /Ay ;_1-separated 0A; ,;_i-relatively dense in

Let X; be a maximal 6/A;;_1-separated subset of D(p,r;) satisfying

(l,z)eﬁé

whose existence is guaranteed by Zorn’s lemma and Claim |3| To establish @ we still
have to prove that d(z, X;) < dA; ;-1 for every x € D(p,r;). If

then this inequality follows from Claimand , so assume the opposite. Suppose by
absurdity that d(z, X;) > 0A; ;1. Then {x}U X, is a A, ;_-separated subset of D(p, ;)
that still satisfies ([3.2.27)) and properly contains X;, contradicting the maximality of X;.

Let us prove (b)l If (I, 2) € Py, then the result follows from (3.2.27). If (I, 2) ¢ Py,
then Lemma I b)[states that there is a unique (I, 2') € P, such that (I, 2) < (I', 2').
Proposition yields hy. = hj, = hj, , o hj_,, where 2" = (hj,.,)*(z). By the
induction hypothesis, we have Xy N hy.»(D(p, 1)) = hy.»(X;), and therefore

ho o (X)) O hy (D (p,11)) = oo (X OV by oo (D(p, 1)) = b (han (X0)) = hi2(X0)
Thus the result follows by showing that
hy o (Xy) N hy(D(p, ) = X N h o (D(p, 1)) - (3.2.28)

First, note that X; N hy.(D(p, 1)) = Xi N hy(D(p, 1)) by (3-2.27). Then, by the
definition of X, follows if we prove that hy . (D(p, 7)) N h;,(D(p,7;)) = 0 for
all (j,y) € Py \ {(I',?)}. Recall that hy.: (M,p) — (M,2') is an (I', 71, \p)-p.p.q.i.
and hj,: (M,p) — (M,y) a (j,rj,\;)-p.p.q.i. by Claims and ; in particu-
lar, hy . (D(p,rr)) C D(Z', \pry) and h;,(D(p,7;)) C D(y,\jr;). But D(z, Apry) N
D(y, A\jr;) = 0, as follows with the following argument. If I’ = j, Proposition
and give

d(y, Z) > Sj/AjJ'_l > 2A07]’_17‘j -+ SO/AO,i—l > 2)\]'7“]' .

In the case I' < j, we have (j,y) € P and 2’ ¢ hi (Mj) since (I', 2’) is maximal. Therefore

Proposition and (3.2.2)) give
d(y, Z) > /\in(T’j + Sl/) > )‘jrj + Ay

The case m < I’ is similar, completing the proof of (3.2.28)). O]



86 Chapter 3. Realization of Riemannian manifolds as leaves

Proof of Proposition [3.2.14 For any § < n/A;, let X be the union of the sets X; given
by Lemma |3.2.15, By Lemma |3.2.15 @ and since 1; T 0o, this set is §/Aj-separated

and dA;-relatively dense in M; in particular, it is n-relatively dense in M since dA; < n.

Finally, (3.2.26) follows easily from (3.2.20])), Lemma3.2.15](b)] and Proposition [3.2.9](vii)|
O

Remark 22. According to the proofs of Proposition [3.2.14] and Lemma [3.2.15, we can
assume the separating constant of X to be any 7 < n/A?. Therefore we can take s; as
large as desired and A; as close to 1 as desired, and still assume that X is n-relatively

dense and 7-separated. This follows because, according to (3.2.1)—(3.2.7)), enlarging s;
only forces A; to be smaller.

Proposition 3.2.16. In Proposition giwen any o > 0, we can assume that there
is some 0 < p < o such that, for alll € Z+ and x,y € X,

{z,y} € D(p,m1) = d(x,y) & [(0 — p)/ N, Mi(0 +p)] - (3.2.29)

In particular, d(xz,y) ¢ (0 — p,0+ p) for all x,y € X.

Proof. Givenn > n' > 0, take some X' C M satisfying the statement of Proposition|3.2.14
with n'. For i € Z", let X/, X] and ¢ be like in the statement and proof of Lemma |3.2.15
with 7.

Claim 4. There are subsets X; (i € Z%) satisfying (3.2.29)), and there are bijections
fi: X! — X, such that:

() d(y, £:(w)) < 3Arire/2 for all 2,y € X

(b) X; is (0 —3¢e)/A1,_1-separated and (§ + 3e/2)A; ;_;-relatively dense in B(p,r;);
c) X; C X;and f; = fl‘Xl{ for all 1 <1 < i; and,

(d)

d) for all (1,2) € R,
XNy (D(p, 1)) = hi2(X3)

We proceed by induction on i € Z*. First, for e > 0 small enough and since § < n'/A;,
we have

There is also an assignment ¢ — P(g) > 0 given by Proposition such that o >
P(e) J 0 as € [ 0. Choose p, p; > 0 satisfying p < p; < P(£/2). Once r; is fixed, we can
choose \; close enough to 1 so that

Let Z; be any e-perturbation of X{ such that Z; C B(p,r —¢/2). Then, using Proposi-
tion [3.1.6} let X; be an e/2-perturbation of Z; such that, for all z,y € Xj,

d(z,y) & [0 —p1,0+p1] . (3.2.32)

Let f1: X{ — X be the induced bijection, so that @ is satisfied for ¢ = 1. This can be
done since we chose pA; < p; < P(g/2). Then (3.2.31)) implies (3.2.29) for =,y € X,
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whereas @ follows from Proposition Items|(c)|and @ are vacuous for ¢ = 1. Note
that we also have X; C B(p,r1).

Now, given any integer ¢ > 1, assume that we have sets X and bijections f;: X] = X;
for 1 < j < i satisfying the properties of Claim {4 Let

L) nmi(x

(l,z)eﬁé
like in the proof of Lemma [3.2.15] We get
d(z,y) ¢ (o — p)/ A, Nio + p)]

for (1,2) € Fé and z,y € E;,Z(Xl) by Proposition [3.2.9||(ii)} By Remark , we may
assume that soAg > 0 + p1 > 0 + p;. By (3.2.16)), we have

d(z,2") > Nicar + Ay iare + so/ Ao
for all (1,2),(l',2') € ﬁé, (I,2) # (I',2'). So, by the triangle inequality, we have
d(l’,y) > 81/A17i,1 > Al(O' + p)

for 2 € hj(X;) and y € hj, ,(X]). This shows that (3.2.29) is satisfied for every z,y € X;.
Note that

U hz z p7 Tz XZ .
(L,z)ePE

Since X] is finite, it follows that there is some 0 < ¢; < € such that

CPen(Xz' \ )/Zz/, 61') C D(p, Ti) \ U hl,z(D(pv Tl)) .

(l,z)EPS

Choose p; such that p < p; < p1 < P(g;/2) < P(¢/2). Once we have fixed r;, we can
choose \; close enough to 1 that

Let Z; be an &;-perturbation of X!\ X! such that

ZCB(p,ri—si/2), CPen( Zl,sz/Q U hi.(D(p,m)) =0 .

(1,z)€Pi
Now, by Proposition m there is an g;/2-perturbation X; of Z U )?1 satisfying

d(z,y) & [0 — pi,0 + pi

for all z,y € X; and X; C X;. Let hy: X[\ )?Z’ — X, denote the induced bijection. Note
that
X; C B(p,r;) \ ) u(D(p.m)) (3.2.34)

(l,z)ers



88 Chapter 3. Realization of Riemannian manifolds as leaves

Now |D 1mphes 3.2.29) for all z,y € X;.
Let fir X! = X, be given by h;(y) = hi.fi(h; }(y)), where (I, 2) is the only element

in P such that y € h.(D(p, rl)) By Proposition [3.2.9 and the induction hypothesis
with |(a)|, this map satisfies d(y, fi(y)) < 3A1,_1£/2 for all y € X!\ X!. The combination
of fl and f; into a map f;: X[ — X; is the desired bijection, and trivially satisfies both
and |(c) - Item @ follows from and Proposition . whereas @ follows from the
definition of X; and (| completlng the proof of Clalm

By Claim [4][(b)], the set X U, X is (0 —3e)/As-separated and (6+3¢/2) A -relatively
dense in X. Therefore it is also n-relatively dense by . According to Claim @, X
satisfies all the requirements of Proposition . Moreover X satisfies because
every X; does. O

3.3 Repetitive colored graphs

The results of Section 3.2 have obvious versions for (colored) connected graphs with finite
vertex degrees, using (colored) graph repetitivity with respect to pointed partial quasi-
isometries and graph-theoretic geodesic segments (Section . By Corollary [2.1.25 m
the proofs are essentially the same, omitting the use of m and taklng Ay < 2. Moreover
Corollary 2 shows that Q = (); and Q;; = €2, ; in this version by taking Ay close
enough to 1 Note that the version for (colored) graphs of Propos1t1on1s trivial. The
versions for colored graphs of Propositions|3.2.2} |3.2.9/and [3.2.13] and other observations
are explicitly stated here because they will be used in the proof of Theorem (1.2.1l Their
versions without colorings can be considered as the particular case of Colorlngs by one
color.

Let (X, ¢) be a colored connected graph with finite vertex degrees. Fix any p € X. For
i € Nand R > 0, let Q(i, R) be the set of elements x € X such that there exists a pointed
color-preserving graph isomorphism (Dx(p, R),p,») — (Dx(z, R),x,¢). Suppose that
(X, ¢) is repetitive; i.e., the sets (i, R) are relatively dense in X. Take sequences 0 <

15, Si,t; T 00, and let w; denote the smallest positive real such that the set QZ = Q(i,r;)
is w;-relatively dense in X. Let also r_y = s_1 = t_1 = w_1 = 0. Suppose that r;, s;
and t; satisfy Eqs. (3.2.1)) to (3.2.4). For i € N, let X/ = {p} and h], = idpp,,). In
Proposition w, we will continue defining a subset Xij C X for every 0 < i < 7, and
a pointed color-preserving graph isomorphism hfz : (D(p,1i),p,¢) = (D(z,71), 2, ¢) for

every z € Mf . Using this notation, let

Pl ={(l,2)eNxM|n<l<m, z€ M"}.

)

Note that P,f C Pij if i <k < j. Moreover, let < be the binary relation on Pij defined by
declaring (1,2) < (I',2) if l < 1" and 2z € hy,, (M), and let < denote its reﬂexive closure,

which is a partial order relation (the analogue of Lemma m@) Let P] denote the
set of maximal elements of (PJ <), which is nonempty since all chains in PZJ are finite.

For every (k,y) € P?, there is a unique (I, z) € P, so that (k,y) < (I, 2) (the analogue of

Lemma .
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Proposition 3.3.1. For all integers 0 < i < j, there is a set X/ = )?Zj G )?f C X
and, for every z € X, there is a pointed color-preserving graph isomorphism hiz :
(D(p,r:),p,¢) — (D(z,17), 2, 0) satisfying the following properties:

(i) )A(f is a maximal s;-separated subset of
QL ND(p,rj—t;)\ U D(z,r + s;) .
(l,z)eﬁf
(ii) X7 is an s;-separated subset of Q; N D(p,7; — t;).

(iii) For every (I,2) € P! and x € X! N D(z,7;), we have hﬁm = hiz o hi ., where
o = () (@),

(iv) For any (I,z) € P!, we have X! N D(z,1) = h{Z(XZl)
(v) For any x € X and (1,2) € P!, either d(z,z) > r;+ s;, or x € h{’z(Xf).

(vi) For all integers 0 < k <[ such that either | < j and k >4, orl = j and k > i, we
have Xi, C X} and h] , = hi, |ppr) for any z € X].

(vii) We have p € X! and hf:’p = idp@pr) -
For i € N, let
Xi=\Jx7, P={JP ={(x)eNxX|j>izeX]}.
j>i j>i

For all x € X;, there is some j > ¢ such that x € Xf Thus let h;, = h!  which is

1,2 i
independent of 5 by Proposition . Hence the order relations < on the sets P/
(7 > i) define an order relation < on P;, which is the reflexive closure of the relation <

on P; given by setting (j,x) < (j/,2') if j < j' and x € hj/,I/(Xj,).
Proposition 3.3.2. The following properties hold:
(i) X; is an s;-separated subset of €.

(i1) For all x € X;, hiy : (D(p,13),p,¢) — (D(x,r:),2,0) is a pointed color-preserving
graph isomorphism.

(iii) For any (I,z) € P;, we have X; N D(z,1;) = hy(X}).

(i) For every (j,y) € P, and x € X; N D(y,r;), we have h;, = hj, o h;, where
x = h]_yl(x)

(v) For any x € X; and (j,y) € P;, either d(x,z) > r +s;, or x € hy(X]}).
(vi) Fori < j, we have X; C X;, and hiz = hj|ppr) for x € X;.

(vii) We have p € X; and h;, = idp(p,y,).-
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Remark 23. Using the same argument as in Remark [21} we can assume that €2; (i € N) is
any family of relatively dense subsets of £2(i,7;), so that )?ZJ C Q. If, for every x € €);, we
have a prescribed (4, 7;)-p.p.q.i. fix: (X, p) = (X, x), then we may assume that b , = fi.
for every z € )A(f . Finally we have that, for every z € X;, b/, is a composition of the
form f;, z, -+ fi, 2, by the analogue of Lemma [3.2.6| 7

The following result is the analogue for colored graphs of Lemma [3.2.12]

Proposition 3.3.3. X; is relatively dense in X, where the implied constant depends only
on 14, S, by, Wj.

3.4 Realization of manifolds as leaves

3.4.1 Realization in compact foliated spaces without holonomy

Theorem 3.4.1. For any (repetitive) connected Riemannian manifold M of bounded
geometry, there is a (minimal) compact Riemannian foliated space X without holonomy
with a leaf isometric to M.

To prove this theorem, the construction of X begins with the following result.

Proposition 3.4.2. Let M be a (repetitive) connected Riemannian manifold of bounded
geometry. For every n > 0, there is some separated n-relatively dense subset X C M,
and some coloring ¢ of X by finitely many colors such that (M, X, ¢) is (repetitive and)
limit aperiodic.

Proof. Let 0 < 7 <n. When M is not assumed to be repetitive, choose 0 < e <n—7
and take any (7 + 2¢)-separated (n — €)-relatively dense subset X C M (Corollary
By Proposition [3.1.6] there are p > 0, 0 > 3n and a 7-separated n-relatively dense subset
X such that

du(z,y) ¢ (c —p,o+p) Ve,yeX. (3.4.1)

The set X becomes a graph by declaring that there is an edge connecting points x and y
if 0 < dy(z,y) <o.

Claim 5. The graph X is connected, and X N Dys(z,7) C Dx(z, [r/n]+1) forall z € X
and r > 0.

Let x,y € X and k = |d(x,y)/n] + 1. Since M is connected, there is a finite sequence
T = ug,uy,...,ur = y such that dy(u;_1,u;) <n (i =1,...,k). Using that X is n-
relatively dense in M, we get another finite sequence x = 2g, z1,..., 2, = y in X so that
dp(ug, z;) < n for all . Then

dar(ziz1, 2i) < dar(Ziz1, wima) + dar(wim1, wy) + dar(ug, z) < 3n < o

So, either z;_1 = z;, or there is an edge between z;_; and z;. Thus, omitting consecutive
repetitions, zy, 21, . . . , 2x gives rise to a graph-theoretic path between x and y in X. This
shows that X is a connected graph and dx(z,y) < k, as desired.

By Proposition [3.1.5] there is some ¢ € N such that, for all z € M, the disk Dy(z,0)N
X has at most ¢ points, obtaining that deg X < ¢. Now Theorem [I.1.4] ensures that there
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exists a limit aperiodic coloring ¢ : X — {1,...,¢}. By the definition of the graph
structure of X, we also get
Dx(z,r) C Dy(z,7r0) (3.4.2)

for all x € X and r € N. R

For n = dim M, take a class [M', X', ¢'] C [M, X, ¢]in CM?({1,...,c}) (Section(3.1.4).
Consider the graph structure on X’ defined by declaring that there is an edge connecting
points 2’ and ¢’ if 0 < dpp (2, y') < 0.
Claim 6. We have that:

(a) X’ 1is T-separated and n-relatively dense in M’,

(b) X’ is a connected graph and X' N Dy (2/,7) C Dx/(2/,|r/n] + 1) for all 2/ € X’
and r > 0,

(c) deg X’ < ¢, and
(d) [X',¢] C[X, 4] in G.({1,...,c}).

Given 2’ € X', m € Z"™, R > § > 0 and A > 1, there are some x € X and an
(m, R, \)-p.p.q.i. h: (M’ 2") — (M, z) such that:

e for all u € D(z/, R—§)N X', there is some v € h~(X) C D(z/, R) with d(u,v) < ¢
and ¢'(u) = ¢h(v); and,

e forallv e D(a', R —6)Nh~1(X), there is some u € X’ N D(z', R) with d(u,v) < §
and ¢'(u) = ¢h(v).

For the sake of simplicity, let ¥ = h™!(y) for every y € im h. Since X Nh(Dyy (', R)),
X'N Dyp (2, R) and h(Dyp(2', R)) are compact, given any 0 < 7/ < 7, we can assume
that A — 1 and 0 are so small that

2N < T . (3.4.3)

For any ¢y € X'NDyp(2', R—0), there is some y € XNh(Dyp(2', R)) such that dyy (v, y) <
dand ¢'(v') = é(y). If z € XNh(Dy (2, R)) also satisfies dpr (y', Z) < 0, then, by (3.4.3)),

dyi(y, 2) < Ay (9, 2) < Mdar (v, 2) + dar (v, 9)) <200 <7,

yielding y = z because X is 7-separated. So y is uniquely associated to 1/, and therefore
the assignment 3y — y defines a color-preserving map

h:X'NDy(z',R—0) = X Nh(Dy(z',R)) :

in particular, h(z’) = h(z') = x. Since h is an (m, R, \)-p.p.q.i., for all ¥/, 2" € X' N
DM/(.f,, R — 5),

(dpr (3, 2') — 20) /X < dpr(R(y'), h(2)) < Mdare (i, 2') + 26) . (3.4.4)

Furthermore, either dy (h(y'), h(2')) = 0, or dps (h(y/), h(2")) > T because X is T-separated.
So, either dpyy (v, 2') < 28, or dpp(y',2') > 7/X — 26 by (3.4.4). Since the choice of §, A
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and R was arbitrary, we infer that X' is a 7-separated subset of M’. In particular, h is

injective by (13.4.3) and (3.4.4)).

By taking § and A — 1 small enough, we can also assume that
Mo—p+20)<o<(oc+p—25)/\. (3.4.5)

Given ¢/, 2’ € X' N Dy (', R—6), let y = h(y/) and z = h(2') in X N h(Dyp (', R)). If
dM’(y,7Z/) <o-—p, thena by "

dy(y,2) < M (9, 2) < Mdap (Y, 2') +20) < o .
If dyi(y', 2') > o + p, then, by (3.4.5)),
dy(y,z) > dy (G, 2) /A > (dar (', 2') — 20) /A > o .
These inequalities, , and the injectivity of i show that
h:X'"NDy(2',R—36) — (X' N Dy(a’', R—9)) (3.4.6)

is a color-preserving graph isomorphism.

Like in (3.4.4), for all y € X' N Dy (', R — 6),
(dapr (2, ) = 6) /X < dag(z, W) < Mdap (2, ) +90) . (3.4.7)
We use these inequalities to show that
X N Dy(z, (R—26)/X) € (X' N Dyp(a’, R —6)) € X N Dy(z, AR) . (3.4.8)

Here, the second inclusion is a direct consequence of . To show the first inclusion,
observe that Dy (z, (R —20)/\) C h(Dyp(z, R — 26)) because h : (M',z") — (M, z) is
an (m, R, \)-p.p.q.i. Thus, for any y € X N Dy (z, (R—25)/\), we have § € Dy (2, R —
20) with h(y) = y. Moreover there is some 3y’ € X’ such that dp(y',y) < 6. Then
dy(2',y) < dpp(2/,5) +6 < R—6, and h(y') = y by the definition of h. So y €
h(X' N Dyp(a', R — 6)), completing the proof of (3.4.8).

Now, for any v’ € Dy (2', (R —25)/(A —n)N), we get h(y') € Dy(z, (R —20)/X —n)
because h : (M',x') — (M, x) is an (m, R, \)-p.p.q.i. Since X is n-relatively dense, there
is some y € M such that d(h(y'),y) <n. We have y € Dy/(z, (R—2J)/\) by the triangle
inequality. Moreover y € im h by (3-4.8). So h~'(y) € X’ and

d(y',h ™ (y)) < d(y', ) +0 < Ad(h(y),y) +0 < M+

Since R is arbitrarily large, and § and A — 1 are arbitrarily small, it follows that X’ is
n-relatively dense in M’, completing the proof of @

Item follows from @ with the same argument as in Claim [5, Finally, and @
follow using and the color-preserving graph isomorphisms . This completes
the proof of Claim [6]

Claim 7. If ) is small enough, then (M, X, ¢) is limit aperiodic.
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Consider any class [M', X', ¢'| C [M, X, ¢] in @M:}({l, ...,c}), and let h be an isom-
etry of M’ preserving X’ and ¢’. Then h defines a color-preserving graph automorphism
(X', ¢) with the above graph structure. By Claim |§| and since (X, ¢) is limit aperiodic,
we get that h = id on X’. By Proposition [3.1.7} it follows that A = id on M’ if 7 is small
enough. So (M’, X', ¢') is aperiodic, completing the proof of Claim [7]

Now assume that M is repetitive, and take the separated n-relatively dense subset
X C M given by Proposition [3.2.14, Moreover assume that X satisfies the additional
conditions of Proposition for any given o > 3n and with some 0 < p < 0. Define
a graph structure on X using ¢ and p like in the previous case. According to Proposi-
tion , for every (I, z) € Py, we have a pointed bijection

hl,z : (X N DM(p7 T'l),p> — (X M hLZ(DM(p, 7“1)),2) (349)

for every (l,z) € Py, which are pointed graph isomorphisms by in Proposi-
tion[3.2.16] As before, the graph X is connected, there is some ¢ € N such that deg X < ¢,
there is a repetitive limit aperiodic coloring ¢ : X — {1,...,¢}, and (M, X, ¢) is limit
aperiodic if 7 is small enough.

Let us prove that we can assume that (M, X, ¢) is repetitive in this case. To construct
¢ and prove its limit aperiodicity and repetitivity, the argument of Theorem [1.1.4] uses
the versions without colorings of Propositions [3.3.1] to [3.3.3] Given other sequences
0 < ri, st 1 oo satisfying Eqgs. (3.2.1]) to (3.2.4), we can also suppose in Section [3.2|that
r; > Aol yielding Dx(x,r.) C X N Dy(x,r;) for all z € X and i € N. So, according to
Remark [2] the versions without colorings of Propositions [3.3.1] and [3.3.2 hold with the
maps

. (Dx(p,7)),p) = (Dx(2,7))),2) - (3.4.10)

induced by the pointed graph isomorphisms . Then the proof of Theorem m
describes the repetitivity of the colored graph (X, ¢) using the pointed graph isomor-
phisms ([3.4.10). By Claim [5| any sequence 0 < 7/’ — oo with |r]] > [r//n] + 1if r] > 1
satisfies X N Dy (p,7]) C Dx(p,r}). Thus the (1,7, A;)-p.p.q.i. (M,p) — (M, z) defined
by h; . can be used to describe the repetitivity of (M, X, ¢) O

As explained in Section Theorem holds with the Riemannian foliated
subspace X = [M, f] ¢ M” (n = dim M), where f € C*®(M,$) is given by the

following result. 7

Proposition 3.4.3 (Cf. [6, Proposition 7.1]). Let M be a (repetitive) connected Rie-
mannian manifold. There is some (repetitive) limit aperiodic f € C*(M,$), where

$) is a finite-dimensional Hilbert space, so that sup,, |V"f| < oo for all m € N and

Proof. Take 1o > 0 and normal parametrizations k, : B,, — By(z,19) (z € M) like in
Proposition |3.1.4. For any 0 < r < rg, take X, ¢ and ¢ like in Proposition [3.4.2| with
n = 2r/3. Write X = {x; | i € I} for some index set I, and let k; = Ky, : B, —
By(zi,r) and ¢; = ¢(x;) (¢ € I). Consider the graph structure on X defined in the
proof of Proposition [3.4.2] using ¢ = 3n = 2r. Since deg X < ¢, there is a coloring
a: X — {1,...,c+1} such that adjacent vertices have different colors. Let X = a~ (k)
and Iy ={iel|z,; e Xy} (k=1,...,c+1).
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For n = dim M, let S be an isometric copy in R"*! of the standard n-dimensional
sphere so that 0 € S. Choose some function p € C®(R") such that p(z) depends only
on |z, 0 < p <1, p(x) =1if |z| <r/2, and p(z) = 0 if |z| > r. Take also some C'*
map 7 : R" — R that restricts to a diffeomorphism B, — S\ {0} and maps R" \ B,
to 0. Let V = 7(B,)2) C S and yo = 7(0) € V. Let p; = po k;'and 7, = Tok; ' For
k=1,...,c+ 1, let f* = (fF, f¥): M — R"™2 = R x R™™! be the extension by zero
of the combination of the compactly supported functions (p; - ¢;, p; - 7;) on the disjoint
balls Bys(w;,7), for i € Iy. Let f = (f'...,f) : M — (R*F2)tl = Rle+D+2) —,
$. Note that sup,, |[V™f| < oo for all m € N and infy |[Vf| > 0. We can write
f=0Unf): M= $H=9H DN, where fi = (f,..., fith) : M — R = §; and
f2 — (f21’ . 20+1) M — (Rn+1)c+1 = R(c+1)(n+1) =: 9.

Claim 8. If r is small enough, then f is limit aperiodic.

Take any class [M’, f'] € [M, f]. Then [M'] € [M], obtaining that inj,,, > inj,, >
ro and M’ satisfies the property stated in Proposition [3.1.4 We can consider f’ =
(fll, o ,f/c+1) M = (Rn+2)c+1 = R+D(n+2) — $ with f/k — ( {k’ ék) M =
R x R™™ = R"™2. Given 2/ € M’, there are sequences, 0 < R, 1 00, 0 < 1, | 0, m, 1 oo
in N, of smooth compact domains D, C M’ with By (2, R,) C D, C By (2', Ry41), and
of C* embeddings h, : D, — M, such that

q>p = |hygr — gnrllema,pygy e f = Fllemapygy, <1 -

Let X}, = (f4*)*(yo) € M’ and X' = X[U---UX/,,. Write X' = {2} | a € A} for some
index set A, and let Ay ={a € A| ), € X} }. For any a € Ay, we have Dy (2!,r) C D,
for p large enough. Let Z,, = h,(2)) for ¢ > p. Then f¥(%.,) — foF(z)) = yo as
q — oo. By the definition of fy, it follows that there is a sequence i,, € I such that
dy(Ti, s Tayg) — 0. Given 0 < 0 < r/2, we get hy(Dyp(z),,0)) C Buy(w,,,r/2) for
q > p large enough, and mi’alqhq =71 é‘“hq — 771 f3* with respect to the C* topology on
Dy (x,,0). Thus there is some normal parametrization #/, : B, — By (!, ) such that
771k = k7Y on Dyp(2!,0). Since 6 is arbitrary, we get fiF = 7x/71 on Byy(2!,1/2);
in particular, f3* : Byp(z),7/2) — V is a diffeomorphism.

Now, using the properties of X and the convergence dy/(7;, ,,Taq) — 0, it easily
follows that X' is also separated and n-relatively dense in M’, and, for all 2’ € M’,
the ball Byy(2',0) N X’ has at most ¢ points. Hence, like in the case of X, the set X’
becomes a connected graph with deg X’ < ¢ by attaching an edge between z/, and z},
(a,b € A) if 0 < dpp(2),x}) < 0. Let 5p denote the set of points 2z, in X’ such that
Dyp(x),,7) C D,. From the convergence dy (2, ,, Ta,q) —+ 0, we also get that, if p and ¢
are large enough with ¢ > p, then, for all a,b € A with 2/, z} € Ep, there is an edge in
X between w;, , and w;, if and only if there is an edge in X’ between z;, and z;. Thus
an injection hy,, : D, — X is defined by hyq(2) = iy ys ad Ty : D, — hyy(D,) is a
graph isomorphism. Moreover, for any N € Z* and a € A, we have Dx/ (2, N) C Z~?p if
Dyy(x),2Nr) C D,, which holds for p large enough. Then there is a pointed isomorphism
(Bx+(x,,N),x,,) = (Bx(zi,,,N),%,,) if pand ¢ are large enough with ¢ > p, yielding

(X' 2] € [X], and therefore [X'] C [X]. Furthermore, ff(Z.,) = ff(zi,,) = ¢i,, =

(ﬁ;,qﬁb)(xé) if dM(17ia,qvja,q) < r/2 and i, € I, and ff(ja,q) = (h;ff)(l’g) — f{k(x;)
as ¢ — 0o. So a coloring ¢ : X’ — {1,...,c} is defined by taking ¢/ = f{*¥ on every
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X}, and we have h,,6 = ¢' on Dx/(z, N). Hence [X' 2., ¢'] € [X, @], and therefore
[ X7, ¢'] C [X, ¢]. Moreover (X', ¢') is aperiodic because (X, ¢) is limit aperiodic.

Let us prove that (M’, f) is aperiodic. Let h be an isometry of M’ such that h* f' = f’.
Thenh*f’k f’kforallk—l sc+land j=1,2. Soh(X')=X"and h: X' — X'
is a graph 1sornorph1srn preserving gb’ . Since (X', ¢') is aperiodic, it follows that h is the
identity on X’. So h = id on M" if r is small enough by Proposition [3.1.7 This completes
the proof of Claim [§

When M is repetitive, the repetitivity of f is a direct consequence of the repetitivity
of (M, X, ). ]

3.4.2 Replacing compact foliated spaces with matchbox mani-
folds

Theorem 3.4.4. For any (minimal) transitive compact C* foliated space X without
holonomy, there is a C*° (minimal) matchbox manifold M without holonomy, and there
1s a C™ surjective foliated map m : 9N — X that restricts to diffeomorphisms between the
leaves of M and X.

Proof. Fix any dense leaf M of X, an auxiliary Riemannian metric on X, and a C*
embedding h : X — $; into some separable Hilbert space. Let fi; = h|y and 9y = [M, fi]
in ﬁf(ﬁl) (n = dim M). Then (M, f1) is limit aperiodic, 91, is compact, and we have
an induced isometric diffeomorphism between Riemannian foliated spaces ix 5 : X — 900
(Example [3.

There are regular foliated atlases U = {Uj;, ng,} and U = {U,, iy of X (i=1,...,¢),

Wlth foliated charts ¢z 1 Ui — B; x T; and (bl U, — B X ‘312, such that U, C U and
= Gilp.. Thus B; C B; in R” (n = dim %), and every T, is a relatively compact

subspace of E Moreover the projections p; = pr, ¢Z : U; — %; extend the projections
pi = pry¢; Uy — %;, and the elementary holonomy transformatlons hza p,(U N

(73-) — ﬁj((?i N (7}) defined by U extend the elementary holonomy transformations hij
pi(U; NU;) — p;j(U; N U;) defined by U. Let J denote the set of all finite sequences of
indices in {1,...,c}. For every I = (ig,iy,... i) € J, let hy = hy,_,5, -~ hiyiy and hy =
hi, iy, -+ Piyig, Which may be empty maps. There are points y; € B; such that the local
transversals gz;i_ "y} x i) = %, have disjoint closures in X, and therefore we can realize
T = Ll %, as a complete transversal in X (Section . Hence ¢; *({y;} x ;) = T; and
T :=| ], %; also have these properties.

Since X is Polish and compact, it is locally compact and second countable, and there-
fore T is also locally compact and second countable. Then there is a countable base
of relatively compact open subsets Vi, (k € N) of T. Fix any relatively compact open
subset &; of every ‘E, containing T;, and let & = L]; &;. Given a metric on T inducing
its topology, we can suppose that there is a sequence 0 = kg < k; < --- in N such that
the sets Vi, ..., Vi, ., —1 cover S and have diameter < 1/(m+ 1) for all m € N. Using

K ={0,1}" as a model of the Cantor space, let ¢ : T — K be defined by

0 ifxé¢V

Plz)k) = {1 ifreV,.
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Since J is countable, K’ is homeomorphic to K. Let U : T — K’ be the map defined by

wilj(l’) if x € dom 71[

Ve)1) = {O if z ¢ dom h;

where 0 = (0,0,...) € K. Observe that ¥(x) determines Uhy(z) forallz €T and [ €7
with x € dom h;.

g’laim 9. For any sequence z, in &, if ¢(z,) is convergent in K, then z, is convergent in
%, and lim, x, depends only on lim, ¢ (z,).

The convergence of 1(z,) in K means that, for every m € N, there is some a,, € N such
that (z,)(k) = ¥(x)(k) for all k < kyqq and a,b > a,,. Since the sets Vi, ..., Vi, 121
cover G, it follows that there is a sequence [,, € N such that k,, < [, < k11 and
z, € Vi, for all @ > a,. Thus the limit set (), {z, [ @ > a; } is a nonempty subset of
M., Vi..» which consists of a unique point of & because every V;  is compact with diameter

< 1/(m+1). Thus z, is convergent in ¥.

Now let y, be another sequence in & such that 1 (y,) is convergent in K and lim, ¢ (y,) =
lim, ¥ (z,). We have already proved that y, is convergent in T. Moreover, taking a,, large
enough in the above argument, we also get ¥(y,)(k) = ¥ (z,)(k) for all k < k41 and
a > ap,. This yields y, € V,,, for all a > a,,, and therefore lim,y, = lim, z,. This
completes the proof of Claim [9] L

According to Claim |§|, a continuous map @ : ¥(6) — & is defined by w(&) = x if
{2} = Mkee10) Vi, and we have i) = id on &. Let X; = T,NM and X = |J, X; = TNM,
which is a Delone set in M (see e.g. |10, Proposition 10.5]).

For every i, let \; : X — [0,1] be a C* function with \; = 1 on F; and A\; = 0 on
T\ &;. Fix an embedding o : K? — R, and let f, = (f},..., f&): M — R =: §,, where
fi(x) = Ni(x) - oUp;(z). We have sup,, |V™fo| = max; supy [V™ )| < oo for all m € N.
So My := [M, f5] is compact by Corollary |3.1.13]

Consider the C* function f = (f1,f2) : M — $ := H; & Ho, and M = [M, f] in
J/\\/[” ($). Since My and M, are compact, we get that M is also compact by Corollary 3.1.14]
We have infy |[Vf| > infy |[Vfi| = infx [VA| > 0, and therefore 9 C M imm () by
Proposition [.1.17][(ii)] The function (M, f) is limit aperiodic because (M, fl) is limit
aperiodic, and therefore 9t has no holonomy (Section .

For a = 1,2, let II, : $ — $, denote the corresponding factor projection. Then
[T, M — My is a surjective C° foliated map restricting to isometries between the
leaves, and therefore m := (ixp,) ! o [Ty, : M — X is also a surjective C™ foliated map
restricting to isometries between the leaves. Thus every leaf of 9t is of the form [M’, f/],
where M’ is a leaf of X and f' = (f{, f3) : M" — $, where f] = h|yr and [M’, fi] C M.

Let pl : U := 7~ 1(U;) — T} := 7 1(%;) be defined by pi([M', ', f']) = [M', p:(2'), f'],
for leaves M’ of X, and let ¢, = (pry ¢y, p;) : Ul — B;x T}, where pr; : B;x%; — B, is the
first factor projection. Using the description of the C* foliated structure of Mflmm(ﬁ)
given in [6, Section 5], it is easy to check that {U/, ¢;} is a C* foliated atlas of 9. Thus
T =, % =], T, is a complete transversal of 9.

Claim 10. The map ev : T — § is an embedding whose image if f(X).

Since ev : T — § is a continuous map defined on a compact space, and { [M, z, f] |
r € X} is dense in ¥/, it is enough to prove that ev : T — § is injective. Let



3.4. Realization of manifolds as leaves 97

(M’ 2!, f'], [M”,:z:”,f”] € T with f/(2') = f"(2"). We can assume that M’ and M”
are leaves of X, 2/ € M'NT, 2" € M"NT, f = (f],fs) with f| = h|y, and
" = (f1, f5) with f{" = h|pm. Then h(x’) = h(z"), yielding ' = 2" and M’ = M".
On the other hand, there are sequences z/, and z” in M N T converging to 2’ in T
such that (M, x;n,fg) and (M, x! | fo) are C*°-convergent to (M’ 2’ f3) and (M’ 2, f7)),

? m?
respectively. If 2/ € T;, we can assume that o ahoe M NE,; for all m. Writing

fa=(fst oo f)and [ = (f3Y ..., f5°), we get

limoW(2),) = f"(2') = f"(z') = limo¥ (27 .
So lim,,, ¥(z;,) = lim,, ¥(x;,), yielding lim,, Wh;(z;,) = lim,, Wh(x;,) for all I € J. Since
hi(z!,) and hy(z”) converge to h;(z') in T, usmg the Reeb’s local stability theorem and
the definition of fs, it follows that both (M, z}, f2) and (M, x}, f2) are C*°-convergent to
the same triple with first components (M’, x’). Therefore fi = fI, yielding [M', 2/, f'] =

[M", 2", f"], as desired.
According to Claim , %’ is homeomorphic to the subspace

FX) ={(fi(2), o)) [ € X } C fi(T) x (o(K))".

By the conditions on the functions \;, this subspace is homeomorphic to the subspace

U{(xa‘l’(x) reXi}= |_|{ §1§ev(Xi)}
_|_|{ £) ] € e v(X;) |_|‘I><K‘(J Tx K,

which in turn is homeomorphic to the subspace |, U(X;) € K’ because w is continuous.
So T and ¥’ are zero-dimensional, obtaining that 9t is a matchbox manifold.

Now suppose that X is minimal. Then (M, f) is repetitive (Example[3.1.17). A simple
refinement of the proof of Proposition [3.1.16|also shows that (M, f») is repetitive. In both
cases, this property can be described with the same partial pointed quasi-isometries given
by the Reeb’s local stability theorem. So (M, f) is also repetitive, and therefore 90t is

minimal by Proposition |3.1.10 . O

As explained in Section[1.2.4] Theorem is a direct consequence of Theorems|3.4.1
and 3.4.4

3.4.3 Attaching flat bundles to foliated spaces

Let X = (X,5) be a compact C* foliated space of dimension n, and let M be a leaf
of X. On the other hand, let p : E — M be a locally compact flat bundle with typical
fiber F' and horizontal foliated structure H. It can be described as the suspension of its
holonomy homomorphism h : 7y M — Homeo(F'), whose image is its holonomy group G;
they are well defined up to conjugation in Homeo(F'). Any foliated concept of E refers
to H. The C'* differentiable structure of M induces a C'* differentiable structure of .
Assume that F' is a non-compact locally compact Polish space; then E also has these
properties. The notation E, = p~!(z) and Ex = p~'(X) will be used for x € M and
X CM.
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The one-point compactifications Ef = {x}UFE, of the fibers E, (x € M) are the fibers
of another C'*° flat bundle p™ : B — M; thus E* = M U E as sets. Its typical fiber is
the one-point compactification F* = {oo} U F' of F, the leaves of its horizontal foliation
H* are M and the leaves of H, its holonomy homomorphism A™ : m M — Homeo(F™)
is induced by h, and its holonomy group is denoted by G*. The more specific notation
hl :m (M, z) — Homeo(F*) and G will be used to indicate the base point x € M.

Let X’ = X U E, equipped with the following topology. Take any foliated chart U =
B x % of X, for some ball B C R™ and some local transversal €. We have M NU = B x D
for some countable subset D C €. Since the plaques of U are contractible, p has a local
trivialization Eyqnp = (M NU) x F of flat bundle. Let ¥ = T U (D x F), endowed with

the topology with basic open sets of the form

w=0u (Ut x 2)) = x k). w=3u (U= < 52))

z z z

where z runs in D, R, and S, are open in F, R, is compact for all z, R, = 0 for all but
finitely many z, F'\ S, is compact for all z, and S, = F for all but finitely many z. Then
X has a topology with basic open sets of the form

vE(au(BxU({z}sz))szm, WEUI_I(BXU({z}xSZ)>EB><QB,

z

for all possible foliated charts U = B x ¥ of X. Using these basic open sets, it is easy
to check that X’ is Hausdorff, second countable and compact. So X’ is metrizable [45,
Proposition 4.6], hence Polish. In particular, the sets

U=UUEynu=(Bx%)U(BxDxF)=Bx%

are open in X', and the fibers B x {x} correspond to open subsets of leaves of F or K.
Thus these identities are foliated charts of a foliated structure F on X', and its leaves are
the leaves of F and H. As sets, we can write X' = X Uiq,, ET and ¥ = T Uyq,, (D x F'1),
where we consider D = D x {oo} C D x F'*; we can also write ¥ = SUFEp = TUyq, Ef.

Consider a regular foliated atlas of X consisting of charts U; = B; x T;, for balls
B; C R" and local transversal T;. As before, take local trivializations Eyny, = (M N
U;) x F of the flat bundle p, write M NU; = B; x D; for countable subsets D; C %,
and consider the induced foliated charts U/ = B; x T, of &', where U] = U; U Eyny,
and T, = T, U (D; x F), endowed with Polish topologies. The changes of coordinates
of the foliated charts U; = B; x ¥; are of the form (y,z) — (fi;(v,2), hij(2)), where
every mapping y — f;;(y,2) is C* with all of its partial derivatives of arbitrary order
depending continuously on z. On the other hand, the changes of the local trivializations
Eyvov, = (M NU;)) x F = B; x D; x F are of the form (y, z,u) — (v, 9;;(2,u)), where
the maps g¢;; are independent of y by the compatibility with . Then the changes of
coordinates of the foliated charts U] = B; x T are of the form

(y,2) (fij(xvz/)ahij(zl)) € B; xE; if 2/ € T,
7 (fij(x, 2), (hij(2), gi;(2,u))) € B; x (D; x F) if 2/ = (2,u) € D; x F .

Thus the charts U] = B; x T define a C* structure on X’ = (X', 3"). The corresponding
elementary holonomy transformations h;; are combinations of maps h;; and g;;. Using
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these foliated charts, it also follows that X and E are embedded C* foliated subspaces
of X/, E is an injectively immersed C* foliated subspace of X', and the combination
m:X — X of idx and p (or pT) is a C* foliated retraction. The fibers of 7 are

“1(y) = {z}ub={z} ifzeXx\M
T T UE = EF iteeM.

Lemma 3.4.5. Suppose that the restrictions of p to the leaves of H are reqular coverings
of the leaves of &, and that the leaf M of F has no holonomy. Then the holonomy group of
the leaf M of ' is isomorphic to the group of germs at oo of the elements of the subgroup
Gt C Homeo(F'™).

Proof. With the above notation, fix an index iy and some point zy € D;, =%, " M =
T, N M, considering T;, C X and F;, C X. Let ¢ : [0,1] — M be a loop based at
xo. Since the holonomy group of M in X is trivial, there is a family of leafwise loops
¢ : [0,1] — X, depending continuously on x in some open neighborhood ¥ of z¢ in T;,,
such that c¢,, = c¢. Let Dy = D;; N%y. From the above description of the elementary
holonomy transformations hj;, it follows that the holonomy defined by [c] € 71 (M, z) is
the germ at z¢ = (79, 00) of the homeomorphism g. of T} = T;, U (D;, x F') given by

{Z’ if 2/ €%y
(x, he([cz])(w)) if 2" = (xz,u) € Dy X F',

using [c,] € m (M, z). Since the restrictions of p to the leaves of H are regular coverings
of M, we easily get that b} ([c,])(u) = u for some z € Dy and v € F'* close enough to oo
if and only if Al ([c])(u) = u for u € F" close enough to co. So, by restricting every g.
to {zo} x F* = FT, we get an isomorphism from the holonomy group of the leaf M of
J" at x4 to the group of germs of the elements of G} at oo. m

Proofs of Corollaries|1.2.2 and[1.2.5 Let M be non-compact connected Riemannian man-
ifold of bounded geometry. By Theorem [1.2.1], M is isometric to a leaf in some Rieman-
nian matchbox manifold 99T without holonomy. Now Corollaries [1.2.2| and [1.2.3] follow by
considering the foliated space 9" constructed as above with 99t and an appropriate flat
bundle F over M, and lifting the Riemannian metric of 9t to 7.

In the case of Corollary [[.2.2] we can use the trivial flat bundle E = M x K over
M, where K is the Cantor space. By the density of M in 9, it follows that 9V has a
compact zero-dimensional complete transversal " without isolated points, and therefore
¥ is homeomorphic to the Cantor space.

In the case of Corollary let I' denote the group of deck transformations of the
given regular covering M of M, equipped with the discrete topology. If I' is infinite, we
can take ¥ = M, whose typical fiber is F' = I'. If I" is finite, we can take ¥ = M X Z,
whose typical fiber is F' =1I' x Z. In any case, F' is non-compact, and the action of I' on
itself by left translations induces a canonical action of I' on F', which in turn induces an
action on F'". By Lemma and the regularity of the covering M of M, the holonomy
group of M in 9 is isomorphic to the group of germs at oo of the action of the elements
of ' on F'*, which is itself isomorphic to T. ]
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