MARIA FERREIRO SUBRIDO

CONFORMAL STRUCTURES
AND SOLITONS IN
PSEUDO-RIEMANNIAN
GEOMETRY

Publicaciones
157 | -

Departamento
202 3 de Geometria y Topologia

UNIVERSIDADE DE SANTIAGO DE COMPOSTELA




MARIA FERREIRO SUBRIDO

CONFORMAL STRUCTURES AND
SOLITONS IN PSEUDO-RIEMANNIAN
GEOMETRY

1 5 7 :’el.:blicaciones

Departamento
2023 de Geometria y Topologia

UNIVERSIDADE DE SANTIAGO DE COMPOSTELA



© Universidade de Santiago de Compostela, 2023

(o)

Esta obra at6pase baixo unha licenza internacional Creative Commons BY-NC-ND 4.0.
Calquera forma de reproducion, distribucién, comunicacién publica ou transformacién
desta obra non incluida na licenza Creative Commons BY-NC-ND 4.0 sé pode ser realizada
coa autorizacién expresa dos titulares, salvo excepcion prevista pola lei. Pode acceder Vde.
ao texto completo da licenza nesta ligazon: https://creativecommons.org/licenses/by-nc-

nd/4.0/deed.gl

[@roce)

Esta obra se encuentra bajo una licencia internacional Creative Commons BY-NC-ND 4.0. Cualquier
forma de reproduccion, distribucién, comunicacién publica o transformacién de esta obra no
incluida en la licencia Cretative Commons BY-NC-ND 4.0 solo puede ser realizada con la
autorizacion expresa de los titulares, salvo excepcion prevista por la ley. Puede Vd. acceder al texto
completo de la licencia en este enlace: https://creativecommons.org/licenses/by-nc-

nd/4.0/deed.es

[@roce)

This work is licensed under a Creative Commons BY NC ND 4.0 international license. Any
form of reproduction, distribution, public communication or transformation of this work
not included under the Creative Commons BY-NC-ND 4.0 license can only be carried out
with the express authorization of the proprietors, save where otherwise provided by the
law. You can access the full text of the license at https://creativecommons.org/licenses/by-
nc-nd/4.0/legalcode



https://creativecommons.org/licenses/by-nc-nd/4.0/deed.gl
https://creativecommons.org/licenses/by-nc-nd/4.0/deed.gl
https://creativecommons.org/licenses/by-nc-nd/4.0/deed.es
https://creativecommons.org/licenses/by-nc-nd/4.0/deed.es
https://creativecommons.org/licenses/by-nc-nd/4.0/legalcode
https://creativecommons.org/licenses/by-nc-nd/4.0/legalcode

UNI®

UNIVERSIDADE
DE SANTIAGO
DE COMPOSTELA

TESE DE DOUTORAMENTO

Conformal structures and solitons in
pseudo-Riemannian geometry

Maria Ferreiro Subrido

ESCOLA DE DOUTORAMENTO INTERNACIONAL
DA UNIVERSIDADE DE SANTIAGO DE COMPOSTELA

PROGRAMA DE DOUTORAMENTO EN MATEMATICAS

SANTIAGO DE COMPOSTELA
ANO 2023



A presente tese foi dirixida por Eduardo Garcia
Rio e Ramo6n Véazquez Lorenzo. Defendida na Uni-
versidade de Santiago de Compostela o 7 de xullo de
2023.

Os resultados presentados nesta memoria foron obtidos coa axuda do financiamento da Con-
selleria de Cultura, Educacion e Ordenacion Universitaria da Xunta de Galicia, na modalidade
de Grupo de Referencia Competitiva GRC2013-045, e coas axudas dos proxectos MTM2016-
75897-P, ED431F2017/03 e ED431F 2020/04 (incluido cofinanciamento do FEDER) e da con-
vocatoria de axudas predoutorais FPU19/00130.



“Sobrio no tengo la sabiduria”

— Sebastian Pena






Contents

Agradecementos / Acknowledgements IX
Abstract XI
Introduction X111
1 Preliminaries 1
1.1 Pseudo-Riemannian geometry . . . . . . . .. .. .. ... .. ... ..., 1
1.2 Curvature functionals . . . . . . . . . ... L 8
1.3 Affine and projective geometry . . . . . . . . . ... 12
1.4 Lie groups . . . . . . o e e e e e 18
1.5 Homogeneous Spaces . . . . . . . . . . ..t e 29
1.6 AnoteonGrobnerbases . . . .. ... ... ... o 30
I Locally conformally flat structures 35
Kihler structures . . . . . . . ..o 37
Para-Kihler structures . . . . . . . . .. L 38
Null-Kéhler structures . . . . . . . . . . o . L e 40
2 Locally conformally flat four-dimensional structures 43
2.1 Locally conformally flat four-dimensional Kéhler and para-Kéhler structures . . . 43
2.2 Locally symmetric Kidhler surfaces . . . . . . .. ... .. ... ... ...... 58
2.3 Locally conformally flat null-Kéhler structures . . . . . ... ... ... .... 60
3 Four-dimensional Kihler and para-Kihler Lie groups 63
3.1 Summaryofresults . . . . .. .. .. ... 63
3.2 Symplectic Liealgebras . . . . . . . . . . .. .. .. 67
3.3 Para-Kiéhler structures ontyg . . . . . . . ... 69
3.4 Para-Kihler structuresontvy 1 . . . . . . .. ..o 72
3.5 Para-Kihler structures on tots . . . . . . . . 73
3.6 Para-Kihler structuresonths . . . . . . . . . . ... 77
3.7 Para-Kdhler structures On tt3 g . . . . . . . ..o oo 78
3.8 Para-Kidhler structures ontts _; . . . . . ... 79



VIII Contents
3.9 Para-Kéhler structuresont, . . . . . . .. ... 81
3.10 Para-Kihler structuresonty 18 . . . . . . . ... ... oL 83
3.11 Para-Kihler structuresonty ;1. . . . . . . . .. ... 85
3.12 Para-K@hler structureS ONty —qq « « « v v v v v v v e e e e e 87
3.13 Para-Kihler structuresonby . . . . . . .. Lo Lo 89
3.14 Para-Kéhler structures on 041 . . . . . . o o v v i i il 90
3.15 Para-Kihler structures on 0 AL e 92
3.16 Para-Kihler structureson 04 . . . . . . .. ... oL 94
3.17 Para-Kiéhler structures on 040 . . . . . . . . ..o 95
3.18 Kéhler Liealgebras . . . . . . . . . . . ... 101

II Solitons associated to geometric flows 105
The Ricci flow: Riccisolitons . . . . . . . . ... . .. L 107
The Bach flow: Bachsolitons . . . . . . .. .. ... ... . .. .. .. 110

4 Ricci solitons on four-dimensional Lorentzian Lie groups 113
4.1 Extensions of Lorentzian Lie groups . . . . . . . . ... ... ... ... ... 119
4.2 Extensions of Riemannian Lie groups . . . . . .. ... ... ... ....... 139
4.3 Extensions of degenerate Lie groups . . . . . . .. ... ... ... ... 141
4.4 Left-invariant Ricci solitons on pp-wave Lie groups . . . . . . .. ... .. ... 149

S Algebraic solitons on four-dimensional Riemannian Lie groups 153
5.1 Algebraic T-solitons . . . ... ... 153
5.2 Algebraic solitons on SL(2,R) x Rand SU(2) x R . .. ... ... ... .... 162
5.3 Algebraic solitonson R® xR . . . . . e 168
5.4 Algebraic solitonson F(1,1) x Rand F(2) xR . ... .. ... ... ..... 188
5.5 Algebraicsolitonson H2 xR . . . ... ... ... ... .. ... . 195

III Homogeneous manifolds and homogeneous structures 211

6 Homogeneous four-manifolds with half-harmonic Weyl curvature 215
6.1 Summaryofresults . . . .. .. ... ... 215
6.2 Half-harmonic Weyl curvature on homogeneous manifolds . . . . . . . . ... .. 218

7 Three-dimensional Riemannian homogeneous structures 229
7.1 Homogeneous Structures . . . . . . . . . . ... i e e e 229
7.2 Riemannian homogeneous structures in dimension three . . . . . . ... . ... 230
7.3 Self-dual and anti-self-dual homogeneous structures . . . . . . .. ... ... .. 239

Conclusions and open problems 242

Bibliography 245



Agradecementos / Acknowledgements

Nestas lifias tratarei de expresar toda a gratitude que sinto cara aquelas persoas que me
acompafaron, total ou parcialmente, neste camifio. Foron uns anos intensos en moitos sentidos,
dos que me levo moitos grandes momentos e persoas estupendas.

En primeiro lugar, non podo mdis que darlles miles de grazas aos meus directores de tese,
Eduardo e Ramon, por todo o seu apoio e paciencia comigo. En particular, moitas grazas, Ramon,
por animarte a dirixir a mifia tese ainda que a anterior fose a dltima. Eduardo, grazas por todos
os cafés, algin dia tocard que empece a invitar eu. Estouvos moi agradecida aos dous por todas
as horas de traballo que lle dedicastes a este proxecto, dentro e féra do despacho. Non podia
pedir uns directores mellores, nin no profesional nin no persoal.

Tamén me gustaria agradecerlle a Esteban a stia colaboracion neste proxecto e a sia bondade
de asinar o consentimento de reproducién dos traballos que temos en comun nesta memoria polo
modico prezo dunha cafia.

Grazas, Elena, por todas as horas de docencia compartidas, os cotilleos e a tda confianza
nestes anos.

I would also like to thank professor Maciej Dunajski for his kindness when I visited him at
the University of Cambridge and for helping me live the “Cambridge experience” as much as
possible. Gracias también a Pablito por haberme acogido tan bien en St. Regis y acompafiarme
en mi camino desde entonces, aunque yo sea muy emo y td no sepas cecear. Thanks to all
the other people I met in Cambridge who still walk with me today. You made my time there
worthwhile. I am inordinately happy we met.

Non sei que teria sido destes anos sen todos os meus compaieiros de fatigas na facultade.
Desde os primeiros que estivestes comigo na charcu, Rodri e David, ata todos os que fostes
pasando por ela; Tomds, Diego e Juanma. Alégrome moito de que fésedes vés con quen me
tocou vivir esta experiencia. Moitas grazas polos cafés de media mafid e media tarde e mediodia,
polas noites de xogos, as cafias, as ceas, 0s congresos e 0os dramas compartidos.

Grazas, Olgui, por traer a alegria contigo nas tdas visitas, ainda que non chegamos a cumprir
(ainda) o de ir de congreso xuntas.

Graciiias, Suso, Espe, Fina, Oliva, Andrés, Carlos e demais persoal da cafeteria, por proporcio-
narme combustible e recibirme sempre cun sorriso, incluso de boa mafd, nestes anos de tese e
en todos os anteriores.

Moitas grazas tamén a todas as persoas alleas 4 facultade que estivestes ai para min. En
especial, Vic, por todas as horas de “terapia” e cervexas compartidas € por animarme tanto nas
ultimas etapas desta tese.

Non me podo esquecer de agradecer a todas as miflas compafieiras da Asemblea de Inves-

IX



X Agradecementos / Acknowledgements

tigadoras de Compostela o traballo enorme que hai detrds de todas as cousas que conseguimos
xuntas en prol dunha USC mdis digna. Sodes xente marabillosa.

Muchisimas gracias, Natalia, porque sin tu ayuda me habria puesto la vida mucho mas dificil
a mi misma (o no, no lo sabemos).

Por dltimo, e ben lonxe de ser o menos importante, infinitas grazas, Bea e Sandro, por
acollerme no voso atico de Lugho en primeiro e convertervos en familia desde entén; polas
noites de sofd, polas risas, polas bagoas e polas biagoas de risa. Fostes o maior dos meus apoios
estes case catro anos €, non importa onde rematemos cada un, para min sempre seredes casa.



Abstract

This thesis is divided into three distinct parts, each of which explores different aspects of mathe-
matical structures. The first part focuses on the investigation of locally conformally flat struc-
tures on four-dimensional manifolds. More precisely, the study delves into the local conformal
flatness of Kihler, para-Kéhler, and null-Kéhler manifolds, and provides a complete geometric
description of four-dimensional para-Kihler Lie algebras.

Moving on to the second part, the research focuses on the analysis of solitons associated to
both the Bach and Ricci flows. This part offers a complete classification of four-dimensional
left-invariant Lorentzian Ricci solitons and Riemannian algebraic Bach and Ricci solitons in
dimension four.

Finally, the third part covers the description of four-dimensional homogeneous Rieman-
nian manifolds that have half-harmonic Weyl curvature tensor and those homogenous manifolds
which admit more than one homogeneous structure in dimension free.
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Introduction

Let (M, g) be a pseudo-Riemannian manifold and denote by [g] the conformal class of all the
pseudo-Riemannian metrics which are conformal to g. A basic problem in conformal Rieman-
nian geometry is the existence of distinguished structures — such as Einstein metrics, Kihler or
para-Kihler structures, Ricci solitons, etc. — in the same conformal class of a given metric. In
this Ph.D. thesis we examine this sort of problems and obtain some classification results under
certain conditions.

The existence of flat metrics in the conformal class of a given metric is a very restrictive
property. From a local perspective, this property is characterized by the vanishing of the Weyl
curvature tensor in dimension four, which ensures the existence of locally defined functions
o:U C M — R such that (U, g = €*?¢g) is flat. Granted that there exist bountiful examples of
locally conformally flat metrics, the particular example of the n-dimensional sphere S™ shows
that local conformal flatness cannot always be extended to a global condition.

Our first objective has been to completely understand the local structure of four-dimensional
Kihler and para-Kéhler metrics that have at least one flat representative in their conformal
classes. It was already known that in dimension greater than four the existence of such repre-
sentatives is strictly restricted to flat manifolds, but the four-dimensional situation still remained
an open problem. Patterson proved the existence of non-flat four-dimensional examples when
the associated Ricci operators are two-step nilpotent in the case of split-signature Kéihler metrics
(see [119]). In Chapter 2 in this thesis we complete the description of these metrics by finding
the existence of examples with complex Ricci operators.

Theorem 2.2 Any indecomposable locally conformally flat Kéhler surface (M, g, J.) is locally
isometric to the cotangent bundle (T*Y, g) of a Riemannian surface (%, gs,) of constant curvature
with a metric given by

(i) g = gys if the Gaussian curvature is non-zero, or
(ii) g = tJx o tId +gv= if the Gaussian curvature vanishes,

where V¥ is the Levi-Civita connection of (X, gs) and Js, is the Kéhler structure on 3 associated
to the Riemannian volume form. Furthermore, the complex structure J, on I} is determined
by the symplectic form Q) = —diJs.

A somehow analogous result describes the locally conformally flat para-Kihler surfaces.

Theorem 2.1 Any indecomposable locally conformally flat para-Kdhler surface (M, g, J_) is
locally isometric to the cotangent bundle T*3 of a flat affine surface (%, D) with a para-complex

XIII



X1V Introduction

structure determined by J|xer r, = 1d, where 7 denotes the canonical projection from the cotan-
gent bundle, and the metric g is given by g = 1T o . Id +gp where

(i) T is a parallel nilpotent (1, 1)-tensor field on (3, D), or
(ii) T is a parallel (1, 1)-tensor field on (3, D) satisfying T? = —r*1d.

Moreover, in both cases the para-Kdhler two-form Q_(X,Y) = g (J_X,Y) is the canonical
symplectic form of the cotangent bundle.

Even though the local structures correspond to modified Riemannian extensions of affine
surfaces in both situations, the affine connections on the base surfaces are essentially different.
In the Kihler case, the extended connection is the Levi-Civita connection of an affine surface of
constant Gaussian curvature, whereas in the para-Kéhler situation the extended connection is flat,
which makes it less restrictive than the complex situation. The Ricci operators associated to the
metrics in Theorem 2.1-(7i) and Theorem 2.2-(ii) determine self-dual parallel complex structures
on the manifolds, which induce anti-Kihler structures (see [21]) whose associated metrics have
the same Levi-Civita connection than the original metrics.

Since the metrics in Theorems 2.1 and 2.2 are locally symmetric, we pondered the possibility
of their realization as left-invariant metrics on Lie groups. Ovando had already determined all
the — both Riemannian and split-signature — Kéhler structures on four-dimensional Lie groups in
her work [116]. Nevertheless, the complete description of the four-dimensional para-Kihler Lie
groups still remained an open problem, despite the number of previous attempts to understand
it [31,32,101]. Para-Kéhler structures are determined by the symplectic Lie algebras that admit
a decomposition g = £ @ £’ as a direct sum of Lagrangian subalgebras, so the possibilities for
the existence of such structures are more flexible than in the Kihlerian case and, consequently,
they are plentiful.

In Chapter 3 we give a complete description of the left-invariant para-Kihler metrics on four-
dimensional Lie groups, which allows us to describe all the locally conformally flat para-Ké&hler
metrics in terms of these structures (see Corollary 3.2). We give our description in terms of the
curvature of the left-invariant metrics. In Theorem 3.1 we determine all the classes of symmetric
para-Kihler Lie groups. The non-symmetric situation splits into the semi-symmetric case — that
occurs only when the corresponding Ricci tensors vanish — and the non-semi-symmetric case —
which corresponds to four families among which we found some of the 3-symmetric spaces —
as stated in Theorems 3.6 and 3.7. As a consequence of our study, we obtained an alternative
description of the hypersymplectic Lie groups previously obtained by Andrada [5].

The existence of Einstein metrics in the conformal class of a given metric implies the exis-
tence of an underlying C'-space structure, i.e., the existence of a vector field X on the manifold
such that

divW 4+ xW = 0.

When the vector field X is the gradient of a function, this equation is equivalent to the existence
of a conformal metric g for which div W = 0, since the Weyl curvature of an Einstein manifold
is harmonic — i.e., divergence-free. On four-dimensional oriented manifolds, the decomposition
of the Weyl curvature tensor into its self-dual and anti-self-dual components W = W+ + W,
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which is conformally invariant, makes the condition div W = 0 become div W' + div W~ = 0.
In this way, a four-dimensional oriented manifold has half-harmonic Weyl curvature if either one
of the two summands in the previous equation vanishes. It is important to emphasize that this
condition is not conformally invariant, since

dv W =divWt — g, W

for a conformal metric § = ¢??g. Four-dimensional homogeneous Riemannian manifolds have
harmonic Weyl curvature tensor if and only if they are symmetric [123]. In Chapter 6 we give
the complete description of the four-dimensional homogeneous spaces that have half-harmonic
Weyl curvature, as stated in the main result of the chapter.

Theorem 6.1 Let (M, g) be a four-dimensional locally homogeneous Riemannian manifold with
half-harmonic Weyl curvature tensor. Then it is symmetric or locally homothetic to one of the
following semi-direct extensions of the Heisenberg group.

(i) The left-invariant metric on H? x R determined by

[61762] = €3, [61,64] = —¢€1, [62,64] = —€2, [63764] = —2e3,
(ii) or the left-invariant metric on H3 x R determined by

le1,e0] = €3, [en,ea] = 361, [ea,eq] = —€2, e, e4] = —3e3,

where {ey, €5, €3, €4} is an orthonormal basis of hz X .

It is important to emphasize that the Weyl curvature tensor of a locally symmetric manifold
is parallel and so it is divergence-free. Besides, even though orientation does not play a relevant
role in Theorem 6.1, it does when additional structures on the manifold are considered. A Kéhler
surface satisfies div W~ = 0 if and only if it is weakly Bochner-flat, in which case it is locally
symmetric when its scalar curvature is constant (see [89]). Furthermore, since the self-dual Weyl
curvature of an oriented four-dimensional Kihler metric takes the form

W+ = L diag[2, -1, —1],

then 7 divy W 4 1y, W' = 0 and so divy W™ = 0 if the scalar curvature is a non-zero constant.
If the scalar curvature is not constant, then it determines a conformal metric whose Weyl curva-
ture tensor is half-harmonic [56,87]. The only non-symmetric homogeneous Kéhler metric is the
3-symmetric space, which is necessarily half-harmonic, and it corresponds to Theorem 6.1-(ii).

The Lie groups given in Theorem 6.1 correspond to homogeneous manifolds that admit self-
dual homogeneous structures. Generalizing Cartan’s characterization of symmetric spaces as
those whose curvature tensors are parallel, Ambrose and Singer [3] considered homogeneous
structures on a Riemannian manifold (), g) as tensor fields of type (1, 2) for which the connec-
tion V = V — T makes the metric g, its associated curvature tensor 12 and the tensor field 7’
parallel. In this way, a complete and simply connected Riemannian manifold is homogeneous if
it admits a homogeneous structure.
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Sekigawa proved in [126] that any three-dimensional simply connected homogeneous Rie-
mannian manifold is either symmetric or isometric to a Lie group endowed with a left-invariant
metric (G, (-, -)). Lie groups are trivially homogeneous, just considering the action of G on itself
determined by the left translations. Therefore, all of them have a natural homogeneous structure,
called the canonical homogeneous structure of the Riemannian Lie group.

Given the fact that a homogeneous manifold may admit different presentations as a homoge-
neous space, it may as well admit more than one homogeneous structure. Therefore, we decided
to try and determine all the three-dimensional Riemannian homogeneous spaces that admit more
than one homogeneous structure, and saw that in the non-symmetric situation this occurs only
when their isometry groups are four-dimensional.

Theorem 7.1 A non-symmetric simply connected three-dimensional Riemannian Lie group ad-
mits a homogeneous structure different from the canonical one if and only if it admits a naturally
reductive homogeneous structure. Moreover, in such a case, it admits exactly a one-parameter
Sfamily of homogeneous structures.

In Theorems 7.2 and 7.3 we also determine all the possible homogeneous structures on three-
dimensional Riemannian Lie groups.

Since the four-dimensional homogeneous manifolds that have half-harmonic
Weyl curvature admit self-dual homogeneous structures, we started the study of such structures
in Section 7.3. Even though there already are classification results under certain additional con-
ditions [109], the complete description of four-dimensional self-dual homogeneous structures
seems to be an arduous problem that we only sketch in the mentioned section.

The Weyl curvature tensor of any locally conformally flat manifold vanishes and so the func-
tional

g / A
M

reaches a minimum on every such manifold. This functional is conformally invariant in the
four-dimensional situation and its gradient is determined by the Bach tensor

B = divy diva W + W (p].

Therefore, Bach-flat four-dimensional manifolds are a natural generalization of locally confor-
mally flat manifolds. The fact that four-dimensional both conformally Einstein and (anti-)self-
dual manifolds are also Bach-flat places more importance on the study of such manifolds. The
Bach flow

%gt =By, + le(ATgt)gt
has been intensively studied recently with the intention of improving the behaviour of a given
metric in terms of its Bach tensor and obtaining Bach-flat metrics at the limit.

The existence of solitons associated to this flow has been studied in the context of product
homogeneous manifolds and under the additional hypothesis of the soliton being a gradient. In
Chapter 5 we tackle the study of such solitons from the algebraic point of view. A Riemannian
Lie group (G, (-, -)) is an algebraic Bach soliton if and only if

@:%—uld
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is a derivation of the Lie algebra of (=, in which case it gives rise to a Bach soliton or, equivalently,
to a self-similar solution g, = o ()} (-, -), where 1), is one-parameter group of automorphisms
of G.

Since every Einstein metric is Bach-flat, one might expect Ricci solitons to correspond to
Bach solitons. This is actually the situation at the algebraic level, although there are algebraic
Bach solitons which are not Ricci solitons. The following result provides a complete description
of four-dimensional Riemannian algebraic Bach solitons.

Theorem 5.8 A four-dimensional simply connected Riemannian Lie group is an algebraic Bach
soliton if and only if it is Bach-flat, an algebraic Ricci soliton or homothetic to one of the follow-
ing Lie groups.

(i) The product Lie group SU(2) x R with the product left-invariant metric determined by

[81, 62] = 463, [617 63] = —462, [62, 63} = €.

(ii) The semi-direct extension H3 x R with the left-invariant metric determined by

[61762] = €3, [61,64] = aeq, [62764] = §627 [63764] — a?+1 es,

fora e (0,1).

Here {e1, es, e3, €4} denotes an orthonormal basis of the corresponding Lie algebra.

The Bach soliton obtained from Assertion (i) is a gradient soliton on S* x R, where the
metric on S? is not the round metric, but a Berger one. On the other hand, the family of metrics
in Assertion (ii) does not give rise to gradient solitons.

The four-dimensional algebraic Ricci solitons were determined — up to isomorphisms — by
Lauret in [98]. In Theorem 5.4 we give a description of such solitons up to homotheties, which
makes the description shorter and more manageable. The techniques developed in Chapter 5 are
based on the analysis of general algebraic T-solitons for a geometric flow d,g; = T, given by an
isometrically invariant symmetric, divergence-free (0, 2)-tensor field. This general approach led
to unexpected simplifications which enable us to consider more complicated geometric flows.

Homogeneous Ricci solitons are critical for some curvature quadratic functional

g / [l + 72} dool,
M

with zero energy in dimensions three and four (see [23]) and Riemannian signature. These
solitons are algebraic or gradient solitons. In the same way, homogeneous gradient or alge-
braic Lorentzian Ricci solitons are critical for some curvature quadratic functional with zero
energy in dimension three. Nevertheless, and in sharp contrast with the Riemannian situation,
the Lorentzian signature allows the existence of left-invariant Ricci solitons on Lie groups. Such
solitons had already been classified in the three-dimensional situation [24], and we tackle the
four-dimensional problem in Chapter 4 of this thesis. The situation is far more complicated than
the three-dimensional one and we obtained the following result.

Theorem 4.2 A non-symmetric four-dimensional Lorentzian Lie group which is not a pp-wave is
a non-trivial left-invariant Ricci soliton if and only if it is homothetic to one of the following:
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(i) G, = R? x R with Lie algebra given by

l =
[61764] = Qc€y, [62764] =€ (1_%2) ’ €9 — €3, [63764] =ey+¢€ <1_%2> 2 €3,

where the parameter satisfies 0 < a < V2 and {e1, eq,€3,€e4} is an orthonormal basis
with timelike es. If o« = 0, thene = 1. If0 < a < /2, then €* = 1. In the latter case,
a# %gwhenez -1

(ii) G, = R? x R with Lie algebra given by
[ug, ug] = quy,  [ug, uq] = —aus +us, [ug, ug] = uq, a >0,
where {uy, us, us, uy } is a pseudo-orthonormal basis for which the non-zero inner products
are (uy,us) = (ug,usz) = (ug, ug) = 1.
(iii) G = E(1,1) x R with Lie algebra given by
le2,e4] = —[e1,e0] = €2, [en, €3] = [es, e4] = §le, eq] = es,

where {ey, ey, €3, €4} is an orthonormal basis with timelike e;.

(iv) Gop = E(1,1) x R with Lie algebra given by

[uy, ug] = uq, [ur, ug) = —2a(afB + Duy,  [ug, us] = us,

[ug, ug] = Buy, |us, uq] = aus,

where {uy, us, ug, us} is a pseudo-orthonormal basis for which the non-zero inner prod-

ucts are (uy,us) = (us,us) = (ug,us) = 1, and the parameters « > 0 and af5 ¢
1

(-2.-1.-1}

The metrics in Assertions (i) and (iii) have complex Ricci curvatures, while those of the remain-
ing two are real. Besides, the metrics in Assertions (i), (ii) and (iv) are critical for some curvature
quadratic functionals, whereas the metrics in Theorem 4.2-(iii) never are.

The case of left-invariant Ricci solitons which are pp-wave and plane wave Lie groups are
described in Theorems 4.9 and 4.11, respectively.

The outline of this thesis

In Chapter 1 the reader can find the preliminary concepts that will be necessary for the complete
understanding of the contents of this thesis, which is divided in three distinguished parts.

Part I is devoted to the study of locally conformally flat structures. In particular, in Chapter 2
we give a complete description of four-dimensional locally conformally flat Kéhler, para-Kihler
and null-Kihler structures. In Chapter 3 we study the realization of the para-Kidhler families
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obtained in the previous chapter as left-invariant metrics on Lie groups and give a complete
geometric description of the four-dimensional para-Kéhler Lie algebras.

In Part II we study the solitons associated to two particular geometric flows: the Bach flow
and the Ricci flow. In Chapter 4 we give a complete description of the four-dimensional left-
invariant Lorentzian Ricci solitons and Chapter 5 is devoted to the study of the algebraic sit-
uation in Riemannian signature. In this chapter we introduce a general technique to describe
four-dimensional Riemannian algebraic solitons associated to the flow determined by a generic
symmetric and divergence-free (0, 2)-tensor field and use it to describe all the algebraic Bach
and Ricci solitons in dimension four.

Part III covers Chapters 6 and 7 of this thesis. In Chapter 6 we give a complete descrip-
tion of the four-dimensional homogeneous Riemannian manifolds that have half-harmonic Weyl
curvature. In Chapter 7 we determine all the non-symmetric three-dimensional Riemannian ho-
mogeneous spaces that admit more than one homogeneous structure. Besides, motivated by the
fact that the metrics obtained in Chapter 6 admit self-dual homogeneous structures, we began to
study these sort of structures in dimension four and the reader can find a sketch of this problem
in Section 7.3. This remains an open problem for which we have obtained only partial results so
far.






Chapter 1
Preliminaries

In this chapter we will introduce the concepts and notations that will be necessary for the com-
plete understanding of this thesis. We will omit most of the proofs and remit the reader to
different bibliographic references for more details.

1.1 Pseudo-Riemannian geometry

1.1.1 Pseudo-Riemannian manifolds

An n-dimensional pseudo-Riemannian manifold is a pair (M, g) where M is a smooth manifold
and ¢ is a metric tensor, i.e., a symmetric and non-degenerate (0, 2)-tensor field on M. The
signature of the metric g is the pair (n — v, v) such that n — v and v are the number of negative
and positive eigenvalues of its associated matrix, respectively. Let (), g) be an n-dimensional
pseudo-Riemannian manifold. It is said to be Riemannian if its signature is (0, n) and Lorentzian
if its signature is (1,7 — 1). Moreover, if M is even-dimensional and the signature of g is ( R %)
then the manifold has neutral (or split) signature.

We will denote by T'M and T M the tangent and cotangent bundles of the manifold M and
by X(M) the space of vector fields which are tangent to M. We will use capital letters to denote
vector fields and small letters to denote tangent vectors at a given point. Given a non-zero vector
v € T,M tangent to M at a point p € M, it is said to be timelike if g(v,v) < 0, spacelike if
g(v,v) > 0 and null or lightlike if g(v,v) = 0.

For any pseudo-Riemannian manifold (), g) there exists a unique adapted linear connection
V which is torsion-free and parallel, i.e., such that

VxY =VyX - [X,Y]=0 and Vg=0.

This connection is known as the Levi-Civita connection of the pseudo-Riemannian manifold and
it is characterized by the Koszul formula

20(VxY,Z2)=Xg(Y,2)+Yg(X,Z)— Zg(X,Y)
—g(X, [K Z]) _g<Y7 [Xv Z]) +g(Zv [va])v

where X, Y, Z € X(M) and [-, ] denotes the Lie bracket. The Levi-Civita connection can also
be described by means of the Christoffel symbols. Let (x',... z") be local coordinates on M.
The Christoffel symbols of the first kind are given by

T, — 1 (ageg' o agij)
=5

ort  Oxi Ozt
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and so the Christoffel symbols of the second kind are
Lyi* = g" T,

being (¢") the inverse matrix of (g;;). Therefore the Levi-Civita connection can be written in
coordinates as
k
Vaﬂ. 3963' — Fij 8mk7

where 0, = % denote the locally defined coordinate vector fields.

1.1.2 The curvature tensor

In terms of the Levi-Civita connection we can define the curvature operator, or curvature tensor
of type (1, 3) by the convention

R(X,Y)Z =VxyZ - |Vx,Vy] Z.

Considering local coordinates (z',...,2") on M, the components of the curvature operator are
given by R (0,i,0,:) Oy = Riji'0,c. We can obtain the curvature tensor of type (0,4) by
lowering indices in the previous expression

R(X,)Y,Z,V)=g(R(X,Y)Z,V),

so that its components are given by R, = ge-I2i5,". Moreover, the curvature tensor has the
following algebraic properties

(i) R(X.Y,ZV)=—R(Y,X,ZV) = —R(X,Y,V, 2),
(1)) R(X,)Y,Z,V)+R(Y,Z,X,V)+ R(Z,X,Y,V) =0, (1.1
(i) R(X,Y,Z,V)=R(Z,V,X,Y),
and the differential identity
(iv) (VxR)(Y,Z,UV)+ (VyR)(Z,X,UV)+ (VzR)(X,Y,U, V) =0.

Identities (i7) and (iv) are known as the first and second Bianchi identities, respectively.

A (0,4)-tensor field A: V x V x V x V — R on a vector space V satisfying identities (1.1)
is said to be an algebraic curvature tensor.

The sectional curvature of a given Riemannian manifold (M, g) is the real function K define
on the Grassmannian of 2-planes by

R(X,Y,X,Y)
g(X,X)g(Y, Y) - g(X, Y)Z’

K(TT) =

where IT = span{ X, Y} is a two-dimensional subspace of 7,,}. In the pseudo-Riemannian case
we must consider the restriction to the Grassmannian of non-degenerate planes, 1.e., those planes
such that

9(X,X)g(V}Y) —g(X,Y)2 # 0.
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If K (II) is independent of the plane II, then the curvature tensor is given by
R(X,Y,Z,V)=KR'X,Y,Z,V),
where R is the standard algebraic curvature tensor given by
R(X,Y,Z,V) =g(X,Z)g(Y,V) — g(X,V)g(Y, Z). (12)

In dimension greater than two, if M is connected then the second Bianchi identity implies
that if K is pointwise constant, then it is necessarily a global constant. A pseudo-Riemannian
manifold has constant sectional curvature K if and only if its curvature tensor can be written as

R(X,Y)Z = K {g(X,2)Y — g(Y,Z)X},

in which case the manifold is locally isometric to a pseudo-sphere S’ (when K > 0), to a pseudo-
Euclidean space E!! (when K = 0) or to a pseudo-hyperbolic space H' (when K < 0). We refer
to O’Neil’s book [112] for more details on this topic.

We will denote by p the Ricci tensor, which is defined as the second trace of the curvature
operator,

p(X,Y)=tr(Z— R(X,2)Y)

and its associated (1, 1)-tensor field, known as the Ricci operator, is characterized by
g (Ric(X),Y) = p(X,Y).

The scalar curvature is defined as the trace of the Ricci operator 7 = tr(Ric). It follows from the
curvature identities (1.1) that the Ricci tensor is symmetric and, equivalently, the Ricci operator
is self-adjoint. The Ricci tensor and the scalar curvature can be expressed in coordinates as

Pij = gMRirjév T = gijpij-

Any two-dimensional pseudo-Riemannian manifold satisfies p = 7g. A pseudo-Riemannian
manifold of dimension greater than two is said to be an Einstein space if its Ricci tensor is a
constant multiple of the metric, p = Ag. Tracing on the previous expression one sees that

p==g, (1.3)
n

and if M is connected, then the second Bianchi identity leads to the constancy of 7. In dimension
three, satisfying the Einstein condition (1.3) is equivalent to having constant sectional curvature,
while in dimension four there exist Einstein metrics which are not of constant sectional curvature.
The four-dimensional case then appears as the first non-trivial case for consideration.
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1.1.3 'The Weyl tensor

The Schouten tensor of an algebraic curvature tensor A on an n-dimensional inner product vector
space (V, (-, -)) is the symmetric (0, 2)-tensor field defined as

Sa= 1 (a5t

where p4 and 74 are the Ricci tensor and the scalar curvature associated to the algebraic curvature
tensor A.

Let D and B be two symmetric bilinear forms on a vector space V. Their Kulkarni-Nomizu
product D ® B is the (0, 4)-tensor field on ) defined as

(D ® B) (z,y,z,v) = D(z,2)B(y,v) + D(y,v)B(z, 2)
- D(SL’,U)B(y, Z) - D(y,Z)B(J?,U),

for x,y, z,v € V. It is easy to check that D ® B is an algebraic curvature tensor on (V, (-, )).
For example, the standard curvature tensor R® = $(-,-) ® (-, ).

The Weyl curvature tensor arises from the Kulkarni-Nomizu product of the
Schouten tensor and the metric tensor as W4 = A — &4 © (-, -). Therefore, the Weyl curvature

tensor of a pseudo-Riemannian manifold (M, g) is defined as
W=R-60y,
which can be written at each point p € M as

Wi(z,y,z,v) = R(x,y,2,v) + ooz 19(@; 2)9(y, v) — 9(z,v)9(y, 2)}
— 5 Ap(x, 2)g(y,v) — plx,v)g(x, 2) + ply, v)g(x, 2) — p(y, 2)g(x,v)}

forall z,y, z,v € T,,M. Animportant property of the Weyl curvature tensor is that it is trace-free
and in dimension three it vanishes identically.

Local conformal flatness

A pseudo-Riemannian manifold (M, g) is said to be locally conformally flat if for every point
p € M there exists an open neighbourhood ¢/ of p and a smooth function o: &/ — R such that
the metric § = €27¢ is flat.

The vanishing of the Weyl curvature tensor characterizes the locally conformally flat spaces
in dimension greater than three. In the three-dimensional case, local conformal flatness is char-
acterized by the total symmetry of the covariant derivative of the Schouten tensor, which means
that it must be such that (Vx &) (Y, Z) = (Vy6) (X, Z) (see [99]).

In local differential geometry, the most important invariant of a conformal structure is given
by the conformal Weyl curvature tensor of type (0,4), which satisfies W = ¢>**W for any two
conformally related metrics § = €27g.
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1.1.4 Curvature decomposition

Consider for now an n-dimensional real vector space )V with basis {ey, ..., e,} and let (-, -) be an
inner product on V. A bivector on V is an element of the form ZZ" =1 Qijei N\ e, where a;; € R.
The set of all bivectors is known as the bivector space and it is usually denoted by A?). The
bivector space has the following properties:

(i) e;Nej =—e; Ne;ande; Ae; =0foralli,j € {1,...,n}.

(17) The set
{e1 Neg,...,e1 Neg,ea Nes, ... ea Ney, ... 1 Nept

is a basis of A2V,

Therefore A%V is an @—dimensional vector space. We define the wedge product of two
elements z = z'e; and y = y’e; in V by

ANy =1a'e;Nye; = Z (a:iyj — xjyi) ei Nej € A*V.

i<j

The inner product on V naturally extends to an inner product (-,-) on the bivector space
as [95]
<<:L’/\y,z/\v>> = <I,Z><y,1}> - <I‘,U><y,2> (1.4)

andif {e;: i =1,...,n}isa (-, -)-orthonormal basis of V, then {e; A e;: i < j} is an orthonor-
mal basis of A?) with respect to (-, ).

Given an algebraic curvature tensor A on (V, (-, -)), it induces a unique self-adjoint endomor-
phism A: A%V — A%V determined by

(A(z Ny),z Av) = A(z,y, z,v) forall z,y,z,ve V.

The converse is not necessarily true, since a given self-adjoint endomorphism of A?) may not
satisfy the first Bianchi identity, but there exists a bijective correspondence between the set of al-
gebraic curvature tensors on (V, (-, -)) and the set of self-adjoint endomorphisms of (A2V, (-, -))
satisfying

(A(x ANy),z Av) + (Aly A 2), 2 Av) + (A(z A ),y Av) = 0.

In particular, the standard curvature tensor R° corresponds to the endomorphism R° = Id,..
The following result provides a decomposition of all the algebraic curvature tensors which,
in turn, motivates the tensors introduced above.

Theorem 1.1 ([95]). Any algebraic curvature tensor A on an inner product vector space (V, (-, -))
decomposes as

A=Uq~+ 34+ Wy,
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where
T 06 = g (= R O,

Wap=A—-Us—34=A-640 (),

Uy =

n— 2

being pa, T4 and S 4 the Ricci tensor, the scalar curvature and the Schouten tensor of the alge-
braic curvature tensor A, respectively.

The components 4, 34 and W, in Theorem 1.1 correspond to the following orthogonal
components:

» $l4 is the orthogonal projection on the space of algebraic curvature tensors of constant
sectional curvature.

* The vanishing of 34 corresponds to Einstein algebraic curvature tensors.

* In dimension greater than three, the vanishing of the component 1/, represents locally
conformally flat algebraic curvature tensors.

1.1.5 Self-duality and anti-self-duality

The curvature decomposition given in Theorem 1.1 can be expressed in a more simple manner
in low-dimensional cases. In dimension two every algebraic curvature tensor takes the form
A = () ® (-,-), while in dimension three every algebraic curvature tensor is determined
by its associated Schouten tensor as A = G4 ® (-, -). The situation in dimension four is more
complicated, but the properties of the Hodge-star operator allow us to refine the curvature de-
composition given above.

Let {ey, €2, e3, €4} be an orthonormal basis of a four-dimensional inner product space that we
will denote by (V, (-, -)) and {e', e? €3, e*} be its dual basis. Consider the volume form on V,
vol = e A e? A e® A et. The Hodge-star operator x: A*V — A?V is defined as

aAxf = {«, B)vol

forall a, 5 € A?V.

The properties of the Hodge-star operator depend on the signature of the inner product (-, -)
under consideration. In this way, in Lorentzian signature the Hodge-star operator x defines a
complex structure (x> = —Id,2y), while both in Riemannian and neutral signatures it defines a
para-complex structure (x2 = Ids2y). In this case, the Hodge-star operator induces a decompo-
sition of the space of bivectors A*V = A2V @ A2V, where A%V and A%V denote the spaces of
self-dual and anti-self-dual bivectors, respectively,

AiV:{aeAQV: *a:a} and AQ_V:{aGAQV: *a:—oz},

which are the eigenspaces associated to the -1 eigenvalues of the Hodge-star operator.
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For the orthonormal basis considered above and denoting ¢; = (e;, ¢;), the self-dual and
anti-self-dual subspaces are spanned by { ET", E5, Ey }, where

Ef =L (e ANe? £eseqe Ne?),

V2

E’Qi = \/Lﬁ (61 A e3 F 826462 VAN 64) ,

Ef = \/LE (el Aet £ egeze? N e?).
The metric induced on the bivector space by the inner product on V), given by (1.4), is Riemannian
when (-, -) is positive definite and has signature (+ + — — ——) when (-, -) has neutral signature
(2,2). In the latter case, the signature of the restriction of the metric to the subspaces A2V is
(+ — —) and {Ef[, Ef, Egc} is an orthonormal basis in which Ej" is spacelike and E3 and E3
are lightlike.

Now consider an algebraic curvature tensor A on )V as an endomorphism of the bivector
space. The decomposition A*V = A%V & A%V induces a decomposition of the Weyl curvature
tensor as YW = W+ @ W~, where W* denote the restriction of the Weyl curvature tensor acting
on the space of bivectors to the self-dual and anti-self-dual subspaces, respectively. In dimension
four the curvature decomposition given in Theorem 1.1 can be refined as

A= %Id/\zv + po + WT 4+ W™ A2V — A2V,

where pg denotes the trace-less Ricci tensor. The Weyl curvature tensor is said to be self-dual if
W~ = 0 and anti-self-dual if W = 0.

1.1.6 Differential operators

Let (M, g) be an n-dimensional pseudo-Riemannian manifold and let f: M — R be a differ-
entiable function. The gradient of f is the vector field Vf = *df, which is determined by the
gradient operator V: C°(M) — X(M) as

g(Vf, X)=X(f) forall X € X(M).

The gradient can be expressed in a system of local coordinates (z',...,2") on M as

n

i OF

ik=1

The Hessian operator of f is defined as the endomorphism hy: X(M) — X(M) that is given
by the second covariant derivative
h(X) = VxVY{.

Now, the Hessian tensor is the symmetric tensor field of type (0, 2) defined as

Hes; (X,Y) = g(by(X),Y) = g(VxV/,Y) = XY (f) — (VxY)/.
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In terms of a system of local coordinates on M, the Hessian tensor can be expressed as
2
__Of  k9f
0z 0xI YOk
Note that, since the Levi-Civita connection is trace-free and adapted to the metric, the Hessian

operator is self-adjoint and so the corresponding (0, 2)-tensor field is symmetric. The Hessian
operator also allows us to define the Laplacian of a function f as

Af = tl"(hf).

Hesf (axb s 8xj)

Considering the extension of the Levi-Civita connection as a derivation of tensor fields on
the manifold, the Laplacian of a (0, k)-tensor field T is defined as

AT(Xy, .. Xp) =t (VPT) (X1, X)) = > (VaeT) (X1, X)),
i=1
where {E1, ..., E,} is a local orthonormal frame.

The divergence of a vector field X is defined as the function div.X = tr(VX). Considering
a local orthonormal frame {E, ..., E,}, then

divX =) eig(Ve X, E),
i=1
where ¢, = ¢g(E;, E;). In general, if T is (0, s)-tensor field, its r-divergence is defined as the
(0, s — 1)-tensor field given by
(diVTT)(Xl, e ,Xsfl) = Z€l<szT)(X17 RN 7X7'717 Ei; Xr+17 .. ,Xsfl),
i=1

forall X;,..., X, 1 € X(M). Since the r-divergence of the tensor field 7" is given by the r-th
trace of VT, its definition does not depend on the choice of the local frame.

1.2 Curvature functionals

Let (M, g) be an n-dimensional pseudo-Riemannian manifold and consider a local orthonormal
frame {E;}. A curvature scalar invariant is a polynomial that involves the components of the
curvature tensor and its covariant derivatives that does not depend on the choice of the local
frame.

* The space of curvature scalar invariants of order one of a pseudo-Riemannian manifold has
dimension one and is generated by the scalar curvature 7.

* The space of curvature scalar invariants of order two of a pseudo-Riemannian manifold
has dimension four and is generated by {72, ||p||?, || R||*, AT}.

We refer the reader to [17, 80] for more information.
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1.2.1 The Hilbert-Einstein functional

Given a compact n-dimensional pseudo-Riemannian manifold (M, g), the associated Hilbert-
Einstein functional is given by

SHE:gr—>/ T dvol,.
M

If we consider variations of the form g[t] = g + th, where h is a symmetric (0, 2)-tensor field,
we will say that the metric g is critical for this variation if

%’t:(] SHE(g[t]) =0.

This expression can be written as
8l,co Suptolt) = [ (VSug. Bydvol,
M

for some symmetric (0, 2)-tensor field V Sy g, which is called the gradient of the functional Sy .
The gradient of the Hilbert-Einstein functional is given by

VSyg =—p+ 9.

Given that the Hilbert-Einstein functional is not homothetically invariant, we need to consider its
restriction to the space of metrics of constant volume on a manifold M. Bearing in mind that all
the metrics of the variation g[t| have constant volume as long as the tensor field & is orthogonal
to the metric g, the corresponding Euler-Lagrange equations are determined by

Tracing both sides of this identity, it follows that

A= %tr (VSHE) = HT,

2n

and so
p— %g =0. (1.5)

As a consequence, the metrics which are critical for the Hilbert-Einstein functional
— when restricted to variations of constant volume — are precisely the Einstein metrics, which
are those whose scalar curvature is “better”” distributed across the manifold.

1.2.2 Quadratic functionals

If we now consider the space of curvature scalar invariants of order two, a curvature quadratic
functional is given by

9= / {am? + bllp||* + c||R||* + dAT} dvol,
M
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for some a, b, c,d € R. If we assume that M is a compact manifold without boundary, then
g [ {am® +bllpll* + c||R||* + dAT} dvol,,
= Ju {a7® + bllpll? + cl| R[*} dvoly,

and so every quadratic functional can be expressed in terms of the three functionals

S:g»—>/ m*dvol,, ’T:g»—)/ | pl|*dvol,, R:g>—>/ | R||*dvol,,,
M M M

which are what we will refer to as curvature quadratic functionals. The gradients of these three
functionals are (see [16])

VS =2V?r —2A71g — 7 (2 — %g) ,
VT = —Ap+ V1 — A7 — 2R[p] + 3|10/,
VR = —4Ap+2V°1 — 2R + L||R|°g — 4R[p] + 4p.

The curvature tensor R of a three-dimensional pseudo-Riemannian manifold is completely
determined by its Ricci tensor, which means that the three curvature scalar invariants satisfy the
identity

2 2 1_2
IR]* = 2pl" — 57"

Consequently, the functional determined by the L2-norm of the curvature tensor can be expressed
as a linear combination of the other two as

R=2T —3S8

in the three-dimensional case. In the four-dimensional setting, the Chern-Gauss-Bonnet Theorem
gives the Euler characteristic of a compact pseudo-Riemannian manifold with no boundary in
terms of the three curvature scalar invariants as

1
XO0) = o5 [ {IRI? = 4l + 77} dvol,
812 Jus
Therefore, the four-dimensional curvature functional R is determined by
R =tn’x(M) +4T - S,

and, since the Euler characteristic of a manifold is a topological invariant, the critical points of
‘R correspond to the critical points of 4 (T — }18 ) Therefore, the functionals R and 7 — %LS are
equivalent. This shows that it is enough to study the functionals

S:yg r—>/ *dvol,, Fi: g &—>/ {H,OH2 +t72}dvol9,
M M
for all ¢ € R. The gradients of the functionals F; are given by

VF = —Ap+ (1+20)V?r — B2 Arg — 2R[p] + L||p||°g + St7%g — 2t7p.
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Proceeding in the same way as we did for the Hilbert-Einstein functional, when we restrict our
study to the space of metrics of constant volume, we obtain that the Euler-Lagrange equations
corresponding to these functionals are given by

Vr — %ATQ—T(p— %g) =0,

Ap— (1+20)V?7 + 2tArg + 2 (R[p] — £lpl*g) +2t7 (p— Lg) = 0.

Note that Einstein metrics are critical for the functionals S and F; for any value of ¢. Conse-
quently, Einstein metrics are critical for all the curvature quadratic functionals in dimensions
three and four, but this is no longer true in higher dimensions.

The L?-norm of the Weyl curvature tensor: the Bach tensor

In dimension four, the functional given by

W:g— W(g) :/ W, ||*dvol,,,
M

where W, denotes the Weyl curvature tensor associated to g, quantifies the deflection of a Rie-
mannian metric g from being locally conformally flat. A remarkable property of this functional
is that it is conformally invariant in dimension four. Indeed, if g = ¢*? ¢, then

— ikt

W ||2dvoly = Wi W™ dvolg
= 2 W,jpee e 8" Wiiktedo duol, = ||W||2dvol,,.
Furthermore, it follows from the Chern-Gauss-Bonnet Theorem that
W(g) = 32m°x (M) + 2F 13,

and so this functional is equivalent to F_; /3. The conformal invariance of ¥ shows that four-
dimensional conformally Einstein metrics are J_;3-critical. Such metrics are equivalently
characterized by the vanishing of their Bach tensor (see [10]), which is defined as the (0, 2)-
tensor field given by

B = dng diV4 w -+ %W[p],

where W[p}l] = Wl’jkgpke.
In addition to conformally Einstein metrics, half conformally flat metrics are also Bach-flat in
dimension four. Recall that the Hirzebruch signature formula allows us to express the Hirzebruch

signature as
1 _
M) = g [ AW = W) doo,

and so the functional YV can be written as
W(g) = [ IWPdvol, = [y, {IIWF]]*> + [W~||*} dvol,
= 12727 [M] + 2 [, [[WF|*dvol,,
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which shows that half conformally flat metrics are critical for the functional V, and therefore
Bach-flat. Besides, since the functional W is equivalent to the one given by the L2?-norm of
the self-dual Weyl curvature tensor W, if ¢ is a Kéhler metric (see Part I), whose self-dual
conformal operator W™ is diagonalizable and takes the form W™ = & diag[2, —1, —1], then

1
W(g) = —12r°7[M] + 2 /M |W*|2dvol, = —12*7[M] + 5 /M T*dvol,,.

Consequently, the Calabi functional — which is the restriction of S to metrics in the same Kihler
class — is equivalent to F_; /3 when restricted to such variations (see [29, 127]).

1.3 Affine and projective geometry

An affine manifold is a pair (M, D) where M is a smooth manifold and D is an affine torsion-free
connection on M. The Ricci tensor associated to D is defined as

Po(X,Y) :=tr(Z = "R(X,2)Y),

and, since it need not be symmetric in general, we introduce the symmetrization “p, and skew-
symmetrization p,;, as

Pps(X,Y) = 3 {Pp(X,Y) + Pp(Y, X) }

1.6
Poan(X,Y) = 5 {Pp(X,Y) = Pp(Y, X) } . -0
An affine manifold is flat if its associated curvature tensor DR vanishes. In this case, there exist
local coordinates where the Christoffel symbols are zero.
A projective structure on an affine manifold (M, D) is an equivalence class [D] of affine
connections on 7'M sharing the same unparametrized geodesics. Two affine connections D and
D are projectively equivalent if and only if there exists a one-form w = w;dz* on M such that

Tk =Tk + 6Fw; + 6k,

where T';;* and fijk denote the Christoffel symbols of the affine connections D and D, respec-
tively, and 9;® denotes the Kronecker delta. According to this, an affine manifold (M, D) is said
to be projectively flat if there exists a flat representative in the class [D], i.e., if there exists a
one-form w on M such that

It == (6 w; + 6;"w;) . (1.7)

Furthermore, if there exists a real-valued function f locally defined on M such that w = df, then
(M, D) is said to be locally strongly projectively flat. Two-dimensional projectively flat affine
manifolds are characterized as follows (see [110]).

Theorem 1.2. Let (3, D) be an affine surface. Then (X, D) is projectively flat if and only if Pp
and D"p are totally symmetric.
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An affine manifold is curvature recurrent (respectively, Ricci recurrent) if DPR = ¢ @ PR
(respectively, DPp = & @ Pp) for some one-form & on M and (M, D) is locally symmetric if
DPR = 0. Since the curvature tensor of any affine surface is determined by the associated Ricci
tensor as

PRIX,Y)Z =Pp(X, 2)Y — Pp(Y, 2) X,

curvature recurrence and Ricci recurrence are equivalent in the two-dimensional case.

1.3.1 Walker structures

Let (M, g) be a pseudo-Riemannian manifold and consider a distribution D of the tangent space.
D is parallel if VxY € D for every smooth vector field X and every Y € D, and degenerate if
g|p vanishes.

It is well-known that the existence of a parallel distribution on a Riemannian manifold in-
duces a local de Rham decomposition as a product. This property is also true in the pseudo-
Riemannian setting as long as the parallel distribution is non-degenerate. The situation in which
the distribution is degenerate was studied by Walker [132], who gave a canonical expression for
this kind of metrics. This is why pseudo-Riemannian manifolds admitting a parallel degenerate
distribution are called Walker manifolds.

Walker metrics give rise to many strictly pseudo-Riemannian situations, such as degenerate
homogeneous pseudo-Riemannian structures, strictly conformally symmetric manifolds, confor-
mally flat metrics with two-step nilpotent Ricci operator, Einstein hypersurfaces in manifolds
with constant sectional curvature and nilpotent shape operator, para-Kéhler structures and so on.

In the most general situation, the existence of adapted Walker coordinates is given by the
following result (see [132]).

Theorem 1.3. Let (M, g) be an n-dimensional Walker manifold and let D be an r-dimensional,
parallel degenerate distribution. There exists a local system of adapted coordinates
(xl, B L ,x”)

on M with respect to which the metric tensor takes the form

B H Id,
(.gl] ) = tH A 0 5
Id. 0 0

where 1d,. is the identity matrix of order v and A, B and H are matrices whose components are
functions of the adapted coordinates satisfying the following conditions:

1. Aisan (n—2r) x (n — 2r) matrix and B is an r X r matrix.
2. Hisanr x (n— 2r) matrix and 'H denotes its transpose matrix.

3. Aand H are independent of the last n — r coordinates.
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Moreover, the distribution D is spanned by the last n — r coordinate vector fields.

The canonical form given in the previous theorem turns out to be simpler when the manifold
has even dimension n = 2m and the Walker distribution is of maximal dimension. In this case,
there exist local Walker coordinates

1 m
(.Z(,’ sy, L ,,I‘I/,...,J}m/)

in which the metric tensor takes the form

B 1d,,
g=<1dm 0 ) (1.8)

where B is a matrix whose components are functions of (z',... 2™ xy, ..., 2,). This kind
of metrics will play an important role in the work developed in this thesis. Their non-zero
Christoffel symbols and curvature operator are given by the following results (see [41]).

Lemma 1.4. Let (M, g, D) be a Walker manifold of dimension n = 2m, where dimD = m.
Then its Christoffel symbols are given, up to the corresponding symmetries, by

v = Lok
Loy = 3009k,
F% - % (—0kgij + 0j ik + 0i9jk + GrsOs Gij)

where 1 < s < m.

Lemma 1.5. Let (M, g) be a Walker manifold of dimension n = 2m with m-dimensional parallel
degenerate distribution D. The non-zero components of its curvature tensor of type (1,3) are
given, up to the corresponding symmetries, by
R?jk = —% (0i0n gik — 030w gjx) — i (05 9k On Gis — Os Gik O Gjis) »
R, = —35(0:0kgin — 0:0ngjk + 0;0ngir — 0;0kgin)
— 3 {0s 951 (Ongis — Osgin — 0igsh — gty gis)
— 0y git (Ongjs — Osgjn — 0j9sh — GnOr gjs)
— Oy Gin, (&gjk - (9k9js - 8j9ks - gstat’gjk)
+ Oy gjn (Osgir. — OnGis — Digs — 95t Gir)
+20; (9nsOs gjr) — 205 (gnsOs gir) } »

R?j/k = _%aj’ah/gika
thjl’k = —% (ahaj’gik - 8kaj’gih)
— 1 (09 9ir0j: gsh + Oy ginOy gsk — 20/ (gnsOs gi)) ,
Ry = =3 (0:0wgin — 0;0wgin) — 1 (0w gjsOs gin — Ok GisOs gin) ,
R'Z'/’k;/ = %aj/ak’giha

wherel < s<mandl1l<t<m.
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In general, the fact that D is parallel implies that the curvature tensor of any Walker manifold
is such that

R(D,D*,.,)=0, R(D,D,-,-)=0, and R(D', D, D,-)=0.

1.3.2 Maetrics on the cotangent bundle

A particular class of Walker metrics are those known as Riemannian extensions. The interest of
these metrics resides in the fact that they allow the translation of problems in affine geometry to
problems in pseudo-Riemannian geometry and vice versa.

Let T*M denote the cotangent bundle of an n-dimensional smooth manifold and consider
the natural projection from the cotangent bundle onto the base manifold 7: T*M — M. A point
p € T*M is of the form p = (p,w), where p := 7(p) € M and w € TyM. We will give
some basic notions about the geometry of the cotangent bundle before 1ntr0ducmg Riemannian
extensions.

Let p = (p,w) be a point in T*M and consider local coordinates (x',...,z™) on a neigh-
bourhood U/ of the point p € M. In this neighbourhood we can write

w = zydx’,
which allows us to define a system of local coordinates on U:=x"! (U) C T*M as
(xl, e xt Ty, ,xn/) )

In terms of these local coordinates, the canonical symplectic structure of the cotangent bundle is
given by .
Q:=dw=dxy Ndz". (1.9)

Let us consider a vector field X on M. Its evaluation map ¢ X is the differentiable map on
the cotangent bundle given by

(X (p,w) =w(X,).

If we write X = X'0,:, where X' = da'(X), then 1 X (2%, ) = 2y X".

Vectors fields on 7™ M are determined by their action on evaluation maps of vector fields on
M. In this way, two vector fields Y and Z on M are the same if and only if Y (:X) = Z (1X)
for every vector field X on M. Bearing this in mind, the complete lift of a vector field X on M
is a vector field on 7" M characterized by the identity

XCz)=1[X, 7],

for every vector field Z on M. The tangent space to the cotangent bundle of a smooth manifold
is generated by the complete lifts of all smooth vector fields on M. Complete lifts allow us to
characterize tensor fields of type (0, s) in the sense that two tensor fields S and T are the same if
and only if

T(XC,...,x0) =5(x%,...,X9)
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for any vector fields X, ..., X; on M. Knowing this, it is easy to see that the two-form (1.9)
does not depend on the system of local coordinates in consideration and is characterized by the
identity

w (X9 YY) =[X,Y].

Now, if T"is a (1, 1)-tensor field on M, it is an endomorphism of the tangent bundle 7'M, so one
can define a one-form (7" on the cotangent bundle characterized by the identity

T (X9) =u(TX),

which takes the form /1" = x;,T;*da® with respect to the coordinates induced on 7% M.

Riemannian extensions

The construction of this kind of metrics defines a Walker metric on the cotangent bundle of
an affine n-manifold (M, D), where D denotes a torsion-free connection on M. T*M can be
equipped with a pseudo-Riemannian metric of neutral signature (n, n) given by the identity

9p (XO, YY) = —(DxY + Dy X).

This metric is called a Riemannian extension (see [120]) and in terms of the system of local
coordinates induced on 7™M takes the form

gp = ( —QI'k/FZ]k Idn

L. o
Id, 0 ), ,7=1,....,n, © =1+n, (1.10)

where I';;* are the Christoffel symbols of the affine connection D with respect to the coordinates
(x%) on M.

These metrics are particular cases of Walker metrics for which the parallel, degenerate distri-
butions have maximal dimension and are given by D = ker 7. As we have already mentioned,
Riemannian extensions provide a link between affine geometry and Riemannian geometry so
that some properties of the affine connection D can be studied through the properties of gp. For
instance, D is projectively flat if and only if gp is locally conformally flat.

Deformed Riemannian extensions

These metrics are a slight generalization of Riemannian extensions involving an additional (0, 2)-
tensor field on M that we will call . Deformed Riemannian extensions are again pseudo-
Riemannian metrics of neutral signature (n,n) on the cotangent bundle of an affine manifold
and are given by
gpe (XC. YY) = gp+rm®
= —U (DXY + DyX) + 7'('*@.

Deformed Riemannian extensions can be expressed in terms of the coordinates induced on the
cotangent bundle as

( —QIk/Fijk + (I)z'j Idn
dD.® =

.. .
Id,, 0 )’ Z’]_l""vna T =1+ n.
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A criterium to characterize deformed Riemannian extensions amongst Walker manifolds was
shown in [1], where it is stated that if (M, g, D) is a Walker manifold then ¢ is a deformed
Riemannian extension of an affine connection if and only if the curvature operator associated to
g is such that

R(,D)D =0,

Moreover, the scalar curvature of every deformed Riemannian extension vanishes and its
Ricci operator is nilpotent, so a deformed Riemannian extension will be Einstein if and only if it
is Ricci-flat.

Modified Riemannian extensions

Going further in the generalization of Riemannian extensions we find a new kind of metrics
known as modified Riemannian extensions. These metrics involve two new elements S and T’
which are (1, 1)-tensor fields on the affine manifold M. Modified Riemannian extensions are
split-signature metrics on the cotangent bundle of M as well and are defined by

gpaors = tI'owS+gpe
= T'ouS+gp+ 7P,

where o denotes the symmetric product of one-forms. This kind of metrics can be expressed in
terms of the local coordinates induced on the cotangent bundle as

B %xrlxsf (T;S;* + T;7S:®) — 2xpTy* + @45 1d,
gp.e1.5 = Id, 0 /)’

where i,j = 1,...,n and '/ = i 4+ n. In the particular case where 7" = cId and S = Id, the
metric is denoted by gp ¢ . and it is a Walker metric for which the tensor B;; in (1.8) is a quadratic
function of the fibre coordinates (x;). The Walker distribution is given by D = ker 7, and its
scalar curvature is a multiple (depending on the dimension of the manifold) of the parameter c.

Modified Riemannian extensions can be characterized amongst the Walker metrics in terms
of the covariant derivative of their curvature by

VpR (- D)D =0

(see [1]). As a consequence, an even-dimensional Walker manifold admitting a
parallel, degenerate distribution of maximal dimension is locally symmetric if and only if it
1s a suitable modified Riemannian extension. In addition to all this, modified Riemannian exten-
sions turn out to be a source of examples of Einstein metrics. In fact, the modified Riemannian
extension gp g ., with ¢ # 0, is Einstein if and only if ® = ﬁDps.

If (M, D) is flat, its cotangent bundle is not only Einstein but also para-Kéhler with constant
para-holomorphic sectional curvature, when equipped with a modified Riemannian extension

[41]. We will see this in detail in Part I.
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1.4 Lie groups

A Lie group is a smooth manifold endowed with a group structure such that the operation in
the group 0: G x G — G and the inversion are differentiable. A group homomorphism that is
differentiable as a map between two smooth manifolds is called a Lie group homomorphism. A
real Lie algebra is a vector space g endowed with a skew-symmetric bilinear operator

[ligxg—g
satisfying the Jacobi identity

[z, [y, 2]] + [z, [z, 9]] + [y, [z, 2] = 0

forall z,y, z € g. A Lie algebra homomorphism is a linear map ¢: g — b that preserves the Lie
brackets, i.e., such that p[z, y], = [p(z), ¢(y)], for all z,y € g. Given a Lie algebra g, a vector
subspace b is a Lie subalgebra of g if b is closed for the Lie brackets, i.e., if [x,y] € b for all
x,y € h. Anideal a of g is a Lie subalgebra satisfying the stronger condition that [z, a] € a for
all z € gand a € a. A particular example of an ideal is the derived subalgebra of a given Lie
algebra g, which is the subspace g’ = span {[z,y|: z,y € g} and is also denoted by [g, g]. A Lie
algebra such that the sequence of subalgebras given by

g>g,0] > g [00]] >[99 9] >...

terminates in the zero subalgebra is said to be nilpotent. The Lie algebras whose derived sub-
algebras are nilpotent are called solvable, and those which have no non-zero solvable ideals are
said to be semi-simple.

Given a Lie group G, a vector field X on G is said to be left-invariant if for all g, h € G,

(Lg)*hXh = XLg(h)’

where L,: h € G — gh € G denotes the left translations on G.

The Lie brackets induce a Lie algebra structure in the space of left-invariant vector fields on
a Lie group G, which is called the Lie algebra of G and is denoted by Lie(G) = g. The Lie
algebra of a Lie group is isomorphic to the tangent space at the identity element of GG. Besides,
any Lie algebra of finite dimension g is isomorphic to the Lie algebra of a unique connected
and simply connected Lie group — up to isomorphisms. This allows us to identify each simply
connected Lie group with its Lie algebra.

In the situation where the Lie group is also a pseudo-Riemannian manifold, the need to
study metrics for which L, is an isometry — known as left-invariant metrics — arises naturally.
Giving a left-invariant metric on a Lie group (' is equivalent to giving an inner product on its
Lie algebra g. The invariance of the metric allows us to obtain general expressions for the Levi-
Civita connection, curvature, etc. of a pseudo-Riemannian Lie group just by knowing how the
brackets and the metric behave.
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Semi-direct products

Given two Lie algebras (b1, [, :]1) and (hs, [, -]2), if we consider the Lie algebra g = h;®h, given
by the direct sum of h; and b, as vector spaces, we can take the Lie brackets [v,v'] = [v, 0],
[w,w'] = [w,w']y and [v,w] = 0 for all v,v" € h; and w,w" € bhy. Then (g, [-, -]) is the direct
sum Lie algebra.

Let g, h; and h, be a Lie algebra, an ideal of g and a Lie subalgebra of g, respectively, such
that g = b @ ho. If w € by, and it follows from the Jacobi identity that © = ad(w) = [w, ] is a
derivation of the Lie algebra b, i.e.,

Dlu,v] = [Du,v] + [u, D]

for all u, v € h;. In this way, ad: hs — Der(h;) provides a Lie algebra homomorphism between
b, and the Lie algebra of the derivations of j;, where the Lie brackets are given by the commuta-
tor. In fact, this homomorphism determines all the Lie brackets between the elements of f, and
b1, since [w,v] = ad(w)v for all v € h; and w € bhs.

The construction given above can be extended to an arbitrary Lie algebra homomorphism
¢: h — Der(g). It can be checked that there exists a unique Lie algebra structure in the vector
space g b b such that

[U7U/] = [071}/}97 [wvwl] = [wvw/]h’ [w7v] = cp(w)v,

for all v,v" € gand w,w’ € h. With these brackets, g & § is known as the semi-direct product of
g and b via o and is denoted by either fh x, gor g X, b.

At a Lie group level, given the product of two Lie groups G x H, its Lie algebra is given by
Lie(G x H) = g @ h were g and b are ideals of their direct sum. Conversely, given a Lie group
GG and two subgroups H; and H, such that g = h; @ b, then G = H; x H, as Lie groups.

In the same way as in the Lie algebra situation, this notion can be extended to semi-direct
products of Lie groups. Given two Lie groups G and H, GG acts on H by homomorphisms if
there exists a differentiable action 0: G x H — H such that o(g,-) € Aut(H) forall g € G -
equivalently, there exists a Lie group homomorphism ¢: G — Aut(H). The multiplication in
G x H given by

(g1, 1) - (g2, he) = (91 9270(951,h1)h2) , where g1,90€G, hy,hy € H,

induces a Lie group structure in G x H, known as the semi-direct product of G and H via ¢ and
denoted by either G X, H or H X, GG. When the action ¢ is trivial, the structure corresponds to
a direct product of Lie groups.

The Lie algebra of a semi-direct product of Lie groups H x, G is the semi-direct product of
their Lie algebras via the derivative of 5 (g, -), h X4 g. Conversely, given a semi-direct product
of Lie algebras h X, g, let G and H be the connected and simply connected Lie groups with
Lie algebras g and b, respectively. There is a unique action by homomorphisms ¢ from G on H
such that d® = ¢ and H x, G is the unique connected and simply connected Lie group with
Lie algebra h x, g. This gives a correspondence between semi-direct products of Lie groups and
semi-direct products of Lie algebras.
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1.4.1 Three-dimensional Lie groups

In dimension three we can make use of the Euclidean cross product operation to simplify the
computations related to the Lie brackets and, in fact, classify the unimodular Lie groups (see
[104]).

Let (g, (-,-)) be a Lie algebra endowed with a non-degenerate inner product and consider
X: g x g — g the only cross product such that (e; X e;, e;) = det(e;, €5, ex) for any orthonormal
basis {e1, es, €3} of g. We can define a linear map L: g — g such that

L(ey x e3) = [e1, €], L(ex X e3) = [ea, €3], L(ey X e3) = [eq, €3]

with respect to an orthonormal basis of the Lie algebra. Therefore, L is such that L(uxv) = [u, v]
for all vectors u,v € g and so it provides us with all the Lie brackets of the Lie algebra. L is
known as structure operator of g.

Unimodular Lie groups are characterized in terms of their adjoint automorphism as those
connected Lie groups G such that ad(z): g — g is trace-free for all vectors ©z € g = Lie(G)
(see [104]). Consequently, a Lie algebra g such that trad(z) = 0 for all x € g is said to be a
unimodular Lie algebra.

Both in the Riemannian and the Lorentzian situations, writing L(e;) = c¢;/e; and tracing
ad(e;) in terms of the ¢;”’s one can see that G is unimodular if and only if L is self-adjoint.
Therefore, it is possible to study unimodular Lie algebras through the study of these self-adjoint
operators.

Riemannian unimodular Lie groups
Considering a three-dimensional Riemannian Lie algebra g, one has that
e1 X g =¢€3, e3Xe€ =e€, eyXeg3=eq,

and so

L(ey) = [ea,e3], L(es) = [es,e1], L(e3) = [e,ea].
If g is a unimodular Lie algebra, then L is diagonalizable with respect to an orthonormal basis,
i.e., if A\, Ao and A3 are the eigenvalues of L, there exists an orthonormal basis of eigenvectors
with respect to which

[62763] = \eq, [63, 61] = A\aea, [61,62] = \zes.

Unimodular Lie groups can therefore be described in terms of the signs of the eigenvalues of L
as (see [104])

Signs of the eigenvalues A\, A2, A\3 | Associated Lie group
+ o+ + SU(2)
+ + = SL(2,R)
+ + 0 E(2)
+ = 0 E(1,1)
+ 0 0 H3
0 0 0 R3
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The descriptions of the Lie groups that appear in the table are the following.

* SU(2) is the group of unitary 2 x 2 matrices of determinant 1. Its Lie algebra su(2) is the
algebra of skew-Hermitian 2 x 2 matrices with no trace.

. 5‘1(2, R) is the universal covering of the group of the 2 X 2 real matrices of determinant
1. Its Lie algebra s[(2, R) is the algebra of 2 x 2 real matrices with no trace.

. E(Q) is the universal covering of the group of rigid motions of the Euclidean plane. Its Lie
algebra ¢(2), known as the Euclidean algebra, consists of the semi-direct product t? x ¢
determined by an endomorphisms of t? with imaginary eigenvalues.

* F(1,1) is the group of rigid motions of the Minkowskian plane. Its Lie algebra e(1, 1),
known as the Poincaré algebra, is the semi-direct product t> x t given by an endomorphism
of ©? with real and not-equal eigenvalues.

 H3 is the Heisenberg group of order three, which consists of the 3 x 3 matrices of the form

o O =
O~ Q2

b
c |, for a,bcelR.
1

Its Lie algebra b3 is the algebra of upper triangular matrices with zero diagonal.

R3 is the Abelian group, whose Lie algebra is the Abelian algebra t>.

Remark 1.6. With the intention of making the reading of this thesis easier, and since Chapter 4
is the only chapter in which we work with Lorentzian signature, the description of Lorentzian
unimodular Lie groups will be given there. The reader can find it in Sections 4.1, 4.2 and 4.3.

Riemannian non-unimodular Lie groups

If a three-dimensional Riemannian Lie group is not unimodular, then there exists a basis of its
Lie algebra with respect to which the Lie brackets take the form (see [104])

le1, 2] = aes + feg, le1, e3] = yea + des,

with [eq, €3] = 0, and so that the matrix associated to ad(e;)

-(32)

has trace o + § = 2 and ay + 50 = 0. If we exclude the case where A = Id — in which case the
group corresponds to a unimodular one —, the determinant D = «d — [y provides a complete
isomorphism invariant for this Lie algebra.
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1.4.2 Four-dimensional Lie groups

Any real Lie algebra can be written as the semi-direct product of its radical — its maximal solv-
able ideal — and a semi-simple subalgebra known as the Levi factor (see [90]). Therefore, the
classification of four-dimensional Lie algebras can be reduced to the study of low-dimensional
semi-simple Lie algebras, solvable Lie algebras and semi-direct products of semi-simple and
solvable Lie algebras. Semi-simple Lie algebras further decompose into direct sums of simple
subalgebras — non Abelian Lie algebras without any non-zero proper ideals — which are orthog-
onal with respect to the Killing-Cartan form. Solvable Lie algebras have been classified in low
dimensions — up to six — and we refer the reader to [6] for a description of four-dimensional
solvable Lie algebras.

__ Simply connected four-dimension Lie groups are either isomorphic to the direct extensions
SL(2,R) x R and SU(2) x R or solvable Lie groups, which correspond to the semi-direct
extensions of the Poincaré, Euclidean, Abelian and Heisenberg groups. Since solvable Lie groups
play a special role in the study of left-invariant symplectic structures, we will outline some results
on the classification of their corresponding Lie algebras.

Solvable Lie groups

Consider a four-dimensional Lie algebra g and an ideal v of codimension one in g. Taking
ep € g\ v, we can write g = R x,, v, where ¢: Rey — Derv is a linear map such that
p(co) = ad(eo).

The following result, which can be found in [6, Proposition 1.3] (see [55] for a differ-
ent proof), proves that any four-dimensional solvable real Lie algebra is a semi-direct product
of R and a three-dimensional unimodular Lie algebra. Therefore, the classification of four-
dimensional solvable Lie algebras is reduced to the study of the derivations of three-dimensional
unimodular Lie algebras.

Proposition 1.7. Let g be a four-dimensional solvable real Lie algebra. Then
g=Rx, 0,

where v is isomorphic to either v3, b3, ¢(1,1) or ¢(2).

Proof. Consider the Lie algebra homomorphism given by

x:g — R
r — x(x)=tr(ad(z)).

Its kernel u = ker x, known as the unimodular kernel, is an ideal of the Lie algebra g containing
the derived subalgebra g’ = [g, g].

If g is not unimodular, then its unimodular kernel 1 = ker x is three-dimensional, and there-
fore it is isomorphic to either R?, b3, ¢(1, 1) or ¢(2) and the result follows by taking v = u.

If g is unimodular, its derived subalgebra g’ is nilpotent and its dimension is lower than or
equal to three. Therefore, g’ is isomorphic to either {0}, R, R?, R? or b3.
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If g = R3 or g’ = b3, the result immediately follows by taking v = g'.

If g = {0}, g is Abelian and so v = R? is an ideal of g.

If g’ = R, take g’ = Rej and there exist e1, e; € g such that [e, es] = e3 and, since g is
unimodular, the set {eq, 5, e3} is linearly independent, and so it generates an ideal which
is isomorphic to bs.

Ifg = R?, there are two different possibilities:
Case (i): There exists = ¢ g’ such that ad(z)|y is non-singular.
Case (ii): ad(z)|y is singular for all x € g.

Making use of the real Jordan normal form of the corresponding complex transformation
in both cases we obtain that

x(x) =tr(ad(z)) = A1+ Ao with N\ €C, i=1,2.

In Case (i), there is a basis of g’ such that the action of x is given — up to a non-zero
multiple — by

(i) ad(x)]g/:(é _01) or (ib) ad(x)\g,:<_01 é)

where Case (i.b) corresponds to the complex eigenvalues +i. Thus, Rz & g’ is an ideal of
g that is isomorphic to ¢(1, 1) —in Case (i.a) — and ¢(2) — in Case (i.b).

In Case (ii), since one of A\; and A\ vanishes, the unimodular condition implies that both
of them have to. Therefore, for any fixed x ¢ g’ there is a basis of g’ with respect to which
the action of ad(x)|, takes one of the following forms.

(i) ad(z)ly =0 or (ib) ad($)|g/:(8 (1))

As a consequence, Rz @ g’ is an ideal of g that is isomorphic to R? in Case (ii.a) and to b3
in Case (ii.b). This completes the proof.

]

Remark 1.8 (The Poincaré Lie algebra ¢(1,1)). The Poincaré Lie group can be equivalently
described as

(i) the semi-direct product R? x,, Re; with

w=adie) = (5 ).

in which case its non-zero Lie brackets are given by

[61, 62] = €9, [61763] = —é€3,
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(ii) or the semi-direct product R? x, Rez with

wm=ade) = % ).

in which case its non-zero Lie brackets are given by
[63761] = —é€y, [63762] = —€.

Let us consider the description of the Poincaré group given by (i). The derivations of this Lie
algebra are

0 00
c a 0
d 0 b

Der(e(1,1)) = ¢ p = ca,b,e,d eR

and so every semi-direct extension is of the form £(1, 1) x,,Re,, where ¢ belongs to Der(e(1,1)).
If we now rescale the vector ey and take €y, = ey — ae; + cea — des, and consider the basis of
E(1,1) x, Réy given by {eq, €2, €3, €o}, then

[é07 61] = 07 [é07 62] = 07 [é07 63] = (a + b)637

so there are two different possibilities depending on whether or not a 4+ b = 0.
If a4+ b =0, then £(1,1) %, Ré; is unimodular and its Lie brackets are

[€o,€i] =0, [er,e0] = €2, [er, €3] = —e3.

This corresponds to the product Lie group E(1, 1) x Ré,.
If a + b # 0, then E(1, 1) %, Reg is non-unimodular and its non-zero Lie brackets are

[61,62] = €9, [61763] = —é€3, [es,éo] = Aes, ()\ 7é 0)-
If we now consider the Lie group homomorphism ® given by

@(61) = —%ég, (I)(Gg) = €3, (I)(Gg) = €1 — %éo, (I)(éo) = )\62

and take the basis {vq, Vs, v3, v}, v; = ®(e;), of E(1,1) <, Ré, then the Lie brackets are
[V1, Vo] = Vo, [V3, V4] = vy

and this Lie algebra corresponds to aff(R) x aff(R), where aff(R) denotes the real affine Lie
algebra.

The discussion in the previous remark can be summarized as follows.
Lemma 1.9. Let G = E(1,1) x R be a semi-direct extension of the Poincaré Lie group. Then

(i) G is unimodular if and only if it is isomorphic to the product E(1,1) x R, and
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(ii) G is non-unimodular if and only if it is isomorphic to aff(R) x aff(R).

Remark 1.10 (The Euclidean Lie algebra ¢(2)). The Euclidean Lie group can be described as the
semi-direct product R? x, R given by

v=adle= ().

so its non-zero Lie brackets are given by
le1, e9] = e3, leq, €3] = —ea.
The derivations of this Lie algebra are
0
—b | :a,b,c,deR

a

Der(e(2)) = { ¢ =

QO O
> O

and so every semi-direct extension is of the form E(2) X, Reg, where ¢ € Der(e(2)). We
can rescale ey by éy = ey — be; + dey — ce3 and consider the basis of F(2) x Ré, given by
{617 €9, €3, éo} so that

[eo,e1] =0, [éo,e2] = aey, [€o, €3] = aes.

This gives rise to two different possibilities depending on whether or not a = 0.
If a = 0, then E(2) x, Ré is unimodular and its Lie brackets are

[éo’ ei] = 07 [61’ 62] = és, [617 63] = —€2.

This corresponds to the product Lie group E(2) x Ré,.
If @ # 0, then the semi-direct product E'(2) x,, Ré, is non-unimodular and its Lie algebra is
isomorphic to

[éo,€2] = €2, [éo,es] = €3, [61762] = €3, [61763] = —é€y,

which corresponds to the complex affine Lie algebra aff(C).

The discussion above can be summarized as follows.
Lemma 1.11. Let G = E (2) X R be a semi-direct extension of the Euclidean Lie group. Then
(i) G is unimodular if and only if it is isomorphic to the product E~7(2) X R, and

(ii) G is non-unimodular if and only if it is isomorphic to aff(C).
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The left-invariant metrics on each four-dimensional solvable Riemannian Lie group can be
described in terms of an orthonormal basis as follows.

Left-invariant Riemannian metrics on H3 x R

Let g = h3 x R be the semi-direct extension of the Heisenberg algebra 3. Let (-, ) be an inner
product in g and let (-, -)3 be its restriction to h3. It follows from Milnor’s work [104] that there
exists an orthonormal basis {vy, v, v3} of h* such that

Vi, vo] =yvs, [vi, v =0, [va,v3]=0, ~v#0. (1.11)

The algebra of derivations of h? with respect to a rotated basis that we will also denote by
{v1, va, v3} is given by

Q

Der(h?) = — ca,6,d,h, feR

0
0~
a+d

S [}
k‘wz Q, ™

Let {vy, Vs, V3, vy} be abasis of g with {vy, vy, v3} given by Equation (1.11), and g = h>®Rv,.
Since Rv, need not be orthogonal to h3, we set /;7@ = (v;,vy), for i = 1,23, and consider
ea=vVi—) k;v;. If we now normalize it we get an orthonormal basis {e, es, €3, €4} of g such
that o

le1, ea] = ves, leq, e1] = £{ae; — ces + (h+ kay)es},

- N . (1.12)
lea, €3] = £ (a+ d)es, e, 5] = 5{Cer + dey + (f — kry)es},

where R > 0. In order to simplify the expressions we define

— _k
ko = —F

and use the notation F' = f — kyy and H = h + kyy. Now the Lie brackets in Equation (1.12)
become
[e1, ea] = 7es, [e1,e4] = ae; — ceq + Heg,

[637 64] = (a + d)eg, [62’ 64] =ce; + d€2 + Feg. (113)

Left-invariant Riemannian metrics on E(1,1) x R and £(2) x R

Let g = g3 < R be the semi-direct extension of the three-dimensional Lie algebra g3, being g3
either ¢(1,1) or ¢(2). Let (-, -) be an inner product in g and let (-, -)3 denote its restriction to gs;.
According to Milnor’s work [104], there exists an orthonormal basis {vy, vy, v3} of g3 such that

[Vz,Vz] = A1V, [V3,V1} = AaVa, [V17V2] =0, (1.14)
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for A1, A2 € R and A\ Ay # 0. The associated Lie groups correspond to F/(2) whenever A\; Ay > 0
and F'(1,1) whenever \; Ay < 0. Moreover, the algebra of derivations of g3 is given by

Der(g;) = _ b,¢,deR

ngf (<20
Qr

O T

S Q™
Q

Let {v1, vy, V3, vy} be a basis of g for which ad(v,) is determined by a derivation as above.
After a normalization, like in the previous section, we get an orthonormal basis {e1, €2, €3, €4}
for which the non-zero Lie brackets are given by

[62, 63] = /\161, [63, 61] = /\262,

[ea, 1] = f{ber — AL + ks)ea}, (.15)
[eq, €] = %{(& + k3Ai)er + bea}, ’
lea, 5] = £{(€ — kali)er + (d + ki ho)es},

where R > 0. In order to simplify the notation, we define

_ & g _d . _ _k _ K _ K
ye=—gd=—5 ki=—F, ka=—F ks =—-F

and set A = /\% + k3, C'=c— kyAy and D = d + k1 \o. Now the Lie brackets given in Equation
(1.15) become
le1, e3] = —Azea, e, 3] = Arey,

le1, €4] = bey — Adgen, lea, €4] = AXreq + bea, (1.16)
[63, 64] = 061 + D€2.

Left-invariant Riemannian metrics on R x R

Let g = t> x R be a semi-direct extension of the Abelian Lie algebra t3. Let (-, -) be a inner
product on g and (-, -)3 be its restriction to t3. The algebra of all the derivations of ¢ is gl(3, R)
and there exists a (-, -)s-orthonormal basis {v1, vy, v3} of t> where a derivation decomposes as
a sum of a diagonal matrix and a skew-symmetric matrix. Therefore, the algebra of derivations
of ©3 is given by

b —¢
Der (¢%) = f

O TR

S
|
>
\'Q?
o
it
—
>
=1
m
]

p

Now, the corresponding semi-direct product g = t3 x R is given by

[vi,va] =0, [Vy, V1] = avy + bvy + CV3,
[vi,v3] =0, [V, Vo] = —bvy + fva + hvs,
[Va, V3] =0, Vi, V3] = —&vi — hvy + vy,
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with respect to some basis {vy, vy, v3, vy} so that g = span{vy, vy, v3} @ Rvy. Since Rvy
need not be orthogonal to t3, we can consider k; = (vi,vy), for all i = 1,2,3, and define
éy = v4 — . k;v;. If we normalize it, we obtain an orthonormal basis {e;, e2, €3, €4} of g so
that

lea, e1] = H(aey + bes + ée3),  [ea, e2] = 5(—ber + fes + hes), 0
[64, 63] = %(—661 — iLGQ +]563), R > 0. .
In order to simplify the notation, we define
CL:%, b:}%v C:}%v f_]j;’ h_%7 p:}%
Now the Lie brackets given in Equation (1.17) become
le1, €4] = aey + ey + ces, [ea, e4] = —ber + fea + hes,
(1.18)
es, 4] = —cey — hey + pes.

Non-solvable Lie groups

Four-dimensional non-solvable Lie groups are isomorphic to either one of the direct products
SU(2) x Rand SL(2,R) x R and the left-invariant metrics on them can be described in terms
of an orthonormal basis as follows.

Left-invariant Riemannian metrics on SU(2) x R and SL(2,R) x R

Let g = g3 X R be a direct extension of the unimodular Lie algebra g3 = s(2, R) or g3 = su(2).
Let (-,-) be an inner product on g and let (-, -)3 denote its restriction to gs. Following Milnor’s
work [104], there exists an orthonormal basis {v;, vo, v3} of g3 such that

[V2a V3] - >\1V17 [V37V1] - >\2V27 [V17V2] - )\3V37 (119)

where A\j, Ao, A3 € R and A\ Ay A\3 # 0. Moreover, the associated Lie group corresponds to SU(2)
if A1, A2 and A3 have the same sign, and to SL(2, R) otherwise.

Let {vy, Vs, V3, vy} be a basis of g such that {vy, vy, v3} are given by Equation (1.19) and
g = g3 & Rvy,. Since Rv, need not be orthogonal to g3, we consider l;:i = (vy,vy), fori =1,2,3.
Letéy=vy—) k;v; and normalize it to get an orthonormal basis {ey, €2, 3,64} of g = g3 &R

such that
[61, 62] = Ases, [62, 63] = A€y,

e, e1] = Agea, le1, e4]) = %(/;?3)\262 — kahses), (1.20)

[ea, e4] = }%(%1/\363 - ]%3)\161), les, e4] = }%(%2/\161 - ]%1)\262),

1

where R > 0. In order to simplify the expressions, we define k; = .80 the Lie brackets now
take the form

le1, e2] = Ases, le1, e3] = —Aqea, le2, e3] = Arey,

[61, 64] = k3loes — kalses, [62, 64] = ki1Aszes — ksAieq, (1.21)

[63, 64] = kodier — k1 haes.
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1.5 Homogeneous spaces

Roughly speaking, in pseudo-Riemannian geometry, homogeneity means that the geometry of
a manifold is the same at each of its points. What this means is that for any two points in the
manifold, there exists an isometry sending one to the other. At the same time, in affine geometry,
homogeneity means that for any two points there exists an affine transformation sending one
point to the other. It is important to be aware of the fact that a pseudo-Riemannian manifold
may be affine homogeneous for its Levi-Civita connection but not necessarily homogeneous
(see [92]).

Riemannian homogeneous spaces

A connected Riemannian manifold (M, g) is said to be homogeneous if its isometry group acts
transitively on M, i.e, if for any two points p, ¢ € M there exists an isometry ¢ of (M, g) such
that ¢(p) = ¢. In this situation, the connected component of the identity of the isometry group
also acts transitively on M. This definition of homogeneity is equivalent to the existence of a
connected Lie group GG and a smooth map

GxM — M
(¢,p) V= Lg(p)=qp

such that
(i) L, is anisometry of (M, g).
(i) Lg, Lg, = Lgyq5-
(iii) For any py,ps € M, there exists an element ¢; € G such that L, (p1) = po.

If G acts effectively on M, i.e., if L, is the identity transformation of M if and only if ¢ is the
identity element e € G, we can always replace GG by the quotient group G/ K, where K is the
kernel of the map ¢ € G — L, € Isom(M). Therefore, if G is a connected Lie group that acts
on (M, g) as a transitive and effective group of isometries, then G can be identified with a Lie
subgroup of the isometry group of (M, g).

Letp € M and H = {q € G: q¢p = p} be the isotropy group of p. Then M is diffeomorphic
to the quotient G/ H and we have the canonical projection

7. G — G/H.

This gives a fibre bundle over M with structure group H, where the subgroup H is closed, but
not necessarily connected. A Riemannian metric (-,-) on G/H is said to be G-invariant if the
action

ty: sH e G/H — t,(sH) = qsH
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is an isometry forall ¢ € G. Inthis case (G/H, (-, -)) is called a Riemannian homogeneous space.
(M, g) is locally homogeneous if for each two points p, ¢ € M there exist neighbourhoods U of
pand V of ¢ and a local isometry ¢: U — V such that p(p) = q.

Simply connected homogeneous Riemannian manifolds of dimension two are symmetric.
Three-dimensional simply connected homogeneous Riemannian manifolds are either symmet-
ric spaces or Lie groups endowed with left-invariant Riemannian metrics (see [126], [103] for a
modern presentation and [30] for an extension to the three-dimensional Lorentzian case). Bérard-
Bergery showed in [15] that the same result holds true in the four-dimensional Riemannian situ-
ation.

Theorem 1.12. Let (M, g) be a four-dimensional simply connected Riemannian homogeneous
manifold. Then, it is either symmetric or isometric to a Lie group endowed with a left-invariant
metric.

Let (M, g) be a connected n-dimensional Riemannian manifold. What is more, consider
M = G/H, where G is a subgroup of the group of isometries of M acting transitively and
effectively on M, and H is the isotropy group of a point p € M. If we denote by g and ) the Lie
algebras of G and H, respectively, then M = G/ H is said to be reductive if there exists a vector
subspace m of g such that
g=hom,

and m is the ad(H )-invariant subspace of g.

1.6 A note on Grobner bases

Grobner bases were introduced by Bruno Buchberger around the year 1960 and they have proven
themselves to be extraordinarily useful in many different mathematical contexts. The aim of this
section is to provide the reader with some basic knowledge on these algebraic objects, since we
will be making use of them in different sections throughout this thesis as a tool to solve large
system of polynomial equations.

1.6.1 Monomial order and ideals

Given a monomial z® = 7" --- x5, the exponents o = (au,..., ) are elements of Z%,
which establishes a one-to-one correspondence between the monomials in the polynomial ring
Rlxy1,...,2,) and ZZ,. A monomial order on R[z1, ..., x,] is a relation > on Z% or, equiva-
lently, on the set of monomials x, satisfying the following properties.

1. > is a total order on Z%,.
2. Ifa > Bandy € ZY,, then v + v > B + 7.
3. >is a well-order on Z%,.

There are many different monomial orders, but we will be most interested in the following three:
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* Lexicographical order: o >, [ if the leftmost non-zero entry in the vector « — § € Z"
is positive.

* Graded lexicographical order: o > 41, [ if || > |5] or | = |B] with & >, S.

* Graded reverse lexicographical order: « > geper B if |af > |5] or |a] = || and the
rightmost non-zero entry of & — 3 € Z" is negative.

The lexicographical order corresponds to the alphabetical order and a variable dominates any
monomial involving only smaller variables, regardless of its total degree. If we want to take
into account the total degrees of the monomials so that the monomials of higher degree are the
greatest, we can use the graded lexicographical order.

LetP = > a,x* be anon-zero polynomial in R[zy, . .., z,,] and let > be a monomial order.
The multidegree of *3 is the maximum (with respect to the monomial order >) a € Z% so that
aq # 0. The corresponding monomial is called the leading term LT(B) = aoz®. A monomial
ideal in R[xy, ..., x,| is a polynomial ideal that can be generated by monomials. A polynomial
B3 belongs to a monomial ideal Z if and only if all of its terms are elements of Z. We denote by
LT (Z) the set of leading terms of the non-zero elements of Z, i.e.,

LT(Z) = {cx*: IP € Z\ {0} s.t. LT(P) = ca®},

and (LT (Z)) denotes the ideal generated by the elements of L7T(Z). Notice that if B; € Z, for
i=1,...,k then LT(*B;) € LT(Z) C (LT(Z)) and so

(LT(Ba), .-, LT(Pr)) € (LT(1)).

However, if Z = (P, ..., Bx), (LT(Z)) might be strictly larger than (LT(B1), ..., LT (Px)).
Consider, for instance, the ideal Z = (31, P2) where

Pi=y’ —20y, Po=ay’ 22" +y,
and fix the graded lexicographical order for monomials. The polynomial
Yy P2 — 2Py = 3/2
belongs to Z and y? = LT (z?%) € (LT(Z)), but
y* & (LT (Pr), LT(P2)) = (v°, 2y%).

Theorem 1.13 (Hilbert Basis Theorem). Every ideal T C R[xy,...,x,] has a finite generating
set.

The analogue result for monomial ideals is called Dickson’s Lemma. The Hilbert Basis
Theorem guarantees that any non-zero ideal Z C R[zy, . .., z,] admits a Grobner basis.
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Definition 1.14. A finite subset G = {¢1, ... g, } of an ideal Z with a fixed monomial order such
that
(LT(g1), ..., LT(g9v)) = (LT(I))

is said to be a Grobner basis (or a Grobner-Shirshov basis) with respect to the given monomial
order.

Grobner bases provide us with a powerful tool to find quite simple algorithmic solutions to
various algebraic problems. For example:

The Ideal Membership Problem

The remainder of the division algorithm applied to a polynomial *3 divided by the elements
of a Grobner basis G of an ideal Z is zero if and only if B belongs to Z, and this property does
not necessarily hold if G is not a Grobner basis.

Solving large systems of polynomial equations

Let {3;} be a set of polynomials in R[xy,...,z,]| and consider the system of polynomial
equations given by {3, = 0}. If the system in consideration is simple, it is an elementary
problem to find all the common roots, but if the number of unknowns, equations and their degree
increase, then finding all the solutions might become quite an unmanageable problem. What can
one do to make the task easier?

If two sets of polynomials generate the same ideal, the corresponding zero sets must be
identical. The theory of Grobner bases provides a well-known strategy to solve rather large
polynomial systems obtaining “better” polynomials that belong to the ideal generated by the
initial polynomial system.

We refer to [53] for more information regarding the theory of Grobner bases.

1.6.2 Buchberger’s algorithm

Buchberger’s algorithm is the oldest algorithm ever introduced for the computation of Grobner
bases. It was devised by Bruno Buchberger at the same time that he introduced Grobner bases.
A crude version of this algorithm to find a Grobner basis of an ideal of polynomials Z proceeds
as follows:

Input: A set of polynomials P that generate Z.
Output: A Grobner basis G for 7.

(1) SetG = P.

(2) If p;,p; € P and we denote by f;, f; the coefficients of their leading terms with respect to
a given monomial ordering, respectively, set a;; = lem{f;, f;}.

(2%

(3) Define g;; = U}_sz — 7 b Note that the leading terms here will cancel. The polynomials
p; and p; are called a critical pair.
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(4) Reduce g;; as much as possible using the multivariate division algorithm with respect to G.
If the result is non-zero, then add g;; to G.

(5) Repeat (2)—(4) until all possible pairs have been considered, including those involving the
new polynomials added to G in step (4).

There are many ways in which the algorithm above can be improved and, in fact, has been
improved (see, for instance, [64, 65]).
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In this part we will devote ourselves to the study of Kihler, para-Kéhler and null-Kéhler
structures. In Chapter 2 we will study the geometry of locally conformally flat four-dimensional
structures and in Chapter 3 we will give the classification of four-dimensional para-Kéhler Lie
groups. Before we start, we will briefly outline some basic notions and notation on these struc-
tures.

Kahler structures

If a real 2n-dimensional manifold M admits a globally defined (1, 1)-tensor field J such that
J? = —1d,

then (M, J) is said to be an almost complex manifold and J is an almost complex structure on
M. The almost complex structure is integrable if it corresponds to the underlying structure of a
complex manifold — this is, a smooth manifold admitting a holomorphic atlas. Newlander and
Nirenberg showed in [108] that the integrability of an almost complex structure on a manifold
M 1is equivalent to the vanishing of its associated Nijenhuis tensor

Ny(X,Y)=[JX,JY] = JJX,Y] - JIX,JY] + J2[X,Y]. (L.1)

A pseudo-Riemannian metric g on (M, J) is an almost Hermitian metric if the almost complex
structure .J is an isometry in each tangent space, i.e.,

g(JX,JY)=g(X,Y) forall XY € X(M).

Now the triple (M, g, J) is called an almost Hermitian manifold. In particular, if J is integrable,
then (M, g, J) is a Hermitian manifold.

There always exists a non-degenerate two-form associated to any almost Hermitian structure
(g, J) which is called the Kdhler form and given by

QX,Y) = g(JX,Y).

This two-form is covariantly constant and so it is closed. The covariant derivative of an almost
complex structure, its Nijenhuis tensor and its associated Kéhler two-form are related by

29(VxJ)Y, Z) + 3dQUX, Y, Z) — 3dQUX, JY, JZ) — g(J X, N;(Y, Z)) = 0.

An (almost) Hermitian manifold (M, g, J) whose associated Kihler two-form is closed is said
to be an (almost) Kdhler manifold. In other words, Kihler manifolds are characterized by the
parallelizability of their complex structure, V.J = 0, and their curvature tensor satisfies

R(X,Y,Z,W) = R(JX,JY,Z,W).

As a consequence, any Kihler manifold of constant sectional curvature is necessarily flat. The
restriction of the sectional curvature to non-degenerate planes II which are invariant under the
action of the complex structure .J is called the holomorphic sectional curvature and given by

R(X,JX,X,JX)

H M) = 9(X, X)?
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Notice that the holomorphic sectional curvature determines the curvature tensor of Kéhler man-
ifolds. What is more, a Kihler manifold has constant holomorphic sectional curvature c if and
only if its curvature tensor decomposes as

R=%(R'+R’),
where RY is the standard algebraic curvature tensor given in (1.2) and
RI(X,Y)Z =g(JX,2)JY —g(JY,Z)JX +29(JX,Y)JZ.

Such a Kéhler manifold is locally isometric either to the complex space C*" if ¢ = 0, or to the
complex projective space CP?" if ¢ > 0, or to the complex hyperbolic space CH>" if ¢ < 0
(see [13]).

An almost Hermitian manifold (M, g, J) is said to be locally conformally Kdihler (resp. lo-
cally conformally symplectic) if there exists a local conformal deformation § = ¢%**¢ so that
(M, g,J) is a Kihler (resp. symplectic) manifold. Some characterizations for these kinds of
manifolds have been given in [59, 131] as follows.

* (M, g, J) is locally conformally symplectic if and only if its associated two-form satisfies
d€) = 6 A Q for some other one-form 6 such that df = 0.

* (M, g,J) is locally conformally Kihler if and only if it is locally conformally symplectic
and J is integrable.

Assume that (M, g, J) is a four-dimensional Kdhler manifold oriented so that the associated
Kihler form is self-dual, i.e., € A%. Then its self-dual Weyl curvature operator satisfies

Wt = Ldiag[2, -1, —1].

Therefore, the self-dual part of the Weyl curvature tensor of any locally conformally Kéhler met-
ric has two equal eigenvalues and a distinguished one. Derdzinski proved in [56] the following
converse to this statement.

Theorem 1.15. Let (M, g) be an oriented four-dimensional Riemannian Einstein manifold such
that W has at most two different eigenvalues at each point. Then the metric § = (24| W*||?)3g
is Kéihler on the open set where W' # (.

Para-Kihler structures

A (1,1)-tensor field J on a 2n-dimensional manifold M is said to be an almost product structure
if J2 = Id. In this case, the pair (M, J) is called an almost product manifold. If the eigenspaces
associated to the eigenvalues 1 of .J have the same rank, the almost product manifold (M, J)
is said to be an almost para-complex manifold and J is an almost para-complex structure on M.
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A manifold endowed with an almost para-complex structure ./ and a metric tensor g for which J
is an anti-isometry at each point, i.e., such that

g(J X, JY) = —g(X,Y),

is called an almost para-Hermitian manifold. Any almost para-Hermitian manifold has an asso-
ciated almost symplectic form, i.e., a non-degenerate two-form, which is given by

QAX,)Y)=9(JX,)Y),

for any vector fields X, Y on M. The pair (M, 2) where €2 is an almost symplectic form is called
an almost symplectic manifold. If L C M is an n-dimensional submanifold of a 2n-dimensional
symplectic manifold such that 2|, = 0, then L is a Lagrangian submanifold of M. An almost
symplectic manifold is an almost para-Hermitian manifold if its tangent bundle decomposes as
a Whitney sum of Lagrangian subbundles. Indeed, in that case, TM = L; & L, and the (1, 1)-
tensor field defined as J = 7, — 7, where 7, are the projections from 7'M on L;, determines
an almost para-complex structure on M and the metric tensor is determined by the para-complex
structure and the two-form Q as g(X,Y) = Q(JX,Y).

A para-Kdihler manifold is a symplectic manifold that is diffeomorphic to a product of two
Lagrangian submanifolds. For such manifolds, there is a relation between {2 and the covariant
derivative and integrability of J given by the equation

29(Vx )Y, Z) + 3dQUX, Y, Z) + 3dQUX, JY, JZ) + g(JX, N, (Y, Z)) = 0,

where N; is de Nijenhuis tensor associated to the almost para-complex structure J given as
in (I.1). This relation allows us to characterize para-Kéhler manifolds by the parallelism of .J.
Therefore, a triple (M, g, J) is a para-Kdihler manifold if and only if

JP=1d, ¢(JX,JY)=—g(X,Y), and V.J=0.
In this case, the curvature tensor satisfies that
R(X,Y,Z, W)= —-R(JX,JY, Z,W).

The restriction of the sectional curvature to non-degenerate planes II that are invariant under the
action of the para-complex structure J is called the para-holomorphic sectional curvature and
given by
R(X,JX, X, JX)

9(X, X)?
As it happened in the Kéhler case, the para-holomorphic sectional curvature determines the cur-
vature tensor of a para-Kéhler manifold and it is constant if and only if it can be written as

H(TT) = —

R=§(R" = RY),
where R is the standard algebraic curvature tensor given in (1.2) and

RI(X,Y)Z = g(JX,2)JY — g(JY, Z)JX +29(JX,Y)J Z.
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A para-Kéhler manifold of constant para-holomorphic sectional curvature is locally isometric (or
maybe anti-isometric) to R?*" if ¢ = 0, or to the para-complex projective space P™(B) if ¢ # 0
(see [74]), and in the latter case, it is isometric to the cotangent bundle of a flat affine manifold
equipped with a suitable Riemannian extension [41].

The Bochner curvature tensor was introduced by S. Bochner in [20]. It is formally defined
as an analogue to the Weyl curvature tensor, so that the curvature of a Bochner-flat manifold is
completely determined by its Ricci tensor. The Bochner curvature tensor of a 2n-dimensional
para-Kihler manifold is defined as

B(X,Y)Z = R(X,Y)Z + 55— RY(X,Y)Z L RY(X,Y)Z

(2n+2)(2n+4) T 2(nt2)

for all vector fields X, Y, Z on the manifold, where R is the standard algebraic curvature tensor
given in (1.2) and

RY(X,Y)Z = g(X, Z)Ric(Y) — g(Y, Z)Ric(X) + g(X, JZ)Ric(JY)
— g(Y, JZ)Ric(JX) + 29(X, JY)Ric(JZ) + p(X, Z)Y
— oY, 2)X + p(X,JZ)JY — p(Y,JZ)JX + 2p(X, JY)J Z.

A para-Kihler manifold is said to be Bochner-flat if its Bochner tensor vanishes identically.
Even though the condition of being Bochner-flat is somehow analogous to that of being locally
conformally flat, it is more restrictive. Besides, the anti-self-dual curvature tensor of an oriented
para-Kihler manifold is completely determined by its Bochner tensor, so W~ = 0 if and only if
the manifold is Bochner-flat [27].

Null-Kihler structures

A (1, 1)-tensor field J on a 4n-dimensional manifold M is said to be an almost tangent structure
if J? = 0. If, in addition, rank(.J) = 2n, J is said to be a null structure on M.

A metric tensor g on M is said to be null-Hermitian if g(JX,Y) = g(X, JY) for all vector
fields X, Y on M, where J is a null structure on M. This implies that g(X, JX) = 0. The
signature of a null-Hermitian metric on M is neutral (2n,2n) and to each null-Hermitian metric
there is an associated two-form defined by Q(X,Y) = ¢g(JX,Y'). The kernel of a null structure
is an integrable distribution of the tangent bundle and this integrability condition is equivalent to
the vanishing of the associated Nijenhuis tensor given by (I.1).

A null-Hermitian manifold (M, g, J) is said to be null-Kdhler if V.J = 0, where V denotes
de Levi-Civita connection of g. The fundamental two-form given by Q(X.,Y) = g(JX,Y)
is covariantly-constant and so it is closed. Besides, it satisfies 2" = Q A --- A Q # 0 and
QN+ = 0, in contrast with the Kihler and para-Kihler conditions, where Q2" £ (.

We refer to Dunajski’s works [60,61] for more information about null-Kéhler structures.
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Notation
In what follows, (M, g, J.) with
J?=—cld, g(J.X,Y)+g(X,LY)=0, VJ.=0,

will denote a Kéhler, a para-Kéhler or a null-Kéhler manifold fore = 1, ¢ = —1, 0ore = 0,
respectively.






Chapter 2
Locally conformally flat four-dimensional
structures

The contents of this chapter regarding locally conformally flat Kéhler and para-Kéhler surfaces
are contained in the work [68].

2.1 Locally conformally flat four-dimensional Kihler and pa-
ra-Kahler structures

Let (M, g, J.) be a (para-)Kdhler manifold, where J? = —¢Id is the (para-)complex structure
satisfying g(J. X, J.Y) = eg(X,Y) for e = +1. Since the (para-)complex structure is parallel,
the curvature identity R(X,Y) - J. = J. - R(X,Y"), which strictly restricts the curvature tensor,
holds. A consequence of this is that the Ricci tensor of a 2n-dimensional locally conformally flat
(para-)Kihler manifold satisfies

T

(2n—4)p(X,Y):— g<X7Y>

2n —1
and the manifold is flat if n is greater than or equal to three. In addition, the Ricci tensor of a
locally conformally flat (para-)Kihler manifold is parallel an so (M, g) is locally symmetric in
dimension four [111, 129]. Tanno proved in [129] that locally conformally flat positive definite
four-dimensional Kéhler manifolds are either flat or a product of two surfaces of constant oppo-
site curvature. This result does not cover all the possibilities in the pseudo-Riemannian case of
split signature, as Patterson pointed out in [119]. Motivated by this and some recent interest in
locally conformally flat (para-)Kéhler surfaces [2,4,82], in this chapter we will give the complete
classification of locally conformally flat (para-)Kéhler surfaces showing the existence of two ad-
ditional possibilities. The result that completes the classification in the para-Kiéhler setting is
given by Theorem 2.1, which is the main result in this chapter.

Theorem 2.1. Any indecomposable locally conformally flat para-Kdhler surface (M, g, J_) is
locally isometric to the cotangent bundle T*Y. of a flat affine surface (X2, D) with a para-complex
structure determined by J|xer », = 1d, where w denotes the canonical projection from the cotan-
gent bundle, and the metric g is given by g = (T o 1 Id +gp where

(i) T is a parallel nilpotent (1, 1)-tensor field on (3, D), or

(ii) T is a parallel (1, 1)-tensor field on (3, D) satisfying T? = —r*1d.

43
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Moreover, in both cases the para-Kdihler two-form Q_(X,Y) = g(J_X,Y) is the canonical
symplectic form of the cotangent bundle.

Recall that a pseudo-Riemannian manifold is indecomposable if it does not admit a non-
degenerate subspace that is invariant under the action of its holonomy group. Besides, the holon-
omy group may act indecomposably without acting irreducibly.

Para-Kihler surfaces in Case (i) in Theorem 2.1 had already been reported by Patterson in
[119], while Case (ii) seems to be missing in previous works.

Considering the Ricci operator in Case (ii), %Ric defines a self-adjoint complex structure
that is parallel, and so it is a Riemannian complex structure. Since the Ricci operator and the
para-complex structure J_ commute with each other, one has that J, = %Ric J_ 1s a complex
structure so that (g, J) is a locally conformally flat Kahler structure. Therefore, the result that
completes the classification in the Kéhler setting is given by Theorem 2.2.

Theorem 2.2. Any indecomposable locally conformally flat Kéihler surface (M, g, J..) is locally
isometric to the cotangent bundle (T*Y, g) of a Riemannian surface (%, gs,) of constant curvature
with a metric given by

(i) g = gyvs if the Gaussian curvature is non-zero, or
(ii) g = tJx o v1d +gy= if the Gaussian curvature vanishes,

where V¥ is the Levi-Civita connection of (3, gs) and Js, is the Kéihler structure on X associated
to the Riemannian volume form. Furthermore, the complex structure J, on 1™} is determined
by the symplectic form Q) = —diJs.

Remark 2.3. In Chapter 3 we will see that it is possible to give a description of the structures in
Theorems 2.1 and 2.2 in terms of left-invariant metrics on Lie groups.

The metric tensors in (ii) in both Theorem 2.1 and Theorem 2.2 are the same, but their
associated symplectic structures and underlying geometries are different. The metrics in Case (i)
in both theorems above correspond to different curvature models that will be described in Section
2.1.1.

The Kéhler metrics in Theorem 2.2-(i) are locally isometric (up to reversing the metric) to
those studied by Guilfoyle and Klingenberg on the space of oriented affine lines in R* by means
of the minitwistor correspondence in [82]. Analogously, the metrics in Theorem 2.1-(i) are
locally isometric (up to reversing the metric) to the space of oriented spacelike or timelike lines
in R? (see [2,4]). The metrics corresponding to Assertion (ii) in Theorem 2.1 and Theorem 2.2 are
locally isometric (up to reversing the metric) to the non-Einstein para-Kéhler and Kéihler metrics
in the space of spacelike and timelike oriented geodesics of the de Sitter space constructed by
Anciaux in [4]. Besides, the non-locally conformally flat K&hler-Einstein metrics on the de Sitter
space constructed in [4] correspond to those in Remark 2.13.
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2.1.1 Curvature models

In this section we will work at a purely algebraic level to describe the curvature models found in
our description of locally conformally flat Kihler and para-Kéhler surfaces. Bearing this in mind,
let (V,(-,-), J+) be a (para-)Hermitian inner product space. Recall that an algebraic curvature
tensor is a multilinear map

A VXV xVxV-=>R

satisfying the identities (1.1). If the corresponding Weyl curvature tensor vanishes, then the
algebraic curvature tensor A is determined by the associated Ricci tensor and a straightforward
calculation shows that the Ricci operator of a locally conformally flat (para-)Kéhler surface is
either diagonalizable or (following the discussion in [112]) its Jordan normal form corresponds
to one of the following.

1. The Ricci operator has two 2x 2 Jordan blocks. At each point there is a basis {u, vy, ug, va}
of the tangent space so that the Ricci operator and the non-zero inner products are given
by

o = O
o O O
o O O

Ric = (uj,v)) =5, =1 (i=1,2).

o O OO

0 01

Besides, if the associated Weyl curvature vanishes, there are two different
possibilities as €169 = £1 (up to reversing the metric).

l.a. If e1e5 = 1, there is a unique (up to sign) Ricci-commuting Hermitian structure
((-,-), J4+) given by
Jyuy = —ug,  Jyivr = —v9
and there are no Ricci-commuting para-Hermitian structures.
1.b. If e1e5 = —1, there is a unique (up to sign) Ricci-commuting para-Hermitian struc-
ture ((-,-), J_) given by
J_Ul = Vg, J_’U1 = U9
and there are no Ricci-commuting Hermitian structures.
2. The Ricci operator is complex diagonalizable with imaginary eigenvalues +ix. At each

point there is a basis {u;, vy, us, vo} of the tangent space so that the Ricci operator and the
non-zero inner products are given by

0 ~ 0 0
. -+ 0 0 0 :
Ric = o o0 0 x|’ (uiyuz) =1=—(v;,v), (i=1,2).
0 0 —x O

One may assume that x > 0 so that there are a unique (up to reversing the metric) Ricci-
commuting para-Hermitian structure (-, -), J_) given by

J,’U/l = V2, J,U1 = —U2
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and a unique (up to reversing the metric) Ricci-commuting Hermitian structure ((-, ), J.)
such that
J+U1 = U9, J+U1 = —Va.

Regarding the discussion above, we introduce the following locally conformally flat algebraic
curvature models (V, (-,-), A) given by A = 1(-,-) ® pa, where p4 denotes the Ricci tensors
corresponding to the Ricci operators above and © is the Kulkarni-Nomizu’s product.

om*) . (V, (), A) given by )

A1413 = A3231 = 5

with respect to a basis {u;, us, us, uys} for which the non-zero inner products are
<U1,U2> =1= <U3,U4>.

om-):  (V,(,-),A) given by

1
Arnz = Azz1 = b

with respect to a basis {u1, ug, us, us} for which the non-zero inner products are
(ur, ug) = 1= —(uz, ug).

(mn> : (Vv <'a '>’ A) given by

N

Az = Araan = Azang = Agazr = 5
with respect to a basis {uy, ug, us, us} where u; and ug are spacelike vectors and uy and wuy are
timelike vectors. Notice that, even though the curvature models (91,) are not isometric, they are
all homothetic to the curvature model (91, ).

We will see that the curvature tensors of the locally conformally flat para-Kihler manifolds
in Assertions (i) and (ii) in Theorem 2.1 are modelled on (9t7) and (1), respectively. The
curvature tensors of the locally conformally flat Kdhler manifolds in Assertions (i) and (ii) in
Theorem 2.2 are modelled on (9*) and (Ny,), respectively.

2.1.2 Self-dual Walker manifolds

Let (M, g,D) be a four-dimensional Walker manifold, i.e., a pseudo-Riemannian manifold of
split signature (M, g) admitting a parallel, degenerate plane field D of maximal dimension. As
we have already mentioned in Section 1.3.1, there exist local coordinates (z!, 2%, 2/, zo/) so that
the Walker distribution is D = span {9, d,,, } and the metric takes the form

g =dr' @ dvy + dvy @ dz' + g; (:)cl, 2, Ty, xg/) do' @ da’. (2.1)
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The existence of a two-dimensional degenerate distribution D on a split-signature four-
dimensional manifold (), ¢g) naturally induces an orientation. Let {u, v} be a basis of D, for
p € M, and denote by u* and v* their corresponding dual forms. The Hodge-star operator
satisfies x (u* A v*) = =+ (u* A v*) and so, any four-dimensional Walker manifold is naturally
oriented by the self-duality of u* A v*. Considering local coordinates as in (2.1), the Walker
orientation determined by

* (dxy N\ dxe) = dxy A dry

corresponds to the volume element vol, = dxt A dx? Adxy A dzy.
Self-dual Walker manifolds have been described by Calvifio-Louzao, Garcia-Rio, Gilkey and
Viézquez-Lorenzo as follows.

Theorem 2.4. ( [41], Theorem 7.1) A four-dimensional Walker manifold is self-dual if and only
if it is locally isometric to the cotangent bundle T*Y of an affine surface (%, D) with metric

g=1X (t1docld) + T orld +gp + 7P (2.2)

where X is a vector field on ¥ and T and ® are a (1, 1)-tensor field and a symmetric (0, 2)-tensor
field on %, respectively.

A special case of this result describes the local structure of para-complex space forms as
follows.

Theorem 2.5. ([41], Theorem 2.2) A para-Kdihler surface of non-zero constant para-holomorphic
sectional curvature c is locally isometric to the cotangent bundle of a flat affine surface equipped
with the modified Riemannian extension g = c11d ot Id +¢p.

Consider 6, = m*w, = xdz’ the tautological one-form of 7% and let
Q =df = dry A da*
be the canonical symplectic form of 7™3.. Given the modified Riemannian extension
g=citldotId+gp,

one naturally has a para-complex structure J_ determined by Q (X,Y) = ¢g(J_X,Y’), whose
components are
J_ﬁzi, = 8351,,, J_0, = —0y + CIi/Ij/ag;j,,

and the Walker distribution D = ker 7, corresponds to the eigenspace D, = ker (J_ — Id).

2.1.3 Locally symmetric self-dual Walker surfaces

Given that locally conformally flat Kéhler surfaces with non-diagonalizable Ricci operator and
locally conformally flat para-Kéhler surfaces are locally symmetric, we study first which self-
dual Walker surfaces in Theorem 2.4 are locally symmetric.

Let ©p denote the Ricci tensor of (3, D) and decompose it as Zp = p, + Pp,, where Pp,
and Pp,;, denote the symmetric and the skew-symmetric parts of ©p, respectively.
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Lemma 2.6. Let (M, g) be a locally symmetric self-dual Walker manifold. Then the Riemannian
extension g in Theorem 2.4 satisfies g = 1T o1 1d +gp + 7*® for some parallel (1, 1)-tensor field
T on (X, D).

Furthermore, if the scalar curvature is not zero, then (M, g) is locally isometric to a para-
complex space form as in Theorem 2.5.

Proof. The scalar curvature of any Riemannian extension in Theorem 2.4 is given by
T=3trT + 12.X.

Since the scalar curvature is constant, then X = 0 and tr7T = k for some x € R. Given the

fact that any self-dual Walker manifold is locally isometric to a Riemannian extension given by

Theorem 2.4, the covariant derivatives of the curvature operator are polynomials on the fibre
coordinates (xy/, To).

(Vo R)(02,0p1,001,001) = —3k (T12)% 23, + other terms,
(Vo,,R)(052,0p1,0p1,0m) = 1r (Tx1)? 23, + other terms,
(Vo , R) (O, Op1, 01, 001) = —% (k — 2T5%) xy + other terms,

Assume in the first place that the scalar curvature 7 = 3k # 0. If VR = 0 then the previous
expressions show that the tensor field 7" must be a scalar multiple of the identity, 7" = cId.
Further calculations now show that

(VamlR)(ﬁmQ, Op1, 0yt 8x1) = C{2D 5(8:51, axl) — %C(I)U}Igf + other terms,

(Vam2 R)(axz, Op1, Oyt 8931) = %C{QD S(axl, 8582) — %C@lg}le + other terms,

(Vo , R)(Du2, 041,051, 0z,) = 5¢*{25ps(0,2, 0,2) — §cPoo}a}, + other terms,

from where it follows that the symmetric (0,2)-tensor field ® = 20, In this
situation, the Ricci operator Ric = % Id and, according to [41, Theorem 2.1], the corresponding
metric 1S Einstein. Furthermore, one has that for any unit vector

field X, the Jacobi operators Rx = R(-, X)X have eigenvalues {0, ¢, 1¢, +¢} and the eigenspace
associated to c is timelike. Consequently, (M, g) is locally a para-complex space form (see [77]),
thus being locally isometric to a modified Riemannian extension given by Theorem 2.5.

Now assume that the scalar curvature 7 = 0. Let DT’ denote the covariant derivative of the
(1, 1)-tensor field 7" with respect to the affine connection D. We set

DT = DT}./%dx' @ da? @ Oy,

where DT}.* = 0,:T;* + T;*PT;,*. Since the scalar curvature vanishes, tr7" = 0. Hence
Ti' = —Ty% and thus DTy,1' = —DT5,4? and DTy = —DTy.0%. A straightforward calculation
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now shows that

(vaﬂ R)(@w, ax17 axla aﬂcl) = %DT1;12 )
(vé‘wlR)(ame ax27 ax% @cl) = %DTz;ll )

(Vazz R)(awgm 02, axlaax2) = %DT1;227
(vawl,R)(al‘17 Dy2, 02, 01 ) = _%DTMI,
(Vaml,R)(axla Or2, Op1, 01) = DT2;22 + %DTQ;ll )

(V%/ R) (041,042, 042,0,2) = DT5y? — DTy 5%,
from where it follows that the trace-free (1, 1)-tensor field 7" is D-parallel. []

The existence of a parallel (1,1)-tensor field on an affine surface (X, D) was considered
in [40] showing that (besides the trivial case where 7" = 0) a parallel trace-free (1, 1)-tensor field
corresponds to one of the following:

(a) An affine para-Kiihler structure (det T = —k? < 0), which in suitable adapted coordinates
becomes T' = k(9,1 @ da! — 0,2 @ dx?).

(b) An affine nilpotent Kiihler structure (T = 0), which in suitable adapted coordinates be-
comes T = kO,1 ® dz?.

(c) An affine Kdhler structure (det T = k* > 0), which in suitable adapted coordinates be-
comes T = k(0,2 @ dz' — 0,1 @ dz?).

Each of the three possibilities above gives rise to different geometric structures which are locally
conformally flat. We study each case separately in what follows.

Locally symmetric self-dual Walker surfaces given by an affine para-Kéhler structure
We will see that this case leads to product manifolds.

Lemma 2.7. Let (T*X, g) be a locally symmetric self-dual Walker manifold determined by an
affine para-Kdhler structure T on (X, D). Then (T*%, g) is locally conformally flat and locally
isometric to a product of two Lorentzian surfaces of constant opposite Gaussian curvature.

Proof. Let (X, D) be an affine surface and choose local coordinates (z!, z?) so that the parallel
tensor field 7" is locally given by T' = k(9,1 ® dx' — 0,2 ® dz?*). Then T is parallel if and only
if the Christoffel symbols are such that

DF112 — DF121 — DF122 _ DPQQI = 0.

We refer to [40] for more information on the matter. Let (x!, 22 21/, 7o) be the induced co-
ordinates on 7*Y. Then the symmetric and skew-symmetric Ricci tensors of (X, D) are given
by

Dps = —(6$1DF222 + axQDFHl)de’l o} dl’Q s

Dpsk = %(axlDFQQZ — aszrlll)dIZ VAN dl’l .
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A straightforward calculation now shows that the Ricci operator of (7%, g), when expressed on
the coordinate basis, satisfies

k 0 0 0
Ric — 0 —k 0 0
0 k®y + 2Dp8(ax1, 8352) kK 0 ’
—k‘q)lg + 2Dps(8xl , 812) 0 0 —k

from where it follows that the Ricci curvatures are +-k. Moreover, a straightforward calculation
shows that (Ric —k Id)(Ric +k1Id) = 0, so the Ricci operator is diagonalizable with respect to
an orthonormal basis. If it is parallel, then the manifold is locally isometric to a product of
two Lorentzian surfaces of constant opposite Gaussian curvature, thus being locally conformally
flat. []

Remark 2.8. Let (X, D, T) be an affine para-Kéhler surface. Let (x!, 22) be local coordinates on
>’ so that the tensor field 7" expresses locally as in (a) above. Then there exists a locally defined
deformation tensor ® so that g = /1" o 1 Id +gp + 7" ® is locally symmetric. A straightforward
calculation shows that

(Vazz R)(0y2,0p1,0p1,04,,) = — k2 {k® 1y + 2P0 (0,1, O2) } 22, 0 + other terms.
Setting P15 = —25p,,(0;1, 0,2), one has
(VamlR)(8x2,8Z1,0x1,8xl, =3 {k@zﬂbu — Q(Da . 0) (042, Op1 }xl,

+ other terms,
(VamQ R) (aw2, 8961, 0901, 8301,) = —% {]{30901 Doy + 2(D5m2 Dp) (8361 , 8x2)} ZB%/

+ other terms,

which determines ®;; and ®95. A straightforward calculation now shows that the covariant
derivative V R vanishes when choosing the deformation tensor ¢ as above.

Locally symmetric self-dual Walker surfaces given by an affine nilpotent Kéhler structure

The case given by an affine nilpotent Kéhler structure (3, D, T'), where det T = 0 and T # 0,
gives rise to a single curvature model.

Lemma 2.9. Let (T*%, g) be a locally symmetric self-dual Walker manifold determined by an
affine nilpotent Kéhler structure T on (X2, D). Then (T*X, g) is locally conformally flat modelled
on (IM~), and locally isometric to a modified Riemannian extension g = T o 11d +gp where

(3, D) is a flat affine surface.

Proof. Let (z', z%) be local coordinates on ¥ in which the tensor field 7" is locally expressed as
T = k 0,1 ® dz?. Then it follows from [40] that the Christoffel symbols satisfy

DFHl = DF112 = DF122 =0 and DF121 = DF222.
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The symmetric and skew-symmetric components of the Ricci tensor of (X, D) are given by
Dps = (axlDF221 — 8x2DF222)dx2 & da:2 y Dpsk = 8x1DF222d;132 A dl’l .

Let (2!, 22, 21/, o) be the induced local coordinates on T*Y. A straightforward calculation
shows that the component of the Weyl tensor

W (02,001,031, 05,) = 102,(Vao  R) (01, 0y2, 052, 01)
- %q)ll - Dpsk(axla a$2) .
Assuming that (7", g) is locally symmetric, one has @1 = £%p,,(0;1,0,2). Now, given the

expression of ®1; one gets that the only non-zero component of the Weyl tensor (up to the usual
symmetries) is

W(axla 81327 811 ) 81,2) = ﬁxl/amlx axll (Vawz R) (a:z:27 8:1:17 ax27 ax1/>
_k_:lQafEl/ amlf axl (Vazg R) (awl y a:v27 aac27 amQI)
—l_ﬁafﬁ'aﬂﬁ/@ﬂﬁ2 (Vaﬂ R) (8332, Oy, Oy, 89[;1,)

LDF2228961/ aﬂcl/ (v(‘)ﬁg R) (8x27 6x17 az27 aﬂcl/) .

T 2k2

This shows that if (77, g) is locally symmetric, then it is locally conformally flat. Moreover,
since @11 = 25p4,(0,1, 0,2) it is easy to see that

(Vo B) (B, 01, g2, Ot) = 50,1015 — (Do, %) (Dt Oy
+ axles(axz, 812) — 8I2Dpsk(ax1, 81 )

Therefore, 1, = 2 {(DF222)2 — 0,2PT 992 — 8$1DF221} + ¢12(2?) for some function ¢yo(x?).

Using the expressions obtained for ®; and 5 one has

(Vo,, R)(0y2, 031,02, 041) = O (5@2p + 20,2PTap" — 2PT952PTgpt) — £, (2?),

which gives ®gy = F(PT2*PTop! — 0,27 Tant) + 21 ¢, (22) + pao (%) for some function ¢oo(22).

A straightforward calculation shows that the metric g = (T" o ¢t Id +gp + 7*P, where the
tensor @ is given by the expressions above, is locally symmetric (thus being locally conformally
flat). Besides, the Ricci operator takes the form

0 k 00

0 0 00
Ric =

0 280 1.(0,2,0,1) 0 0

20p3e(001,0y2)  2004(0y2,8,2) kO

Hence, the Ricci operator is two-step nilpotent and a straightforward calculation shows that its
Jordan normal form corresponds to that discussed in Section 2.1.1-(1.b) with ;69 = —1. There-
fore, the curvature tensor is determined by the 0-model (917).
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Now let (X, D) be a flat affine surface and let 7" be an affine nilpotent Kéhler structure.
Setting & = 0, a direct calculation using the expressions above shows that the Riemannian
extension g = ¢T" o ¢ Id +gp is locally symmetric, thus completing the proof. ]

Remark 2.10. Let (X, D, T) be an affine nilpotent Kihler surface. Let (2!, z%) be local coordi-
nates on Y so that the tensor field 1" expresses locally as T' = k 0,1 ® dx?. Then there exists a
locally defined tensor field ¢ given as in the proof of Lemma 2.9 so that the cotangent bundle
(T*%, g =T o11d+gp + 7*®) is locally symmetric.

Locally symmetric self-dual Walker surfaces given by an affine Kéhler structure

We will see that this situation corresponds to the 0-model ().

Lemma 2.11. Let (T*Y, g) be a locally symmetric self-dual Walker manifold determined by an
affine Kdhler structure T on (X, D). Then (T*X, g) is locally conformally flat modelled on (M)
and locally isometric to the Riemannian extension g = (T ov1d +gp, where (3, D) is a flat affine
surface.

Proof. Let (x!, x?) be local coordinates on X so that the tensor field 7" locally takes the form
T = k (0,2 ® dzt — 9,0 ® d?). Then it follows from the work in [40] that the Christoffel
symbols are such that

Pt =PIp? = =Py’ and  PTyp' = =PIy? =PIy,
Besides, the symmetric and skew-symmetric parts of the Ricci tensor are given by

Dpy = (01 PTas! — 0,2PT02)(da? @ dar' + da? @ da?),
Dpge = (0,2PTapt + 0,1 PT02) (da? @ dat — da* @ da?).

Now, since
(Vaxl R) (8932, Op1, Oy, (911,) = % {k(q)n + @22) — 4Dpsk<ax2, 8931)} l‘i’, + other terms,

assuming that (7%, g) is locally symmetric we set @11 = —®oy + +705,(0;2,0,1). A long
but straightforward calculation now shows that the only non-zero component (up to the usual
symmetries) of the Weyl tensor is

W(8w17 8:1327 axl s 8302) = %Il’a’tl/ a:rQ/ (Vazl R) (8127 aml ) 8127 axl/)
+ %1‘2’8;52/8:52/ (Vaﬂ R) (8332, 01, Oy, 8331/)
- #81‘2 8:(:1/ 0x2/ (Vaxl R) (azl ’ aan axl ) 8562/)

+ %Drﬂga‘rl/ axQ/ (VBI1 R) (axla 83627 axl ) axQ/)

- k%axl aﬁEl/ a$2/ (Vazz R) (a{rl ) a:l:27 a:rl ) a$2/>
- ]3_2DF22181:1/8$2/ (Vamg R) (ax17 a:vza a$17 8332,) .
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Therefore, the local symmetry of (7*%, g) implies local conformal flatness. Moreover, the Ricci
operator of (7*%, g) is given by

0 —k 0 O
k 0 0 O
Ric =
2Dps (axla 811) 2Dpsk(8127 a:)ﬂ) 0 k
2Dpsk(8x1, 8332) 2Dps (8361, 8361) -k 0
Hence, the Ricci curvatures are +ik and Ric?> = —k21d, which shows that the Ricci operator

is complex diagonalizable. Since the curvature tensor is completely determined by the Ricci
operator, it corresponds to the 0-model (91).

To conclude, let (3, D) be a flat affine surface and 7" be an affine Kihler structure. A direct
calculation shows that the Riemannian extension g = (7" o tId +gp is locally symmetric, thus
completing the proof. O]

Remark 2.12. Let (X, D,T) be an affine Kidhler surface. Then there exists a suitable locally
defined deformation tensor @ so that (7*%, g = (T o 1 Id +¢gp + 7*®) is locally symmetric. A
straightforward calculation as in the proof of Lemma 2.11 gives that

4
Dy = —Dyy + EDpsk(ax% 0y1)
and the coefficients ®,5 and ®,, satisfy

0p1Pog — 0,2 P19 = % {(DE)ﬂDpsk)(@ml, 0p2) + (D0y2Pps) (041, 01
+aa:1Dpsk(8z27 axl)} )
812(1)22 + 8351 (1312 = % {(Dazszsk)(axz, 8961) + (D@mles)(axl, 811)
+8szpsk(8x2, E)xl)} .
The system of equations above is just the inhomogeneous Cauchy-Riemann equation d-¢ = f

for ¢ = Py + 1Py, where the function f = f; + if; is given by the right hand side of the
expressions above, which admit local solutions for any affine Kihler surface (3, D) (see [106]).

Remark 2.13. Let (M, g) be a locally symmetric Walker metric as in Lemma 2.11. Then the
Ricci operator defines a complex structure S = % Ric which is self-adjoint and parallel (hence, a
Riemannian complex structure). Furthermore, the twin metric

1 1

is locally symmetric and Einstein with scalar curvature 7 = 4k, which is a special case of the
main Theorem in [22].
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Locally symmetric self-dual Walker surfaces with 7' = 0

In contrast with the previous cases, the class of locally symmetric Riemannian extensions of
the form g = gp + 7P is much larger and the underlying structure is not necessarily locally
conformally flat.

Example 2.14. Let (X, D) be the flat plane and let ¢ be the symmetric (0, 2)-tensor field
® = o'2?(dx' ® do? + do* ® dat).

Then (T*%, gp+7*®) is a Ricci-flat locally symmetric manifold which is not locally conformally
flat. The curvature tensor is determined by the only non-zero component R(0,1, 0,2, 0y, 042) =
1 (up to the usual symmetries).

It follows from the work in [1] that if (7%, g = gp + 7*®) is locally symmetric, then so is
(33, D). Locally symmetric affine surfaces were described by Opozda in [113], where it is stated
that the affine connection corresponds to one of the following:

(i) The flat affine surface modelled on R? with “T';;* = 0.

(ii) The Levi-Civita connection of the hyperbolic plane H? = R* x R given by
Pyt =PI = —PIy' = sk

(111) The Levi-Civita connection of the Lorentzian hyperbolic plane

1
Pt =PIp® = PTy' = T

(iv) The Levi-Civita connection of the standard sphere.

(v) One of the two non-metrizable affine connections modelled on R? whose non-zero Christof-
fel symbols are PT'j;! = 1 and Py = +1.

The Ricci operator of (1T*X,g = gp + 7*®) vanishes in Case (i) and it is two-step nilpotent
otherwise. Besides, Ric has rank two in Cases (ii), (iii) and (iv), while it has rank one in Case
).

In order to describe the locally symmetric Riemannian extensions which are locally confor-
mally flat, we introduce the following algebraic curvature model:
((‘B) : (v7<'7 >7A) given by 1

Auziz = Ajaa = B

with respect to a basis {u;, us, us, us } where the non-zero inner products are

(ur, us) = (ug,ug) = 1 = —(uy, uyg).

If (T*%, g = gp + ) is locally conformally flat, then there exist coordinates on (X, D) so
that one may assume ¢ = (. This situation is summarized as follows:
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Lemma 2.15. Let (T*%,g = gp + 7*®) be a locally symmetric and locally conformally flat
Riemannian extension. Then it is either flat or locally isometric to a Riemannian extension
(T*X, gp) where (X, D) corresponds to one of the following affine connections.

(i) The Levi-Civita connection of a Riemannian surface of constant curvature, in which case
the curvature tensor of (T*X, gp) is modelled on (IM™).

(ii) The Levi-Civita connection of a Lorentzian surface of constant curvature, in which case
the curvature tensor of (T*%, gp) is modelled on (9™).

(iii) One of the two non-metrizable affine connections modelled on R* whose Christoffel sym-
bols are PT'1,' = 1 and PTy" = +1. In this case, the curvature tensor of (T*%,gp) is
modelled on (°B).

2.1.4 Locally conformally flat para-Kiahler surfaces

Let (M, g, J_) be a para-Kihler surface. Since J?> = Id and J* g = —g¢, then Dy = ker(J_ F1d)
are totally degenerate. Moreover, the fact that VJ_ = 0 implies that D, are parallel, so
(M, g, J_) is a Walker manifold with respect to both distributions D... We set the parallel distri-
bution D = D, so that J_ |p= Id and

g =dz' ®@dry + dry @ dr' + gij(xl, 2?2y )da' ® da? (2.3)

with respect to the Walker coordinates (z!, 2%, 71/, 7o/). The locally defined almost para-Hermitian
structures satisfying J_ |p= Id are parametrized by a real-valued function f(x!, 22, x1/, x> and
are given by
! _ f —
J,axl = —8$1 + gnﬁxl, + f(‘?%,, J,@xl, = 83,;1,, (24)

JL 0,2 = —0p2 + (2012 — [)0s,, + G220s,, JL0s, =0, .

2/

Let (g, J. i ) be an almost para-Hermitian structure determined by Equations (2.3)—(2.4). Then the
para-Kihler form Q;(X,Y) = g(J/ X, Y) is given by

Qf = (f — gro)dx* A da® + doy A da' + dag A da?
and consequently
dQy = 0., (f — g12) dwi A dz' A dx® + Oz, (f — g12) dxor A dz' A da?.
Therefore, d{2; = 0 if and only if
f(zh, 22 2y, 10) = gro(at, 2%, 2y, 29) + h(xt, 2?)
for some function h(z!, %) and the almost para-complex structure becomes

Jﬁaarl = —0p + gllaxlx + (912 + h)axzm Jﬁaxlf = azln

(2.5)
‘]ﬁacz:Q = —0;2 + (912 - h)axlx + 9220:1: Jﬁaxy = 8302/-

o)
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Let (g, J") be an almost para-Hermitian structure determined by (2.3) and (2.5). The para-
Kihler two-form is given by

Q = hdz! Adz? + doy A det + dey A dz?.

Notice that the para-Kéhler orientation and the Walker orientation are opposite.
Indeed, the para-Kihler two-form €2, is anti-self-dual for the para-Kihler orientation determined
by the para-complex structure J”, but it is self-dual for the Walker orientation.

Meaning to describe all the anti-self-dual para-Kihler surfaces of constant scalar curvature
we consider the cotangent bundle 7*3 of an affine surface (X, D) with the metric ¢ = (T o
tId 4+gp + 7*P as discussed in Section 2.1.3 and set the para-complex structure satisfying the
condition J_ |ier», = Id. The almost para-Hermitian structures (g, J") defined by (2.3) and (2.5)
are not para-Kihler in general. In order to express the components of V.J" on T*Y we use
the notation (Vg,.J")0,s = (VJ")5.070, and (DO, ®) (0,45, 0px) = D®jy; to represent the
covariant derivative of the symmetric (0, 2)-tensor field ® on ¥. In this notation, the components
of the covariant derivative of the para-complex structures .J” are given by the following result.

Lemma 2.16. Let (1T*%, g) be a locally symmetric self-dual Walker structure on the cotangent
bundle of an affine surface (3, D). Let J" be a (locally defined) almost para-complex structure
determined by J" |xern.= Id so that (g, J") is an almost para-Hermitian structure locally given
by (2.5). Then the non-zero components of VJ" are determined by

2(VJh),, % = qatae {(12°)° — (Th')*} — 2o {870(001, 0pn) — 4RTH}
+ 321 {85p(0y2, 0,1) + SRTYY + RTY?
+2(To @1y — T12P9g + (T2 — T11)P19) }
+2 {81h - h(DFnl + DF122) + DP9 — Dq)lZ;l} )
2(VJIM)10? = tapad {(1n3)? — (111)2} + 221 {85p(0,2, 0,2) + 4T}
— 120 {88p(8,1,0,2) — KT — BhTH?
—2(T5' @1y — T ?®oy + (T2* — T1 ') P12)}
+ 2 {32]1 — h(PT9? + PTipt) + DPgp — D‘I)22;1} )

where T is a trace-free parallel (1, 1)-tensor field on (¥, D) and ® is a symmetric (0, 2)-tensor
field on 3.

Theorem 2.1 follows immediately from the following result describing the local structure of
anti-self-dual para-Kéhler surfaces with constant scalar curvature.

Theorem 2.17. Let (M,g,J_) be an anti-self-dual para-Kdhler surface with
constant scalar curvature. Then it is locally isometric to a Riemannian extension of the form
(T*X,g = (T o t1d+gp) with para-complex structure determined by J_ |iern,= Id, where
T is a parallel (1,1)-tensor field on a flat affine surface (3, D) satisfying one of the following
conditions.
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(i) T = cld and (M, g, J_) has constant para-holomorphic sectional curvature c.
(ii) T =0and (M, g, J_) is flat.

(iii) T? = k*1d and (M, g, J_) is locally isometric to a product of two Lorentzian surfaces of
constant opposite curvature.

(iv) T* =0and (M, g, J_) is modelled on (9 ™).
(v) T? = —k*1d and (M, g, J_) is modelled on ().
In all the cases above the para-Kdhler two-form is the canonical symplectic two-form of T ..

Proof. Let (M, g, J_) be an anti-self-dual para-Kihler surface. Then there exists a Walker struc-
ture (M, g, D) so that (M, g) is self-dual with respect to the Walker orientation and (M, g, J_) is
locally isometric to the cotangent bundle of an affine surface (X, D) with para-complex structure
determined by J_ |xe;r», = Id and metric tensor g = ¢ X (¢ Id ov Id) + (T 0 ¢ Id +gp + 7*®.

A para-Kihler surface is anti-self-dual if and only if its Bochner tensor vanishes (see [27]),
and it is locally symmetric if and only if the scalar curvature is constant. Assertion (i) corresponds
to the case when its scalar curvature is non-zero and Lemma 2.6 shows that the (1, 1)-tensor field
T is parallel in this case.

Anti-self-dual para-Kéhler surfaces whose scalar curvature is zero are locally conformally
flat and locally symmetric. Therefore, the underlying structure is induced by an affine para-
Kihler structure, an affine nilpotent Kihler structure, or an affine Kéhler structure as discussed
in Lemma 2.7, Lemma 2.9, and Lemma 2.11, respectively.

Let (X, D,T) be an affine surface equipped with a parallel trace-free (1,1)-tensor field
T. It follows from Lemma 2.16 that, if the almost para-complex structure J" determined by
J" |xerw,= Id is parallel, then it is uniquely determined. If (3, D, T) is an affine para-Kihler
surface, then the coefficients of 21/ and zy in Lemma 2.16 show that h = —25p,(8,1, 0,2) for
a deformation tensor field ® given as in Remark 2.8. If (X, D, T') is an affine nilpotent Kdhler
surface, then Lemma 2.16 shows that h = —25p(9,2, 0,2) and if (X, D, T) is an affine Kahler
surface, then h = 25p(9,2, 0,2).

Moreover, a straightforward calculation shows that for any (3, D, T') there is an appropriate
deformation tensor field ® so that (7*%, /T o tId +gp + 7*®, J") is para-Kihler, where ® is
given as in Remark 2.8, Remark 2.10 and Remark 2.12. In all these cases, the cotangent bundle
(T*3, 1 Tou1d +gp+7*®, J") is locally isometric to the Riemannian extension (To¢I1d +¢gp of a
flat affine surface (X, D, T') that is affine para-Kihler, affine nilpotent Kahler or affine Kéhler, and
the two-form of the corresponding locally conformally flat para-Kéhler manifold is the canonical
symplectic form of 7™, from where Assertions (iii), (iv) and (v) follow.

Finally, we consider the case 7' = 0 corresponding to Assertion (ii). Setting 7' = 0 in
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Lemma 2.16, one has that the non-zero components of V.J" are given by

(vjﬁ)l;l z = 2x1'p2Dl - 2x2’pﬁ + {alh — h(DFHl + DF122)
+D®115 — DPraa },

(Vjﬁ)l;gy == 2[L’1/p2D2 — 2]}2//)1DQ + {agh — h(DF222 + DFlgl)
+D P90 — DDy } .

It now follows from the coefficients of the terms of degree one above that if V.J" = 0, the
Ricci tensor ©p vanishes and (X, D) is flat. Since the Ricci tensor of gp + 7*® is determined
by the symmetric part of “p one has that (T*%,§ = gp + 7*®) is Ricci-flat. Therefore, if
(T*%, g = gp + 7" ®) is para-Kihler, then it must be Ricci-flat and thus flat — since it is locally
conformally flat.

Observe that in all the cases above the para-complex structure J” is uniquely determined
because i = 0 if the base surface is flat and 7" # 0 (which follows in all cases from the ex-
pressions in Lemma 2.16). Moreover, the corresponding para-Kihler form is again the canonical
symplectic two-form of the cotangent bundle. [

Remark 2.18. The Ricci operator of any metric in Assertion (v) of Theorem 2.17 satisfies Ric? =
—k?1Id and, since the para-complex structure .J_ commute with the Ricci operator, defining
Jy = % Ric-J_ one has that (g, J, ) is a locally conformally flat indefinite Kéhler structure.

2.2 Locally symmetric Kidhler surfaces

Let (M, g, J) be alocally symmetric four-dimensional Kdhler manifold. Then its Ricci operator
is parallel. In the diagonalizable case the metric is Einstein or locally isometric to a product of
two surfaces of constant curvature. The non-diagonalizability of the Ricci operator leads to a
Walker structure and therefore to the situation in Section 2.1.3.

Lemma 2.19. A Kdihler surface (M, g, J) with parallel and non-diagonalizable Ricci operator
is a Walker manifold.

Proof. Since the Ricci operator Ric commutes with the complex structure ./, then the trace-less
Ricci operator Ric” = Ric — 7 Id is either two-step nilpotent or complex diagonalizable.

If Ric” is two-step nilpotent, since ker Ric® is J, -invariant, then it must be two-dimensional
and parallel thus determining a totally degenerate parallel distribution, which shows that (M, g)
is a Walker manifold.

If Ric” is complex diagonalizable with eigenvalues +ik, then %Rico is a self-adjoint com-
plex structure so that (M, g, + Ric®) is complex Riemannian and the (1, 1)-tensor field J_ =
%Rico -J4 determines a para-Kéhler structure (g, J_) so that (M, g, J_) is a Walker manifold
whose parallel distribution is J-invariant. ]
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The proof of Theorem 2.2. Assertion (ii) in Theorem 2.2 follows immediately from Remark 2.18,
which shows that any affine Kihler structure 7" satisfying 72 = —k?Id on a flat affine surface
(X, D) induces a Kihler structure (g, J;) on T*% with

g=1Toctld+gp
and J, = —% Ric-J_, where J_ is the para-Kéhler structure determined by
J_ ’kerw*: Id.

Moreover, let gy, be a flat Riemannian metric on > with Levi-Civita connection D. A straight-
forward calculation shows that the corresponding Kihler two-form is given by 2, = —duJs,
where Jy, is the complex structure on (3, gs) induced by the volume element of the flat met-
ric gs. Choosing local adapted coordinates (x!, z?) on ¥ so that the metric tensor in given by
gs = dz' ® da' + dz? ® dx?, one has that the complex structure .J,. on 7% is characterized by

J+ax1, == 8362, y J+8m2/ = _81‘1/ )

thus being a proper complex structure in the sense of [102] whose corresponding Kéhler form is
Oy = dazt Adry — da® A dxy.

We will construct a locally conformally flat Kihler surface showing the geometric realiz-
ability of the model (9t") and thus proving Assertion (i) in Theorem 2.2. Let (3, gs) be a
Riemannian surface of non-zero constant Gaussian curvature and let D be its Levi-Civita con-
nection. The Riemannian extension (7%, gp) is a locally symmetric four-dimensional manifold
with curvature tensor modelled on (91). Let wy. be the Riemannian volume form of (X, gx)
and let Jx, be the complex structure gs(JxX,Y) = ws(X,Y). Then Q, = —diJy is a sym-
plectic structure on (7*X,g = gp) which induces a Kihler structure with complex structure
gp(J+&,m) = Q. (&,n) for all vector fields £ and 1 on T3

Let (2!, 2%) be a system of local coordinates on ¥ so that the metric takes the form

gs = V(2" 2°)(dr' @ dx' +da* ® dx®) and Jg0p = 0,2, Js0p = —0y.

Then the complex structure J, is determined, with respect to the induced system of local coor-
dinates (', 2%, vy, To/), by

JyOp = Oy, JyOp,y = =0y, .
It corresponds to a proper Kihler structure whose corresponding Kihler form is given by
Q, = dz' A dxe — dz? A dxy
[

Remark 2.20. Let > = H? be the Lorentzian hyperbolic plane and let (7Y, gp) be the Rieman-
nian extension of its Levi-Civita connection. Let .J5; be the para-complex structure on (%, gs)
determined by the Lorentzian volume form and 2_ = —dtJx. Then it determines a para-Kéhler
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structure (gp,J_) by gp(J_&,n) = Q_(&,n) which is locally conformally flat with curvature
tensor modelled on (21~), and thus locally isometric to the one in Theorem 2.1-(i).
Furthermore, let (2!, 2%) be a system of local coordinates on ¥ so that the metric tensor
gs = ﬁ(dxl ® do' — dz? @ dz?) and J50,1 = 0,2, J50,2 = Op1. Let (x!, 22, 21/, 1/) be the
induced coordinates on 7. It now follows that the para-complex structure .J_ is given by
J 0y, = =04y, J_Op = 0p —22%0,, — 220, ,

J—axQ/ = _8$1l ) J—axg = aa:l - 2%8$1/ - 2@a$21 3

rl

with the corresponding Kiihler two-form Q_ = —duJy; = dazt A dzy + da? A dxy.

2.3 Locally conformally flat null-Kéhler structures

In this section we will focus on those (1, 1)-tensor fields that are two-step nilpotent, i.e., such that
J? = 0. Such a tensor field is commonly said to be an almost tangent structure on M. The study
of this kind of structures started with the works [51] and [52] around 1960 and they were further
investigated during that decade in works such as [63] and [86]. If rank(J) = n, J is said to be a
tangent structure or, as we will call it in what follows, a null-Kdhler structure (see [60,61]).

Lemma 2.21. A null-Kdéhler surface (M, g, Jo) is a Walker manifold.

Proof. D = kerJ = ImJ is a Walker distribution on (M, g, Jy). Indeed, since g(JoX,Y) +
g9(X, JoY) = 0, then

0= g(JoX, JoY) + g(X, J5Y) = g(Jo X, JY),
so D is degenerate. Besides, since J; is parallel with respect to the Levi-Civita connection of g,
VzJoX = JyVzX
for all vector field Z on M and all X € D, which shows that D is also parallel. ]

As a consequence of Lemma 2.21, we can consider the induced Walker coordinates on
M, with respect to which the metric is given by (2.1) and the Walker distribution is D =
span{0;,,, 0., }. Since D = Im(.Jy) we can write Jy0,1 = a0, , +b0,,, and Jy0,2 = ¢, , +d0,,,
for some real-valued smooth functions a, b, c and d on M. Imposing the condition for J, to be
anti-self-adjoint we see that

0= g(J0811,8x1) + g(al.17 Joaxl) = 2g(J08m1, axl) = 29(&8331, + b8x2,,ax1) = 2a

and, analogously
2d =0, c= —b.

Hence, in Walker coordinates, the null-K&hler structure takes the form

0 0
J() = )\(ZEI, 5(32, ZL‘1/7ZL'2/) (d.ﬁEQl X @ — d:plz X @) .
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In this situation the associated two-form given by Q(X,Y) = ¢g(JX,Y) takes the form Q =
At 2% vy, wo)dxt A do? and a standard calculation shows that it is closed if and only if
Nt 2% vy, o) = N2t 2?).

Theorem 2.22. Let (M, g,J) be a locally conformally flat null-Kéihler structure. Then it is
locally isometric to the cotangent bundle T*Y. of a strongly projectively flat affine surface (3, D)
endowed with the Riemannian extension g = gp.

Proof. 1t is known that the scalar curvature of a four-dimensional locally conformally flat Walker
manifold 7 = 3tr(7") + 12:X is necessarily zero, so the vector field X must vanish identically
and the tensor field 7" must be trace-free. In this situation, the non-zero components of the
covariant derivative V.J, are given by

(Vo J0)0m = Th' Ay + Ti*Awy — M1yt 4 T1o®) + 01 A

= —(Vo_,Jo)0p
(Vo Jo)0e = Ty' Ay — Ty Az — A(Tio! + T'?) + 0o\

= —(Va,,J0) 02

(2.6)

which are polynomials on the fibre coordinates. After analysing the conditions under which
the expressions above vanish we easily deduce that the (1, 1)-tensor field 7" must be zero. This
implies that the metric must be a deformed Riemannian extension g = gp + 7*®, which, in these
coordinates, takes the form

g= {—QFijkyk + @ij}dxi ® da) + dz' @ dxy + dry @ dxt. 2.7

If we now consider Z* = 2 and Zy = x + n; for some real-valued functions 7; on the base
surface, and write Oz = a;"0,» + bz-k@mk, and 0z, = ci* 0 + d,»k’azk,, we have

0= d:zj(a@,) = da? (c¢* 0 + dikﬁwk,) =7,

07 = dzj(0;,) = dxy(d*0,,,) = d,

07 = dv’ (05) = d2’ (a* 0 ) = a,

0 =dz;(5,) = (dzj + Opemjda’) (a0 + b;50,,,) = Opim; + b7

so the coordinate vector fields are given by 05 = 0, — 0pimi0y, and 0z, = 0, for some real-
valued functions 7;, ¢ = 1,2, on the base surface. It is easy to see that in these coordinates the
metric takes the form

g= {—QFijkxk/ + 2Fijknk — 0piny — Oty + @y }da' @ da? + dr' @ dxy + dry @ da'.
Afifi showed in [1] that it is possible to find two smooth functions 7; and 775 on X such that
D, = _2Fijk7]k + 041 + O,
or, equivalently, a one-form 7 on X such that

<I>(8mi, 8333') = (Vaziﬁ)azj + (Vawj n)axi. (2.8)
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Therefore, the (0, 2)-tensor field ¢ can be transformed away from Expression (2.7).
At this point, the only conditions we have left for .J, to be parallel are

ATt 4T3 + 00X =0, A([io! +Tgo?) + 02X = 0, (2.9)
and the compatibility condition for this system of partial differential equations reduces to
MO (D2” + ') — 0 (T +Ta2®) } = 0. (2.10)

Besides, it is known [62, Sec. 34] that if a Riemannian extension of the form g = gp+7*P is
locally conformally flat, then the base affine surface (2, D) must be projectively flat. This means
that there exists a one-form w on X such that

Fijk = —(wz-éjk + wj5ik).
This implies that the compatibility condition (2.10) can be written as
—3835200(3331) + 33351(,0(8:62) =0, (2.11)

which means that the one-form w must be closed and therefore there exists a real-valued func-
tion f locally defined on ¥ such that w = df. Consequently, (2, D) must be locally strongly
projectively flat. Under these conditions the metric is locally conformally flat and null-Kihler.
Conversely, if (X, D) is a strongly projectively flat affine surface, then there exist a one-
form w and a real-valued function f such that w = df and the compatibility condition (2.11)
automatically holds. L



Chapter 3
Four-dimensional Kihler and para-Kéahler Lie
groups

In this chapter we will describe all the left-invariant para-Kidhler structures on four-dimensional
Lie groups and analyse their geometry, thus completing the analysis previously carried out in
[31,32,101]. The geometry of the left-invariant Kihler structures obtained by Ovando in [116]
will also be clarified. The results in this chapter are contained in the work [70].

3.1 Summary of results

A para-Kihler Lie algebra is a triple (g, J, (-, -)) so that
JP=1d, (Jz,Jy) = —(2,9), VJ=0,

for all vectors z,y € g. The associated two-form Q(x,y) = (Jz,y) is non-degenerate and
closed, so (g, 2) is a symplectic Lie algebra satisfying

The eigenspaces £ = ker (J — Id) and £ = ker (J + Id) are Lagrangian subalgebras and
g=La g

is a Lagrangian decomposition of (g, 2).

For a fixed symplectic structure €2 on a Lie algebra g we will describe all the para-Kahler
structures (J, (-, -), ), up to isometric automorphisms preserving the symplectic structure and
modulo reversing the metric — in both cases the corresponding Lagrangian decomposition g =
£ @ £ is preserved. The different Lagrangian decompositions, which are of much interest in the
para-Kihler setting, will also be explicitly described in each case.

The geometry of four-dimensional para-Kéhler Lie groups naturally splits into the symmet-
ric and the non-symmetric cases. The latter splits into the semi-symmetric and the non-semi-
symmetric situations. The symmetric case can be summarized as follows.

Theorem 3.1. Let (G, (-,-),J) be a non-flat locally symmetric four-dimensional para-Kdhler
Lie group. Then, there are two distinct situations.

(i) If the Ricci operator is diagonalizable, then one of the following holds:

63
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(i.a) The Ricci operator vanishes and the anti-self-dual Weyl curvature operator is two-
step nilpotent.

(i.b) The para-holomorphic sectional curvature is a non-zero constant.

(i.c) The metric is Einstein with non-zero scalar curvature, and the self-dual and anti-self-
dual Weyl curvature operators are diagonalizable with the same eigenvalues.

(i.d) The manifold is locally a product of two surfaces of constant Gaussian curvature.
The self-dual and anti-self-dual Weyl curvature operators are diagonalizable with
the same eigenvalues.

(ii) If the Ricci operator is non-diagonalizable, then one of the following holds:

(ii.a) The Ricci operator has complex eigenvalues. The self-dual and anti-self-dual Weyl
curvature operators are diagonalizable with the same eigenvalues.

(ii.b) The Ricci operator is two-step nilpotent and the anti-self-dual Weyl curvature opera-
tor either vanishes or is two-step nilpotent.

The structures in Assertion (i.a), which do not have a Kdhlerian counterpart, are realized
onty_j, ty_1,1 and 04, and they all correspond to symmetric Osserman manifolds — which
are four-dimensional Einstein manifolds that are either self-dual or anti-self-dual — with non-
diagonalizable Jacobi operators [77].

A para-Kihler manifold (M, g, J) is said to be opposite para-Kiihler if there exists a para-
Kihler structure (J', g) so that JJ' = J'J. In the four-dimensional setting, the corresponding
para-Kéhler forms 2 and )’ induce opposite orientations and () = JJ defines a parallel product
structure on the manifold. In this situation, (M, g) locally splits as a product of two oriented
surfaces M = N; x Ny sothat J = J; @ Jy and J' = J; & —Jo, where J; is the para-complex
structure induced by the volume form on NNV;, for « = 1,2. Conversely, a four-dimensional
product of two oriented Lorentzian surfaces naturally inherits a para-Kéhler and opposite para-
Kihler structure. This is the case of the structures corresponding to Assertion (i.d) in Theorem
3.1.

As an immediate consequence of Theorem 3.1 and the results of Chapter 2 we conclude that
locally conformally flat left-invariant para-Kéhler structures can be modelled as follows.

Corollary 3.2. Let (M, g, J) be a locally conformally flat four-dimensional para-Kdihler mani-
fold. Then, it is either flat or locally isometric to one of the following para-Kdhler Lie groups.

(i) The symplectic Lie algebra (v}, Q) determined by §) = e'* + €23, with the metric
(,y=2¢e'oe’ —2re’ o€,

3

(ii) The symplectic Lie algebra (041,)) determined by Q2 = e'* — 34, with the metric

() =2(e'oe® +e*oeh).
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(iii) The symplectic Lie algebra (tavy, Q) determined by Q) = e'? + €3*, with the metric

(,y=1L(ertoe —eoe?) — k(e oe? —etoe).

Tk

Remark 3.3. Four-dimensional self-dual para-Kihler manifolds are either para-complex space
forms — which are realizable as Lie groups and are the only ones that are strictly self-dual — or
locally conformally flat, and so they are covered by the previous corollary (see [67]).

A pseudo-Riemannian manifold (M,g) is semi-symmetric if its curvature
tensor satisfies R(X,Y')- R = 0 for all vector fields X, Y on M, where R(X,Y) is acting on the
curvature tensor R as a derivation. The special significance of the semi-symmetry condition lies
in the fact that if a curvature tensor is semi-symmetric, then it is pointwise the curvature tensor
of a symmetric space. However, the model symmetric space may change from point to point and
there are examples of semi-symmetric manifolds which are not even locally homogeneous.

Another generalization of symmetric spaces is given by manifolds of recurrent curvature,
which are those that admit a one-form £ such that the covariant derivative of the curvature tensor
satisfies VR = £ ® R. As we mentioned in Section 1.1.4, the curvature tensor induces a unique
self-adjoint endomorphism R of the space of two-forms defined by

(R(e' nel),e" Aet) = Rles, e, ex, er).

A recurrent manifold is said to be special if there exist two two-forms « A 5 and y A ¢ so that the
curvature tensor acting on the space of two-forms is completely described by

R(aNp)==xyA6.

Remark 3.4. Special recurrent manifolds are simply harmonic spaces, whose local structure was
given in [125]. There it is shown that there exist local coordinates (z', 2, 23, 2*) with respect to

which their metrics take the form
g =V (x' 2?)ds’ o da' + 2dx’ o da* + 2dx® o da®, (3.1)

where ¥ (!, 22) is an arbitrary function with non-constant 9,09, ¥ — otherwise, g would be locally
symmetric. A standard calculation shows that special recurrent manifolds are semi-symmetric,
since their curvature tensors correspond to those of the locally symmetric metrics given by
(2!, 2%) = 4(2?)%. Moreover, given that

Ji = 02 @dz" + 0,3 @dat — 0,0 @da® — Opa @da® + L U(0,3 @dat + 0,0 @da?),
Jox = 02 @d2?* + 0,1 @da* — O @drt — 9,3 @da® + VO, @da!

are anti-commuting Kéhler and para-Kéhler structures with associated symplectic forms

1

Wi = 2\Ifdx1 Adx® +da' A da® — dox* Ada* and Wik = dz' A dz* — dz® A da?,
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the metrics given by Equation (3.1) are (locally) hypersymplectic. Therefore, any special re-
current manifold admits a locally defined Kéhler structure (g, Jx ) and two locally defined para-
Kihler structures (g, J,x) and (g, Jx Jpx ). Hypersymplectic structures on four-dimensional Lie
algebras were classified by Andrada (see [5]), who showed that, besides the Abelian algebra t*,
only ths, t4 1 1 or 04 admit this kind of structures. The non-flat cases will be described in
Section 3.11 and Section 3.17.1.

Remark 3.5. In addition to having a hypersymplectic structure, any special recurrent manifold
is locally para-Kihler and opposite almost para-Kéhler. Indeed, there exists an almost para-
complex structure J; -, given by

J i = 0n@dz' + 0,2@da* — 0,3 @da® — Opa@da* — VO @da’

that commutes with .J,xc and (g, J) ) determines a locally defined almost para-Hermitian struc-
ture with closed fundamental form

QJ;K = —dz' Ndzt — dx? A dad.

Para-Kéhler and opposite almost para-Kidhler structures on non-flat Lie groups were considered
in [45], where it is shown that their corresponding Ricci operators either vanish or are diagonal-
izable with two-dimensional kernels. In sharp contrast with the Kihler situation [7,44], there are
many para-Kéhler Lie groups which admit an opposite almost para-Kihler structure, even in the
symmetric case. The Lie algebras tt3 1, t4 1 g and vy 1 _; admit Ricci-flat para-Kihler struc-
tures with associated opposite almost para-Kéhler structures, and so do vy, t4,_; and toty. The
Lie algebra 045 admits para-Kéhler structures that are not semi-symmetric and have associated
opposite almost para-Kéhler structure.

The geometry of para-Kéhler Lie groups is quite rigid in the non-symmetric case, where
there are two essentially different possibilities depending on whether the curvature tensor is
semi-symmetric or not. The semi-symmetric case can be summarized as follows.

Theorem 3.6. Let (G, (-,-), J) be a four-dimensional para-Kiihler Lie group that is not locally
symmetric. Then, its curvature tensor is semi-symmetric if and only if its associated Ricci oper-
ator vanishes. Moreover, all these structures are recurrent and harmonic.

Although all the structures covered by Theorem 3.6 have analogous local descriptions as in
Remark 3.4, they are not necessarily isometric, since their associated recurrence one-forms may
have different causalities. Theorem 3.6 also holds true in the Kihler situation (cf. Theorem 3.16).

Finally, the class of non-symmetric para-Kihler Lie groups whose curvature tensors are not
semi-symmetric is described as follows.

Theorem 3.7. Let (G, (-,-),J) be a four-dimensional para-Kihler Lie group whose curvature
tensor is not semi-symmetric. Then, one of the following statements holds:

(i) The Ricci operator has a single eigenvalue which is a double root of its minimal polyno-
mial. The anti-self-dual Weyl curvature operator is three-step nilpotent.
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(ii) The Ricci operator is diagonalizable with two-dimensional kernel. Moreover,

(ii.a) the self-dual and anti-self-dual Weyl curvature operators have the same eigenvalues
and W~ has a double root of its minimal polynomial, or

(ii.b) the self-dual and anti-self-dual Weyl curvature operators have opposite eigenvalues
and both operators W= are diagonalizable.

The only geometry in Theorem 3.7 with a Kéhler counterpart corresponds to Assertion (ii.b),

as shown in Theorem 3.16.

3.2 Symplectic Lie algebras

Four-dimensional symplectic Lie algebras are necessarily solvable (see [50]) and they were clas-
sified by Ovando in [115]. We follow the notation in Ovando’s works to denote the different
four-dimensional symplectic Lie algebras, which correspond to certain semi-direct extensions of
the Abelian algebra t?, the Euclidean algebra ¢(2), the Poincaré algebra ¢(1, 1) and the Heisen-
berg algebra h* admitting symplectic structures.

The non-zero Lie brackets on each Lie algebra are given in terms of a basis {e1, €2, €3, €4} of
the corresponding algebras and e will denote the dual of e;. In order to simplify the notation, in
what follows we will write €% to denote e A e7.

Solvable Lie algebra

Symplectic form

oty [61, 62} = €2, [63, 64] = €4

12 1 4
w = 12€° + a13€ 3 + a3463

Q034 # 0

thy: [e1,e2] = e3

w = 0412612 + 0413613 + 0414614 + 0423623 + 0424624

4003 — 3oy # 0

3,0 [61,62] = €2

w = a12612 + a13613 + oz14el4 + a34e34

les, eq] = e3 — €2

o034 7# 0
, w = ap2el? + agzel® + apgeld + agze®
30: le1,e2] = —e3, [e1,e3] = €2
aaao3 # 0
w = a12612 + a13613 + a14614 + a23623
T3, —1: [61,62] = €g, [61763} = —€3
aqaa3 # 0
o le1,e3] = e3, [e1,eq] = ey, w = 2e'? + a3 (613 - 624) + aug (614 + 623)
2 _ _ 2 2 0
[e2,e3] = eq, [ea,eq] = —e3 aq3 +aiy # 0.
w = a12612 TP a14el4 P a24624 AP a34634
ny: [er,eq] = —ea, [e2,€4] = —e3
aip0i34 # 0
w = a14el4 + a23623 + a24e24 + a34e34
T4,0: [61,64] = —€1, [63764] = —€2
Q14023 7é 0
t4_1: [e1,e4] = —e1, [e2,e4] = €2 w = ai3e’® + agge! + agge* + agqe!
4,1

ogoigg # 0
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Solvable Lie algebra Symplectic form
. e ed] = —en, [ea, ea] = eo, w = ape'? + apge + age®® + agee®
4,-1,8°
[e3,e4] = —Pe3, —1 < B <0 ajzazy # 0
¢ le1,e4] = —e1, [ea,e4] = €2, | w= a12e’® + ayze’® + arse™ + age® + azge®
4,—1,—1+
[e3,e4] = €3 Q1304 — Q12034 # 0
. ) [e1,e4] = —eq, [e2,e4] = aeq, w = ayge™ + 936 + agge?? + agget
4,—a,a’
oo [63,64] =—aes3, 0<a<1 Q140023 7é 0
& [e1,ea] = —e1, [e2, eq] = deg, w = g€ + aze®® + age*t + azqe?
4,0,6 ¢
les, eq] = —bez, 6 >0 g3 # 0
_ _ 1
le1, ezl = 2, [er, ea] = =31 w = aj2 (612 - 634) + apgett 4 agge®
ba:  [es, eq] = —e3,
. 1 ag #0
[e2,e4] = —€1 — 562
o [e1, e2] = e3, [e1,e4] = —ey, w = Q12 (612 - 634) + anae + agge?!
4,1°
[e3, e4] = —e3 ag #0
> 1 [e1, e2] = e3, [e1,e4] = —%€1 w = Q12 (612 - 634) + anae + agge??
L2 ea,eq] = —3e2, [e3,e4] = —e3 aiz #0
[61362] = €3, [61a€4] = *)\ela
Dus: le2, eq] = (A — 1)ea, w= o1z (e — €3) + age + agge?!
4"
[e3, e4] = —e3, ajg #0
A>10#£12
. [e1,e2] = e3, [e1,eq] = —2e, w = Q12 (612 - 634) + age™ + agze®® + agge??
4,2°
le2,e4] = €2, [e3,e4] = —e3 ofy — ang093 # 0
s
e1,ea] = e3, le1,e4] = ey — Se
, les, ezl = e, | 1’54] 2 w = aiz (€1 — §e3*) + arse' + agge®?
0 . [62 64] = —€1 — 5€2
4,6 ) 5¢2, a # 0
[63,64] = —de3, § >0 2

Table 3.1: Four-dimensional symplectic Lie algebras as given in [115]. We have highlighted those which
do not admit a para-Kihler structure.

For each symplectic Lie algebra (g, w) in Table 3.1 we will determine all the compatible para-
Kihler structures. To do so, we start with an arbitrary (1, 1)-tensor field J = (a;;) and determine
all the conditions on its components that are necessary for it to satisfy

(1) J? =1d,
2) w(Jz, Jy) = —w(z,y), and
(3) the integrability condition given by
Ny(,y) = [, Jyl = JJa,y] = J[z, Jy] + 2, y] = 0,

so that the metric (x,y) = w(Jz,y) gives a para-Kéhler metric. Note that the conditions (1)—(3)
determine a system of polynomial equations on the parameters {a;; } which we will need to solve
explicitly in order to describe all the possible para-Kihler structures in each case.
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First of all, we point out that not all of the symplectic Lie algebras (g,w) in Table 3.1 admit
a para-Kihler structure. Indeed, even though the Lie algebras

Ty, le1, e2] = —eg, [e1,e3] = e,
Ny : [e1, e4) = —e2, [e2, 4] = —es,
Thos le1, e4] = —e, [ea, e4] = des, [e3, 4] = —dea,
bs o e ea] = es, [er,eq] = e — %el, [ea, €4) = —€1 — geQ, les, €4] = —des,

where § > 0, admit symplectic structures, a straightforward calculation shows that none of them
admits a para-Kéihler structure.

Remark 3.8. According to [6], the four Lie algebras listed above correspond to the unimodular
Lie group given by the trivial extension R x F(2) (see Lemma 1.11-(i)), the semi-direct exten-
sions R? x,, Rey given by

pr=ad(es): @ler) =€z, @lez) =e€3,  ples) =0,
o =ad(es):  pler) =e1, @(eg) = —des, @(es) = des,
and the semi-direct extension H* x, Re, given by

p=ad(es): (&) = %el —eg, plez) =e1 + %ez, p(ez) = des,

respectively.

Any other symplectic Lie algebra in Ovando’s classification [115] does admit at least one
para-Kihler structure. We will study all of them separately in the subsequent sections. For the
sake of simplicity, we will omit the details of most of the calculations and outline the different
para-Kihler structures and their curvatures. Our description of para-Kihler Lie algebras will be
given up to symplectomorphical equivalence, i.e., up to Lie algebra automorphisms that preserve
the symplectic structure.

3.3 Para-Kaihler structures on v,

Let {e1, e, €3, €4} be a basis of the Lie algebra t, o determined by

[61,64] = —€1, [63,64] = —€9,
which, as it was shown in [6], is equivalent to the Lie algebra of the semi-direct extension Rey X,
R? where
p=ad(es): ler) =e1, @lea) =0, p(ez) = —ea.
The symplectic structures on t, o are given by (see [115])

14 23 24 34
W = 46 + Qio3€e”” + ague”” + Qizg€ s 140023 7é 0.
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Making use of the automorphisms of t4 o, which are of the form

211 0 0 214

0 222 203 24
o = with 2117222 7é 0,
0 0 299 234

0o 0 0 1
it is easy to see that any symplectic form on t, is symplectomorphically equivalent to
Q. =e' +ee?, 2=1.

Now, the automorphisms preserving the symplectic structure (t4, {2.) are those determined by
® above satisfying the conditions

Qrizn =1, 200=0, 2z33=0, zp=1,

Pyizin =1, 200=0, 2z34=0, 2z200=-1
Bearing this in mind, we determine the conditions that are necessary for the compatibility of the
para-complex structure with the symplectic structures and the integrability of the para-complex
structure (i.e., the integrability of the eigenspaces ker(.J F Id) corresponding to the eigenvalues
+1 of J, which is equivalent to the vanishing of the Nijenhuis tensor).

The compatibility condition Q.(J-, J-) = —Q.(+, -) determines the following system of poly-
nomial equation on the components {a;; }

gazy — asz = 0, —(eag + aq3) =0, —e(ag + azs) =0,
—(a11 + aqq) =0, —(a12 + €aszy) =0, —a13 + €agy = 0,

and so the para-complex structure J must be such that
Jei = ajie; + agies + azie3 + agreq,  Jez = €agey + agzey — A€z — Eag €y,
J€2 = —E&a3z4€1 + Q9269 + a32€3 + £Q31€y4, J64 = Q1461 + Q2469 + Q343 — A11€4.

Now, a straightforward calculation shows that the non-zero components of the Nijenhuis
tensor are determined by

NJ(627 61) = £a34Q41€1 — (a32a41 + €a31(a21 - a31)) €2 — €a§1€3 — €a3104164,

Nj(es, e1) = —cayg(ags + asq)er + (2ag0a41 + a1 (az — azy)) s
+ (aseaq; + €agiasy)es + caqy(az + az)ey,

Nj(es, ea) = — (agaaz — (a1 — as1)ass) €1 + €(2a2a31 — asrase)es + casjasses + 61%164,

NJ(€4, 61) = (1 - afl — (14041 + 6&31(134) 61—(a31(a11 + azz) + a34a41) 62—@31&3263—503164,
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Nj(es, e2) = —¢ (arsas — (2011 + asz)ass) €

— (asa(ary + agz) —e(az1 — ag1)asy) e+ (caz1ass — a3,)es +€(azqaa — asiazz)eq,
NJ(64, 63) =& (G14a21 — (22034 — a11(2a24 + CL34)) €1

+ (14 ag2(2a11 + ag) + a2 (ass — ag4)) €2 + (aso(arr + az) — cagsas:) e3

+ € (asi(a11 + ag) — azaq) ey,
which again determine a system of polynomial equations on {a;;} that needs to be solved in

order to obtain the integrability conditions on .J. It immediately follows from the expressions of
Nj(eq,e1) and Nj(ey, e2) that both az; and az, must vanish. In this situation

NJ(€3> 62) = 210434€1

and so there are two different possibilities depending on whether a3y = 0 or not. A straightfor-
ward calculation shows that there can be no para-Kihler structures with a4 # 0. Therefore, we
can assume that az;, = 0. Then the condition J? = Id gives the following system of polynomial
equations

a?y + apgay = 0, az (a1 + ag) + agaaq =0,
a§2 —1=0, 14091 + ag4(ag2 —ayy) =0,
from where it follows that a5y = &5, with g% = 1. At this point,
Njy(es,e1) = —caggaqier + (2e2a4; + €a§1)62 + €ag1a41€4,

which implies that there are again two different possibilities depending on whethera,; = 0 or
not. A straightforward calculation shows that the condition a4; # 0 is incompatible with the
integrability of the para-complex structure. Consequently, we assume that a4; = 0. Now,

NJ(€3, 61) = 8613162, NJ(647 61) = (1 - a%l) €1,

SO ag; = O and a7 = &1, for 5% = 1. At this point, the only non-zero component of the Nijenhuis
tensor is
NJ(€4, 63) = —2e1eaq461 + 2(1 -+ 8162)62.

Therefore, asy, = 0 and £ = —¢, and the condition J? = Id automatically holds. What we have
just obtained is the para-Kihler structures (.J, (-, -)) on t4( given by

Jey = e1e1, Jea = —e1e2, Jeg = agses + €13, Jey = ayser — €16y,
(,-) =2(—e1et oe —g1ee? 0 e3) — cagzes 0 e3 — aygeq 0 €4
It is easy to see that all these structures are symplectomorphically equivalent to

Jey = —e1, Jey=-ey, Jez=—e3, Jeyg=ey,
(‘]’<"'>):

(-,) =2(eloe* —ge?oe?)
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through the symplectomorphism determined by ®; satisfying z14 = —5a14 and 223 = S-ags.
These structures correspond to the decomposition of (ty,€).) as a direct sum of Lagrangian
subalgebras as

tio = £@ £ = span{ey, 4} © span{ey, e3},

where £ and L' are the eigenspaces associated to the eigenvalues +1 of the para-complex struc-
ture J, respectively.

The structures (40, J, (-, -)) are Ricci-flat and a straightforward calculation shows that their
curvature tensors satisfy VR = 2e*® R, so they are recurrent with recurrence one-form £ = 2¢*.
Besides, the corresponding curvature tensors acting on the space of two-forms are given by

R(e* Net) = —e! Ae? = cR(es, eq, €3, e4)e’ A €2

Therefore, the para-Kihler structures (t, 0, J, (-, -)) are special recurrent and, consequently, sim-
ply harmonic, so they are locally modelled on (3.1) and their curvature tensors are semi-symmetric.
These structures are thus covered by Theorem 3.6.

Direct calculations similar to the ones described above show that the structures (J, (-, ))
admit opposite almost para-Kihler structures compatible with the opposite symplectic forms
O = e — ce? — pe®t, with € R.

3.4 Para-Kihler structures on vt _;
Let {e1, €2, €3, €4} be a basis of the Lie algebra v, _; determined by

[617 64] = —€1, [62764] = €2, [63764] = €3 — €2,

which, according to [6], corresponds to the Lie algebra of the semi-direct extension Rey x, R?
where

p=ad(es): pler) =e1, plea) = —e2, le3) = €3 —ea.

Any symplectic form on t4 _; is of the form
w = Oz13€13 + 0114614 + 0424624 + 0134634, 130024 7é 0,
and the automorphisms of this Lie algebra are given by

211 0 0 214

0 290 203 2: .
b = with 2117222 7& 0.
0 0 200 234

0O 0 0 1

Now, it is not difficult to check that any symplectic structure is symplectomorphically equivalent
to Q = e'® + e2*. Moreover, the automorphisms preserving the symplectic structure (t;_1, )
are given by ® above with z1; = 1, 290 = 1, 234 = 0 and 203 = 2z14. Now, a straightforward
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calculation as in the previous section shows that any para-Kéhler structure on vy _; is equivalent
to
Jer = —eq, Jeg=e9, Jez=—ke;+es, Jeyz= —ey,

(‘]7 <'> >) :
(,y=2(eloe* —e’oet)+reloed, KkeER,
which correspond to the Lagrangian decomposition

ty_1 = L@ L = spanfey, e5 — 5e1} @ spanfes, eq}.

The structures above are flat if K = 0. Otherwise, they are Ricci-flat, locally symmetric — thus
covered by Theorem 3.1 — and the underlying structures are locally modelled on (3.1) with

V(2! 2?) = (22

Furthermore, the structures above admit opposite almost para-Kéhler structures which are com-
patible with the opposite symplectic form €' = '3 — €24 4 ;e with u € R.

3.5 Para-Kihler structures on vyt

Let {e1, €9, €3, €4} be a basis of the Lie algebra tots determined by

[e1, €] = ea, les, eq] = ey,

which, according to [6], corresponds to the Lie algebra of the non-unimodular semi-direct exten-
sion £(1,1) x R isomorphic to aff(R) x aff(R) as in Lemma 1.9.

We make use of Lie algebra automorphisms to simplify the final expressions of the structures.
The automorphisms of this Lie algebra are given by

0 O 1 0 1 0 0 0
&, = 0 0 223 224 7 B, = 291 222 0 0
1 0O 0 0 0 O 1 0
241 z2 0 0 0 0 243 2us
224242 7é 0 222244 7é 0

Any symplectic structure on t,ts is given by
w = ape? + ae’® +aze®,  apasy #0,
and Ovando showed in [115] that these (toty, w) are symplectomorphically equivalent to

Oy =e2+ e+ Ne!® with A >0.

It is easy to check that the symplectic form €2, is preserved by any automorphism ®; with 295 =
z44 = 1 (in the special case where A = 0, the automorphisms ®; with 294 = 245 = 1 also preserve
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the symplectic form (). Considering the action of the symplectomorphisms ®, that preserve
(2, we are allowed to restrict our study to the para-complex structures J = (a;;) satisfying one
of the following conditions.

Case 1. ajp = 0and a4 = 0.

Case 2. a2 = 0 and ay4 # 0, in which case one may also assume a3 = 0.

Case 3. aj2 # 0 and a4 = 0, in which case one may also assume a;; = 0.

Case 4. ajz # 0 and a4 # 0, in which case one may also assume a;; = a3 = 0.

In each case we determine the necessary conditions for the compatibility of the para-complex
structure with the symplectic structures and the integrability of the latter. To do so, we distinguish
the two possibilities corresponding to the symplectic structures €2, (with A # 0) and €2, since
they give rise to different geometries.

3.5.1 Para-Kihler structures on (toto, §2)) with A > 0

A straightforward calculation reveals that the Cases 2, 3 and 4 above are not compatible with the
existence of para-Kéhler structures. Therefore we focus on the case a2 = a14 = 0. Long but
straightforward calculations show that the para-Kihler structures (.J, (-, -)) which are compatible
with €2, are symplectomorphically equivalent to one of the following three families of para-
Kihler structures

Jiier = —ey, Juep =ez, Jues=e3, Jies = —ey,
(Ju, <'7'>11)
()1 =2(etoe?+ Netoe® —edoel),
4
J12€1 = —€1 + 2)\62 — 263, J12€2 = €9,
(lea <', '>12) 1 Jiges = e3, Jiges = 2eq — ey,

L (-, )12 = 2(61 oe?+ deloed+2loet —edo 64),

.
Jiger = —eq, Jizea = €3 — 2ey,

(J13; (5 )13) 1§ Jiges = 2e1 + €3 + 2y, Jizeq = —ey,

(s = 2(etoe? + Netoe® —2e%o0ed — €3 oet).

The structures above correspond to the decompositions toty = £4; @ £); as direct sums of
Lagrangian subalgebras given by

toty = £17 @ £, = span{es, e3} @ span{ey, eq}
= L9 @ £, = span{eq, e3} @ span{ey — eq, €1 + €3 — Aea}

= £13® £]; = span{es — €2, €1 + €3 + Aea} @ span{ey, e4}.



3.5.2 Para-Kihler structures on (taty, (2) 75

Moreover, a straightforward calculation shows that all the structures above are non-flat and
Ricci-flat with recurrent curvature, i.e., their curvature tensors satisfy

ViR = &1 ® Ry,
and their recurrence one-forms &;; are given by
§1=2('+¢€%), &a=2¢" &3=2¢".

Furthermore, the corresponding curvature operators Ry; : A*> — A? acting on the space of two-
forms are given by

Ru(et Ae?) = —Ae? Aet = Ryj(ey, es,e3,e1)e> Aet, for i =1,2,3,

from where it follows that all the para-Kihler structures above are special recurrent and thus
locally modelled on (3.1). Consequently, their curvature tensors are semi-symmetric and they
are covered by Theorem 3.6.

Finally, the structures (J11, (-, -)11) admit opposite almost para-Kéhler structures compatible
with the opposite symplectic forms ), = e? —e3* + (u— \)e'® with 1 € R, while the structures
(Ji2, (-, )12) and (Ji3, (-, -)13) do not admit opposite almost para-Kihler structures.

3.5.2 Para-Kiihler structures on (tsts, ()

Proceeding as in the previous case, it is straightforward to check that no para-Kéhler structures
exist in Case 2 while the other three cases give rise to three essentially different geometries.

Para-Kihler structures of constant para-holomorphic sectional curvature

Assuming that a;2 # 0 and a14 # 0 as in Case 4, any para-Kihler structure is equivalent to the
structures (Jo1, (-, -)21), Which are given by

— 1 — —
Jore1 = €3 — = €2, Joreg = —k(e1 + e3), Jaes = eq — ey — K(er + e3),

Jore3 = —es,
(-, )a1 = K(e*oe® +etoe? +2e? o et) —2et o e +2¢ 0 e — Lel o€l
where x # 0. These correspond to the Lagrangian decompositions
toty = L£91 B L5, = span{ey — eg, 61 + 3 — %62} @ span{es, es + ke }.

Besides, one can easily check that their para-holomorphic sectional curvatures are constantly
Hy, = &, so these structures correspond to Theorem 3.1-(i.b).
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Flat para-Kihler structures
Assuming that a15 = 0 and a4 = 0 as in Case 1, if a34 = 0, then there are three inequivalent flat

para-Kihler structures given by

Jager = —eq, Jaes = e — 2ey, Jaes = 2e; + e3,
(JQQ, <', '>22) : J22€4 = —€y4,

(,)22 =2(el oe? —2e?0e® — 3 oel),

Jozer = —e1, Jazes = ez, Jozez = ces, Jazey = —cey,
(‘]237 <‘7 ‘>23) .
(-, a3 =2(etoe? —eedoet), e=+l,

Joser = —ey — 2e3, Joues = e, Juez = es,

(Jog, (- )2a) 1 { J2als = 2e3 — ey,

(-, yo1 =2(etoe? +2et oet — e o et),

which correspond to the Lagrangian decompositions taty = £9; @ £, given by

toty = Loo @ L5, = span{e; + e3,e4 — €2} @ span{ey, e}
= L3 @ L3 = span{ey, e3} @ span{es, eq} (e=1)
= L93 ® Ly; = span{ey, 4} @ span{er, e3} (e =—1)

= Loy @ £, = span{es, e3} @ span{e; + e3,e4 — ea}.

Para-Kihler and opposite para-Kihler structures

The remaining possibilities corresponding to Case 1 with a4 # 0 and Case 3 give rise to two
families of para-Kihler structures determined by

1
Joser = — ez, Joses = —ki€1, Jasez = —es, Jaseq = ey,
(Ja5, (-, -)25) )
(o5 = —pel oe! + Rt oe? +2e% o€t
Jager = —Len, Joges = —rner, Joges = — L
2661 = — €2, J26€2 = —HR1€1, J2663 = — €4,
(JQ@, <', '>26) : J2664 = —Hka€g,

1.1 .1 2 92 1.3 .3 4 _ 4
<-,->26——H—1€ oe +KrieToe” — —etoe’ + hget o€,
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where k19 # 0. The corresponding Lagrangian decompositions are given by

toty = Lo5 @ L. = span{eq, ea — K€y} @ spanfes, ex + Kieq}
= Lo B LY = span{ey — Koes, €3 — K1€1} B span{ey + koes, €2 + K€ }.

Now, it is straightforward to see that both metrics are locally symmetric, so they are cov-
ered by Theorem 3.1-(i.d). Their Ricci operators are diagonalizable with respect to the basis
{eq, eq, €3, €4} with Ricci curvatures

RiC25 = diag[/ﬁ, K1, 0, 0] and Ric26 = diag[/ﬁ, K1, K9, I{Q].

Therefore, the underlying pseudo-Riemannian manifolds split locally as a product of two Lorentz-
ian surfaces of constant Gaussian curvature, namely, N (k1) x L2 or Ny(k1) x Ny(kz), where
IL.? denotes the Minkowskian plane. Thus they also admit opposite para-Kihler structures. Fur-
thermore, the metrics (-, -)96 are Einstein if k1 = k9 and locally conformally flat if K; = —ko, in
which case they correspond to the metrics in Corollary 3.2-(iii).

3.6 Para-Kihler structures on ths
Let {e1, 2, €3, €4} be a basis of the Lie algebra th3 determined by

[617 62] = €3,
which corresponds to the Lie algebra of either H® x R or the semi-direct extension Re; x,, R?
given by
p=ad(er): pez) =e3, @les) =0, leq) =0.

Symplectic forms on th3 are given by

w = CK12€12 + @13613 + Ck14€14 -+ 0423623 + 0424624,
Q14003 — 3y # 0,

as shown in [115]. All these symplectic structures (ths,w) are symplectomorphically equivalent
to 2 = ¢4 + ¢?3 through an automorphism of the form

Z11 212 0 0
221 %22 0 0 .

, with (211200 — 212291) 224 # 0.
231 R32 <1122 — 212721 R34

241 242 0 244

The ones that preserve the symplectic structure (ths, Q) determined by 21122, = 1, 212200 =
— 234, 201 = 0, 249 = 25,231 — 290234241 and 244 = 23,. A long but straightforward calculation



78 3 Four-dimensional Kéhler and para-Kihler Lie groups

shows that any para-Kéhler structure on ths must be flat and equivalent to one of the following
two para-Kihler structures

Jier =e1, Jieg = —ey, Jiez=e3, Jieg = —ey,
(J17 <'7 >1) :
(,)1 =2(—etoet +e%oed),
Joer = —ea,  Jaeg = —e1, Jaez =eq, Jaey = e,
<J27 <'7 >2) :
(,)2 =2(et oe® +e2oet).
In each case, ths decomposes as a direct sum of Lagrangian subalgebras as

thy = £, @ £] = span{ey, e3} @ span{ey, €4}

= £ @ £, = spanfes + e4,e2 — €1} @ span{e; + e, 64 — €3},

3.7 Para-Kihler structures on tts

Let {e1, €2, €3, €4} be a basis of the Lie algebra tr; o determined by

[617 62] = €2,

which corresponds to the Lie algebra of £(1,1) x R or to the semi-direct extension Re; x, R?
given by

p=ad(e)): @lez) =ez, (ez) =0, (es)=0.
The symplectic structures on tt3 o are given by

W = 0612612 + (113613 + 0614614 + 0634634,

Q12034 7’5 0,

as shown in [115]. All these symplectic structures (tv3 o, w) are symplectomorphically equivalent
to Q = e'? + €3 through an automorphism of the form
10 0 0
291 222 0 0 .
b = ! s with (2’332’44 — 2’342’43)2’22 7’é 0.
zz1 0 z33 za
zgg 0 243 2w

Moreover, the automorphisms preserving the symplectic structure (tts, 2) are the ones deter-
mined by ¢ above satisfying

Dy i290=1, 231 =0, 241 =0, 244233 =1+ 234243 With 233 # 0,

Dy i290=1, 231 =0, 240=0, 233=0, 243234 =—1.
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Proceeding as in the previous cases, a straightforward calculation shows that any para-Kéhler
structure on (tts o, (2) is equivalent to one of the following two families

Jiey =cer, Jieg = —cey, Jieg=e3,  Jieg = —ey,
(Jh <'7'>1) :

<.’ .>1 — —2(6 eloe?+edo 64), e = =*1,

1
Joey = ez, Jaeg = Key,  Jaez =e3,  Jaey = —ey,

(‘]2’ <'7 >2) :

<.7.>2:%eloel—/{62062—2630647 Kk # 0.

These correspond to the Lagrangian decompositions
te30 = £ @ L) =span{ey, ez} @ spanfes, e4} (e=1)
= £, @ &) = spanfeq, e3} @ span{ey, e} (e=-1)
= £, ® £, = span{ey + keq, ez} @ span{es — Kkeq, €4}

Both structures (.Jy, (-, -)1), with ¢ = £1, are flat, while all the structures (J2, (-, -)) are locally
symmetric with diagonalizable Ricci operator

Ricy = — diag]k, &, 0, 0].

Thus, the underlying pseudo-Riemannian manifolds split locally as products of the form N x L2,
where N is a Lorentzian surface of constant Gaussian curvature 5y = —& and L2. Therefore,
(Ja, (-, -)2) are para-Kihler and opposite para-Kihler structures, and correspond to the metrics in
Theorem 3.1-(i.d)

3.8 Para-Kaibhler structures on tr3 _;
Let {e1, €2, €3, ¢4} be a basis of the Lie algebra tr; _; determined by

[ela 62] = €3, [61, 63] = —€3.

which corresponds to a unimodular semi-direct extension of F(1, 1), given by the Lie algebra of
R x E(1,1) as in Lemma 1.9, and can also be seen as the semi-direct extension Re; x, R? given

by
p=ad(e1): (e2) = ez, lesz) = —e3, ples) =0.

The symplectic structures on trs _; are given by

12 13 14 23
W = 26" + a3e " + apue + agze s 140023 7é O,
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as shown in [115]. All these symplectic structures (tt3 1, w) are symplectomorphically equiva-
lent to 2 = e!'* + ¢ through an automorphism of the form

1 0O 0 0 -1 0 0 O
0 O 0 0
(I)l _ 291 <22 or @2 _ 221 223 ’
231 0 233 0 231 232 0 0
zg1 0 0 2w zg1 0O 0 2u

with 299233244 # 0 in the first case and 293232244 # 0 in the second one. Moreover, the automor-
phisms preserving the symplectic structure (tts _;,2) are given by

Dy 1201 =0, 231 =0, 2z33200=1, 244=1,
Dy 291 =0, 231 =0, z3203=—-1, 244=—1L

Proceeding as in the previous sections we see that para-Kihler structure on (trs _j,€2) corre-
sponds to one of the following possibilities.

Flat para-Kihler structures on tr; 4

Assuming that a;4 # 0, the corresponding para-Kihler structures are all flat and equivalent to

1
Jiey = (eq,  Jieg = —es,  Jiez =e3,  Jieg = Rey,
(‘]17 <'7 >1> :

(.7.>1:1@1061+262063—/{e4oe4, Kk #£ 0.

K
These structures correspond to the decompositions
try g = £ @ L] = span{es + key, ez} @ span{es — Key, ea}

of (tr3 1, €2) as direct sums of Lagrangian subalgebras.

Ricci-flat para-Kihler structures on tv3 _;

If the component of the para-complex structure a4 = 0, any para-Kéhler structure is equivalent
to
Joey = —e1,  Jaeg = —e3, Jaez =e3 — Key, Jaeq = ey,

(J2> <'> >2) :

()2 = (610644-62063)‘1‘/43630637 k=0,%L

The symplectic Lie algebra (vt3 _1, §2) decomposes as a direct sum of Lagrangian subalgebras as
tr3 1 = £9 @ L) = span{ey, e3 — Sea} @ spanfer, ea}.

The para-Kihler structures (Js, (-, -)2) are flat if K = 0 and Ricci-flat otherwise, so they are
covered by Theorem 3.1-(i.a). Moreover, if x # 0, then the metric has recurrent curvature with
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recurrence one-form & = 2¢! (ie., Vo Ry = 2¢! ® Ry), and the corresponding curvature operator
acting on the space of two-forms is given by

Ro(e' Ne?) =2ke? Ae* = Ry(er, es,e3,e1)e? At
Therefore, they are special recurrent and simply harmonic manifolds modelled on (3.1). Hence,
their curvature tensor is semi-symmetric. Furthermore, the structures given by (.Js, (-, -)2) with

k # 0 admit opposite almost para-Kéhler structures compatible with the opposite symplectic
form Q) = e!* — €23 + pe'3 with p € R.

3.9 Para-Kihler structures on t)
Let {eq, o, €3, €4} be a basis of the symplectic Lie algebra t, determined by
[ela 63] = €3, [617 64] = €4, [627 63] = €4, [627 64] = —€g,
which, according to [6], corresponds to the non-unimodular semi-direct extension E’(2) x R
isomorphic to aff(C) x aff(C) as in Lemma 1.11.
It was shown in [115] that the symplectic forms on t}, are given by
w = ape'? + agg(e’® — e?*) + aple + e*), a2y 4 a2, # 0.

The automorphisms of t}, are of the form

1 0 0 0 1 0 0 0
0 1 0 0 0 —1 0 0
(I)l = or @2 = s
231 232 233 R34 231 <32 233 R34
—R32 <31 R34 233 232 TR31 R34 X233

with 22, + 22, # 0, from where it follows that any symplectic form is symplectomorphically
equivalent to 2, = \e'? + e + €23, for some A € R. We emphasize that even though there exist
Kahler structures with associated symplectic form €2, for A # 0 (see [116]), a straightforward
calculation shows that 2, does not support any para-Kéhler structure for A\ # 0. On the other
hand, there exist para-Kihler structures whose associated symplectic structure is €y = e'* +
e?3. In order to describe these structures, we make use of the automorphisms preserving the
symplectic structure (t}, €2), which are given by ®; (resp., ) above with z33 = 1 and 234 = 0
(resp., z33 = —1 and 234 = 0). A long but straightforward calculation shows that any para-
Kihler structure on (v}, {2y) corresponds to one of the different situations given by a;3 # 0 or
a3 = 0. While the Ricci operator is diagonalizable in the case a3 = 0, this does not happen
when a3 # 0. If a;3 = 0, there are three essentially different cases depending on whether the
component of the para-complex structure a4 = 0 or a4 # 0.
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Para-Kibhler structures on t), with complex Ricci operator

Assuming the component of the para-complex structure a;3 # 0, then para-Kéhler structures are
equivalent to (Jy, (-, -)1) given by

Jier = PBes + aeq, Jieg = —aeg + Bey, Jieg = fe; — aeqy, Jieq = aey + Pey,

(.1 =aleloel —e?oe?) +aletoe’ —eltoet) + 2(3@1 oe? — fBedoet),

where 3 = ﬁ and o = m, a,f € R, and 8 # 0. In this situation, t;, decomposes into
direct sums of Lagrangian subalgebras v, = £, & £| where

£, = span{e,s + ae; + feq, e3 + fe; — aes},

£ = span{ey — ae; — feg, e3 — fe; + aes}.

The Ricci operators associated to the metrics above are complex diagonalizable with eigenvalues
—2(a £ 3v/—1) and the underlying pseudo-Riemannian structures are locally symmetric. Fur-
thermore, their self-dual and anti-self-dual Weyl curvature operators are diagonalizable with the
same eigenvalues

W+ = diag [—%a, %oz, %a} :
Therefore, they correspond to the metrics in Theorem 3.1-(ii.a) and the metrics are locally con-
formally flat if and only if o = 0, as in Corollary 3.2-(i).

Remark 3.9. The Ricci tensor p; defines another para-Kahler structure (1}, J1, p1) with the same
Levi-Civita connection as (v, Ji, (-,-)1). Straightforward calculations show that (t}, J1, p1) is
an Einstein manifold of non-constant para-holomorphic sectional curvature so, after a normal-
ization of the associated symplectic structure, it corresponds to one of the para-Kihler structures
(Ju, (-, -)4) described below.

Flat para-Kihler structures on t

If a;3 = 0 and a;4 = 0, proceeding as in the previous sections, it is easy to see that any para-
Kihler structure is equivalent to the flat structure given by

J261 =€, ‘]262 = €9, J263 = —é€3, J2€4 = —€4,
(*]27 <'7 >2) :

(,)2=—2(e' oet + e?0e?),

so that v, = £o @ £, = span{ey, ex} @ span{es, eq}.
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Einstein para-Kéhler structures on t, of non-zero curvature

Assume that a;3 = 0 and ay4 # 0. Then any para-Kéhler structure is equivalent to another one
in one of the following two families.

Jsep = _%64, Jzeg = %63 —e2, Jseg=e3, Jzea = —keq,
(J3, (5 )3) :

-,y = —%(el oel —2e20e?) +2e%0e +ketoet, K#0,

Jiey = —pes, iy = ey, Juey=Key, Jies = —key,
<J47 <'> >4) : i ;

()a=—f(eloet —etoe®) —k(ePoe® —etoet), K #O.

These give decompositions of the symplectic Lie algebra (v}, {2y) as direct sums of Lagrangian
subalgebras as

v, = L3 @ L, = span{es, e, — key} @ span{es — keg, €4 + Key }
= £, ® L&) =span{es + reg, eq4 — key } B span{eys + key, €3 — Kea}.

It is easy to see that the structures (.J3, (-, -)3) have non-zero constant para-holomorphic sec-
tional curvature H3 = x — thus corresponding to those in Theorem 3.1-(i.b) — while the struc-
tures (Jy4, (-, -)4) are Einstein with Ricy = 2k 1d(# 0) and their self-dual and anti-self-dual Weyl
curvature operators are diagonalizable with the same eigenvalues — which implies that the para-
holomorphic sectional curvature is not constant and they are covered by Theorem 3.1-(i.c).

A straightforward calculation shows that the structures (.Jy, (-, -)4) have a compatible anti-
Kihler structure (see [21]) defined by a complex structure JJ given by Je; = es, Jes = ey,
which commutes with the para-complex structure .J,. Hence, the structure ({-,-)*,.Jy) is also
a locally symmetric para-Kihler structure, where (X,Y)* = (JX,Y), is the twin metric of
(+,)4. A straightforward calculation shows that the Ricci operator Ric* has complex eigenvalues
+2k+/—1, so this metric corresponds to a metric in Section 3.9 (up to renormalization of the
corresponding symplectic structure).

3.10 Para-Kahler structures on v, _ g

Let {e1, €2, €3, €4} be a basis of the Lie algebra v, _; 3 determined by

[617 64} = —€q, [627 64] = €9, [637 64] - _5637
with —1 < 3 < 0. This Lie algebra corresponds to the semi-direct extension Re, x, R? given
by
p=ad(es): ler) =e1, p(e2) =—e2,  p(ez) = Bes.
Any symplectic form on this Lie algebra must take the form

12 14 24 34
W = 126" + g€~ + agpe” + Qaizge s 12034 7é O,
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as shown in [115]. These symplectic forms are symplectomorphically equivalent to {2 = e'? 4 ¢34
through an automorphisms of t4 _; g, which are given by

zn 0O 0 21
0 =z 0 =z

d = 22 > with 2112922233 7& 0.
0 0 233 234

0 0 0 1

The ones that preserve the symplectic structure (t4, 1 g, {2) are those which satisfy z14 = 294 = 0,
233 = 1 and 299211 = 1. The para-Kihler structures on (t4, 1 g, 2) split into two different classes
depending on the value of the coefficient a,3 of the para-complex structure as follows.

Ricci-flat para-Kihler structures on v, _; 3

Assuming that ay3 = 0, the corresponding para-Kéhler structures are equivalent to one of the
following two families.

Jieg = —ep +Key, Jiea =eq, Jieg = —e3, Jieq = ey,
(Jh <'7 >1) :

(,)1=reloel +2(etoe? +edoet), k=021,

Joey = —ey,  Jaeg = —kep ey, Joez=e3, Joey = —ey,
(J2, (-, )2) :
(v)a=re*oe?+2(eloe* —e*oe?), k=0,+1.
These two families of para-Kidhler structures induce the Lagrangian decompositions
ty 15 = £ ® L) =span{es, e} ® spanfes, e2 — 261} (K #0)
= £, ® £} = span{ey, e4} @ span{ey, e3} (k=0)
= £, @ £ = span{es, e — §e1} @ span{ey, e4}.

The structures above are flat if x = 0. Otherwise, they are Ricci-flat and recurrent with recurrence
one-forms &; = 2(8—1)e* and & = 2(3+1)e?, respectively, and their curvature operators acting
on the space of two-forms are given by

Ri(e* Ne') = k(B —2)e* Ne® = Ry(eq, eq,e1,€4)€® A €3,
Ra(e? Aet) = k(B +2)e' Ae® = Ry(ea, eq, €4, e2)e A e

Therefore, the metrics above are simply harmonic and special recurrent, so they are modelled on
(3.1). Hence, their curvature tensors are semi-symmetric and so they are covered by Theorem 3.6.
Finally, both (J, (-,-)1) and (J3, (-, -)2) admit opposite almost para-Kihler structures that are
compatible with the opposite symplectic forms ] = e'? —e3* + pe!t and Q) = e'? — 3 + pe?,
respectively, where p € R.
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Para-Kihler and opposite para-Kihler structures on vy 3

If ay3 # 0, then any para-Kéhler structure is equivalent to

1
Jzer = —ey,  Jzea = ez, Jzez = ke, Jzeq = <635
(J3, (5 )a) :

<.7.>3:261062+;{63063—%e4oe4, Kk #£ 0,

sothatty ;5 = £3 ® £, = span{ey, s + Le3} @ span{er, e — ez}
The metrics above are locally symmetric with diagonalizable Ricci operator

Rics = diag[0, 0, k3%, k3.

Therefore, the underlying manifolds are locally isometric to a product I.? x V of the Minkowskian
plane and a Lorentzian surface of constant sectional curvature

KN = I{ﬁ2.

Consequently, they are para-Kihler and opposite para-Kéhler and they correspond to the metrics
in Theorem 3.1-(i.d).

3.11 Para-Kahler structuresont, | _;

Let {e1, €2, €3, €4} be a basis of the Lie algebra t, _; _; determined by

[617 64] = —é€1, [627 64] = €9, [637 64] = €3.

This Lie algebra corresponds to the semi-direct extension Rey x, R? given by

p=ad(es): p(e1) =e€1, plea) = —e2, (e3) = —es.
Any symplectic structure on ty _; _; is of the form

w = ap2e? + aze’ + ange! + ane® + age®,  arzans — anpasy £ 0,
and all of them are symplectomorphically equivalent to {2 = e!'2 + ¢34 through an automorphism
of t4 _1,_1, which are given by

211 0 0 214

0 200 223 2m
o = with 211(222233 — 223232) % 0.
0 232 233 234

0O 0 0 1
Moreover, the automorphisms preserving the symplectic structure (v, _; _1,2) are the ones

above with 203 = 294 = 0, 233 = 1, 230 = 214290 and 299217 = 1. The associated para-Kéhler
structures split into two cases depending on whether ay3 # 0 or ay3 = 0 as follows.
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Para-Kihler and opposite para-Kihler structureson v, | _;

Straightforward calculations as in the previous sections show that any para-Kihler structure with
as3 7 0 1is equivalent to

1
Jiep = —e1,  Jieg =ea, Jie3 =rey, Jieg= = €35
(Jla <'7 >1) :

(v =2e'oe’ +rePoe® —Letoet, K#0,

sothatvy 11 =£, @ L] = span{%eg + ey, €2} @ span{ey, eq — %63}.
It is not difficult to check that these structures are locally symmetric and their Ricci operators
are diagonalizable
Ric; = diag[0, 0, , K.

Therefore, the underlying pseudo-Riemannian structures split locally as a product .2 x N of a
Lorentzian surface N of constant Gaussian curvature Ky = x and the Minkowskian plane. As
a consequence, they also admit opposite para-Kihler structures. These structures correspond to
those in Theorem 3.1-(i.d).

Ricci-flat para-Kihler structureson vy _;

Assuming that a,3 = 0, the para-Kéhler structures on (v4 1 _1,(2) are equivalent to one of the
following families, which correspond to different geometric situations.

Joey = —ey, Jaeg = —kep + e, Joes =e3,  Joey = —eu,

(J27<'7'>2>
(Vg =re2oe?+2(etoe? —ePoet), k=0,+l,

sothatty ;1 = £, ® L) = span{es, eo — Sei} @ span{eq, e},

Jser = —e1 + ke,  Jzea = ez, Jzeg = —e3,  Jzeq = ey,
(J3, (-5 )3) -
(,)3=reloel +2(ctoe? +e3oet), k=0,+l,
so that the Lie algebra decomposes as

1,1 = £3 @ £ = span{es, e4} @ span{es, ez — %61} (k #0)

= span{ey, e4} @ span{es, e;} (k =0),

or
Jier = keg + ey, Jueg =e3,  Jiez3 = €3, Jyey = e — ke,
(Ja, {5 )a) :
(v )a=r(etoe +etoet)+2(eloe® —e?oe?), kER,
so that (ts,_; 1, 2) decomposes as direct sums of Lagrangian subalgebras

ty 11 =L, L, =span{es + e3,e1 + €4 + kea} D span{es — e, €4 — €1 + Kea ).



3.12 Para-Kihler structures on ty _, o 87

The structures (Js, (-, -)2) are flat if x = 0. Otherwise, they are Ricci-flat and locally sym-
metric, thus locally modelled on (3.1) with ¥ (2!, 2?) = +(2?)2. Moreover, these structures ad-
mit opposite almost para-Kéhler structures compatible with the opposite symplectic two-forms
O, = e'2 — e + pe?* with € R. These structures correspond to Theorem 3.1-(i.a).

The structures (Js, (-, -)3) are flat if x = 0 and Ricci-flat otherwise. They are special recurrent
with recurrence one-form &3 = —4e* and curvature operator determined by

Ra(e' Net) = —3ke® Ae® = Ry(er, ey, e1,e4)e” A€’

Therefore, these structures are simply harmonic and locally modelled on (3.1), and their curva-
ture tensor is semi-symmetric. Furthermore, they admit opposite almost para-Kéhler structures
compatible with the opposite symplectic two-forms

Oy =e'? — e+ pe't, pekR

These structures also have an associated one-parameter family of hypersymplectic structures
(Js, Js, (-, -)3) given by the Kihler structures

5 1 1 5
Jser = —e3 — seq,  Jsea = —des, Jsez = zep,  Jseq = dep — Fe,

so that Js.JJ3 = —J3Js for any d # 0 (see Remark 3.4 and [5] for more information).
Finally, the structures (Jy, (-, -)4) are flat if & = 0. Otherwise, they are Ricci-flat and special
recurrent with recurrence one-form £, = —4e* and curvature operators given by

Ru(e' Net) = —3ke* Ae® = Ryler, eq,e1,e4)e” A e’

Therefore, they are simply harmonic and locally modelled on (3.1), so their curvature tensors
are semi-symmetric. Moreover, these structures admit opposite almost para-Kéhler structures
compatible with the opposite symplectic two-forms

Qy=eB re +puett, peR.

The structures (Js, (-, -)3) and (Jy, (-, -)4) are covered by Theorem 3.6.

3.12 Para-Kahler structuresontv,
Let {e1, €2, €3, ¢4} be a basis of the Lie algebra v _, , determined by
[61,64] = —€q, [62764] = ey, [63764] = —aQes,

where 0 < a < 1. According to [6], this Lie algebra corresponds to the semi-direct extension
Rey X, R? given by

Y= ad(€4)1 90(61) = €1, 90(62) = —aQey, 90(63) = Qe3.
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The symplectic forms on vy _, ., are given by

34
’

14 23 24
W = (14€ + Qig3€ + g€ + Q34€ 140023 7é 0,

and all of them are symplectomorphically equivalent to 2 = e!'* + ¢?* through a Lie algebra
automorphism of the form

D = 3 with 21179227233 — 0.

0 0 0 1

Moreover, the automorphisms preserving the symplectic structure (ty _, q,2) are given by ®
above with z1; = 1, 294 = 234 = 0 and 233295 = 1. The different classes of para-Kéhler structures
on this Lie algebra arise from the cases a4; # 0 and a4; = 0, which we study separately in what
follows.

Para-Kihler and opposite para-Kihler structureson v,

Straightforward calculations as in the previous sections show that any para-Kéhler structure with
as1 # 0 is equivalent to

_ _ _ _ 1
Jiey = key,  Jieg = —ey, Jieg=e3, Jieg = < €1,

(Ji, (- )1) -
(.1 =retoet —Lletoet 4206, K #N0,
which induces the decompositions
a0 = £1 ® L) = span{es, 4 + Lei} ® spanfes, e — 61}

of t4 _, o as direct sums of Lagrangian subalgebras. These structures are locally symmetric and
their Ricci operators are diagonalizable

Ricy = diag[0, 0, , K.

Therefore, the underlying manifolds split locally as products .2 x N of a Lorentzian surface N
of constant Gaussian curvature Ky = « and the Minkowskian plane. Consequently, they also
admit opposite para-Kihler structures and are covered by Theorem 3.1-(i.d).

Ricci-flat para-Kihler structures

Assuming that a4; = 0, the corresponding para-Kihler structures are equivalent to one of the
following two families of para-Kihler structures.

Joer = —eq, Joeg = —eq + kes,  Joes =e3,  Joey = ey,
(JQa <'a >2) :

(,)o=re2oe? +2(eloet +e20e®), Kk=0,%£1,
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which induces the Lagrangian decompositions
U —an = L2 @ Ly = span{es, es} @ span{er, ez — 2ea} (K # 0)

= span{es, e} @ span{ey, es} (k=0),
or
Jser =e1,  Jsep = —ey,  Jzez = —kex +e3,  Jzea = —ey,

(J37 <'7 >3) :

(,)3=redoed+2(e?0ed —eloe?), k=01,

sothatty o, = £3® £ = spanfe;, es — Sea} @ span{es, eq}.

The structures (.Js, (-, -)2) are flat if &k = 0, while structures (J3, (-, -)3) are flat if either x = 0
or o = % Otherwise, all the structures above are Ricci-flat and special recurrent with recurrence
one-forms given by & = 2(1 + a)e and &3 = 2(1 — «)e?, respectively, and curvature operators
determined by

Rao(e? Aet) = a(l + 2a)ke! A e3 = Ry(eq, €4, €4, e3)et A€,

Rz(e3 Aet) = a(l — 2a)ke! Ae? = Rs(es, eq, e3,e4)e! A e

Therefore, they are simply harmonic and locally modelled on (3.1), so their curvature tensor
is semi-symmetric. Furthermore, these structures admit opposite almost para-Kéhler structures
compatible with the opposite symplectic forms given by

! 14 23 24 ! 14 23 34
Qy=e"—e” +pue”, Qy=e" —e + pue”,

where ;1 € R. All these structures are covered by Theorem 3.6.

3.13 Para-Kibhler structures on b,

Let b, be the Lie algebra generated by {e;, €2, €3, €4}, so that

le1,e0) = e3, [e1,e4] = —%61, €2, €4] = —€1 — %62, [e3, e4] = —e3.

According to [6], this Lie algebra corresponds to the semi-direct extension Rey x, H? given by

p=ad(es): @ler) =ge1, plea) =er+ges, ples) = es.
The symplectic structures on b4, which are given by

12 634)

14 24
w = (e + oge” + age™,  aga #0,

are equivalent to 2, = ¢(e!? — €34), ¢ = &1, through a Lie algebra automorphism

222 212 0 2
O 299 O 294

P = 9 with 299 7é 0.
2299204 2(212 + 2222)224 — 2214292 299 R34

0 0 0 1
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Moreover, the Lie algebra automorphisms preserving the symplectic structure (b, €).) are given
by ® above with 254 = 214 = 0 and 295 = 41. Now, it is easy to see that any para-Kihler
structure on (hy, €2.) is equivalent to

Jei = —ce, Jey=cey, Jeg=ce3, Jeyz= —cey,
(‘]v <7>)
(,)=2(etoe?+eoet), e ==+1,

which correspond to the Lagrangian decomposition
by =L@ £ = span{es, ez} © span{ey, eq}.

A straightforward calculation shows that the structures (J, (-,-)) are Ricci-flat with recurrent
curvature. The recurrence one-form is given by ¢ = e* and their curvature operator is determined
by
R(e*Net) = —e' NeP = R(ey, eq, €9, e4)e! A €.

As a consequence, (hy, J, (-, -)) are simply harmonic manifolds with special recurrent curvature
and locally modelled on (3.1) whose curvature tensor is semi-symmetric and so they are covered
by Theorem 3.6. A straightforward calculation shows that the structures (fy4,J, (-,-)) do not
admit any opposite almost para-Kéhler structures.

Remark 3.10. These structures, together with the structures (.Ji3, (-, )13) on (941, €2;) given in
Section 3.14.1, (Jy;, (-, -)1:), ¢ = 2,3, on (042, €2;) given in Section 3.17.1, and (Js2, (-, -)32) on
(04,2, Q23) given in Section 3.17.3, are the only Ricci-flat para-Kihler structures that do not admit
any left-invariant opposite almost para-Kihler structures.

3.14 Para-Kihler structures on 0, ;

Let 04, be the Lie algebra generated by {ey, €2, €3, €4} so that
le1,e0] = €3, [e1,eq] = —e€1, es,eq] = —es.
According to [6], this Lie algebra corresponds to the semi-direct extension Rey x, H? given by
p=ad(es): pler) =e1, @le2) =0, ¢(es) =es.
The symplectic structures on 04 ; are given by
w = agp(e? — ) + ape' + age®, ap £0.

All these two-forms are symplectomorphycally equivalent to either ; = e'? — ¢34 or Qy =
12

e'? — €3 + ¢** through an automorphisms of 94 1, which are given by
211 0 0 214
0 299 0 0

= s with 211722 7é 0.

231 TR14R22 R11R22 R34
0 0 0 1
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Besides, the automorphisms ®; that preserve each symplectic structure (41,€2;), ¢ = 1,2, are
determined by the conditions

(I)l L 231 = O, 299211 = 1 and (I)Q 231 = 0, 299 = 1, Z11 = 1.

We study the two symplectic structures separately.

3.14.1 Para-Kiihler structures on (9,1, ()

There are three distinct situations that give rise to different geometries.

Para-Kihler structures of non-zero constant para-holomorphic sectional curvature

Assume that ay3 # 0. Then necessarily as3 = 0 and a straightforward calculation shows that any
para-Kéhler structure is equivalent to

1
Juer = —ey, Juey=ey, Jue3=—res, Jnes= —€3,

(Jir, (5 )11) ,

()1 =2etoe® +rePoed —Letoet, K #£0,

so that 94 ; splits as direct sums of Lagrangian subalgebras as

1 1
041 = L1 @ LY, =spanfes, eq — ;63} @ span{ey, g + Eeg}.

A straightforward calculation shows that the structures (J11, (-, -)11) have constant para-holomor-
phic sectional curvature H; = k, thus corresponding to those given by Theorem 3.1-(i.b).

Locally symmetric Ricci-flat para-Kihler structures

Set ay3 = 0, ass = 0. Then, any para-Kihler structure is equivalent to one of the following two
families.

Jiger = —eyq, Jigea = —K ey + eq, Jigez = e3, Jiaey = —ey,

(J12,<'>'>12) : )
(Ve =retoer+2(loe?+e30et), Kk=0,%+1,

Jize1 = e1 + K ey, Jizea = —eq, Jizez = e3, Jizeq = —ey,
(J13> <'> >13) :
(,Yi3=reloel —2(etoe? —edoet), k=0 =%1.
These structures induce the Lagrangian decompositions
041 = £12 ® £, = span{es, ez — Sei} @ spanfer, es}
= £15@ L5 = span{es, es + %61} @ span{eg, e4} (K #0)

= £15@ L5 = span{ey, e3} @ span{es, e} (k= 0).
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The structures (Ji2, (-, -)12) are all flat, while the structures (Jy3, (-, )13) are flat if and only if
r = 0. Otherwise, they are locally symmetric and Ricci-flat and so they correspond to those in
Theorem 3.1-(i). As a consequence, their underlying pseudo-Riemannian structures are modelled
on (3.1) with ¥(z!, z?) = £ (%)

Finally, (041, Ji3, (-, -)13) do not admit any invariant opposite almost para-Kéhler structures
(see Remark 3.10).

Locally symmetric para-Kéhler structures with nilpotent Ricci operator

Setting a43 = 0 and a3 # 0, it is non difficult to see that any para-Kihler structure is equivalent
to

Juser = ke — ey, Juea = e3, Juaez = g, Jiaey = —€1 + Kes,
(J147 <'7 '>14) :
(v )uu=r(etoel +etoet) +2(eloe® +e?oe?), KeER,
which correspond to the Lagrangian decompositions of 04 ;
L4 @ LY, = spanf{es + e3,e4 — €1 — Kea} B span{es — ez, €4 + €1 — Kea}.
The structures (.Ji4, (-, -)14) are locally symmetric and have two-step nilpotent Ricci operators.
Furthermore, the metrics (-, -)14 are locally conformally flat if and only if x = 0. In any other

case, their anti-self-dual Weyl curvature operators are two-step nilpotent, and so this structures
correspond to those in Theorem 3.1-(ii.b).

3.14.2 Para-Kiihler structures on (9,1, 2)

Direct calculations show that all the para-Kéhler structures are flat in this case and they are
equivalent to the structures

Jarer = —eyq, Jorea = —key + eg, Jajes = e3, Jajeq = —ey,
(J21, (5 )21)

(,)o1 = keloe? +2(e'oe* —e*oet +edoet), KER,
which correspond to the Lagrangian decompositions

041 = L1 @ L)) = span{es, e; — Sei} @ span{eq, eq}.

3.15 Para-Kihler structures on 0, !
Letd, 1 be the Lie algebra generated by {e1, €2, e3, €4} so that

[er, e2] = €3, [er, ea] = _%61’ [ea, €4] = _%627 [es, 4] = —es,
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whose automorphisms correspond to

2z zi2 0z
231 = 2(211224 - 214221),

291 222 0 2m ith
,  wit 239 = 2(212224 — 2142922),

o =
231 X322 233 X34

233 = Z11%99 — 2122 0.
0 0 0 1 33 11722 12221 F#

According to [6], this Lie algebra corresponds to the semi-direct extension Rey x, H? given by

p=ad(es): ler) =1er, p(e2) =3e2, @l(es) =es.

All the symplectic forms on 0 4,1 are given by
w = 0612(612 — 634) + 0414614 + 0424624, (3% # 0,

so they are symplectomorphically equivalent to 2 = e!2 — €3 (see [115]). To give a description
of the para-Kihler structures on this Lie algebra, we make use of the Lie algebra automorphisms
that preserve €2, i.e., those which satisfy

211222 — 212221 = 1, Z1azo1 — 211224 = 0, 214292 — 212224 = 0.

Now, the description of para-Kéhler structures depends on whether or not as3 = 0.

Para-Kihler structures of non-zero constant para-holomorphic sectional
curvature

If a43 # 0, then any para-Kaihler structures is equivalent to

1
Jiep = —e1,  Jieg = ey, Jie3 = —keyq,  Jieq = — €3
(J1, {5 01) )
()1 =2e'oe?+rePoed —Letoet, K #0,
which corresponds to the Lagrangian decompositions

0,1 = £, @ £} = span{ey, eq — %63} @ span{e;, eq + %63}.

The para-holomorphic sectional curvatures of these structures are constant ; = &, so they
correspond to those given in Theorem 3.1-(i.b)

Flat para-Kahler structures

If ay3 = 0, then the corresponding para-Kéhler structures are flat and equivalent to
Joer = e1, Jaea = —eq,  Jaez =e3, Jaeq = —ey,
<J27 <'7 >2> :

(,)y =2(—etoe? +e3oel),

sothat 9,1 = £, & £ = span{es, e1} @ span{ey, e2}.
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3.16 Para-Kihler structures on 0, )

Let 04, be the Lie algebra generated by {e;, e, €3, €4} so that
[61762] = €3, [61764] = _)\617 [625 64] = (A - 1)627 [637 64] = —é€s,

for A > % A # 1,2. This Lie algebra is equivalent to the semi-direct extension Rey X, H? given
by
p=ad(es):  pler) = Aer, plez) = (1—Aea,  p(es) = es.

The automorphisms of the Lie algebra are given by

211 0 0 214
0 299 0 294
b = with 211722 7é 0.
Z11Z24 222214, o o
1\ \ 11#22 34
0 0 0 1

Thus, any symplectic form on 04 5, which are

12 34 14 24
w = 0412(6 —e ) +ape” +ane™, o # 0,

is symplectomorphically equivalent to Q2 = e'? — ¢34 (see [115]). Now, the Lie algebra automor-

phisms preserving () are given by ® with 294 = 214 = 0 and 295271 = 1.
The description of the para-Kéhler structures depends on whether the component a43 vanishes
or not.

Para-Kihler structures of non-zero constant para-holomorphic sectional
curvature

If a3 # 0, the para-Kéhler structures on (94, €2) are equivalent to

1
Jiep = —e1,  Jieg =ea,  Jieg = —rey,  Jieg = —_es,
(J17<'7'>1> : 1
()1 =2e'oe?+rePoe® — Letoe!, K #O.
These structures induce the Lagrangian decompositions

04 = £ @ L] =span{es, €4 — %63} @ span{ey, eq + %63}.

A straightforward calculation shows that their para-holomorphic sectional curvatures are constant
H, = &, so these metrics correspond to those given in Theorem 3.1-(i.b).
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Ricci-flat para-Kihler structures

If ay3 = 0, then the resulting para-Kéhler structures are Ricci-flat equivalent to one of the families

Joey = —e1, Joea = —Kep + ey, Jaeg =e3, Joes = —ey,

(J27 <'7 >2) :

(,)e=2('oe?+etoe!)+retoe?, k=01,

Jzer = e+ Key, Jzea = —eo, Jzeg =e3,  Jzey = —ey,
(‘]37 <’7 >3> :
(-,)3 = keloel — 2(61 oe?—e3o e4)’ k=0,+1.

These structures induce the Lagrangian decompositions

04 = £ @ L) = span{es, e2 — Se1} @ spanfer, eq}
= L3 @ £} = span{es, es + %el} @ spanfeq,ea} (K #0)
= L3 @ £} = span{es, e1} @ span{eq, e} (k =0).

Both structures above are flat if and only if x = 0. Otherwise, they have recurrent curva-
ture with recurrence one-forms & = 2\e? and & = 2(1 — \)e?, respectively. Moreover, their
curvature operators acting on the space of two-forms are given by

Rao(e? Aet) = —k(202 — 3\ + 1)e! A e® = Ry(eq, eq, €2,64)e! NP,
Ra(el Aet) = kA2X — 1)e? A e® = Rs(eq, eq, e4,61)€% A €3,

respectively. Consequently, the corresponding manifolds are simply harmonic with special recur-
rent curvature tensor, thus locally isometric to a metric given by (3.1) and their curvature tensors
are semi-symmetric. Furthermore, neither (J, (-, -)2) nor (Js, (-, -)3) admit any opposite almost
para-Kihler structure. These structures are thus covered by Theorem 3.6.

3.17 Para-Kihler structures on 0,

Let 045 be the Lie algebra generated by {ey, es, €3, ¢4} with Lie brackets

le1,e2] = €3, [er,ea] = —2e1,  ea,eq] = €2, ez, e4] = —e3,
which, according to [6], corresponds to the semi-direct extension Re, X, H? given by
p=ad(es): p(e1) =2e1, p(e2) =—ea, @(es) =es.
The symplectic forms on 047 are of the given by

12 34 14 23 24 2
w=ap(e” —e") taue” +age™ +ane”,  ajy — agas # 0.
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Any such form is symplectomorphically equivalent to
O, = e'2 — 634, Q, = el _'_6237 or Qg =el— 6237

through a Lie algebra automorphism given by (see [115])

211 0 0 214
0 z 0 z
P = = # with 21120 # 0. (3.2)
—211224 —EE zZnzor 2y
0 0 0 1

The geometric situation is different for each €2;, so we consider the three possibilities separately.

3.17.1 Para-Kibhler structures on (94, ))

The Lie algebra automorphisms preserving the symplectic structure (942, £21) with 2, = el?2—e3t

are the ones given by ® above with z14 = 294 = 0 and 295217 = 1. Now, we consider the cases
ay3 # 0 and ay3 = 0, which give rise to different geometries as follows.

Para-Kiihler structures of non-zero constant para-holomorphic sectional curvature

If a3 # 0, then any para-Kéhler structure is equivalent to

1
Juer = —ey, Juea = ez, Jiie3 = —keyq, Jiieg = — €3

(Jirs 5 )1n)

()11 =2eloe?+reSoe® —Letoet, K #£0,

so that 9,5 = £11 & £}, = span{es, e — %63} @ span{ey, eq + %63}.
A straightforward calculation shows that all these structures have constant para-holomorphic
sectional curvature H;; = &, and so they correspond to those in Theorem 3.1-(i.b).

Ricci-flat para-Kéhler structures

Assuming that a43 = 0, the corresponding para-Kihler structures on (942, §2;) are equivalent
either to

Jize1 = —e1 + Kez, Jigea = €3, Jisez = —e3, Jiaey = ey,
(Jr2, {5 +)12)
(-, )12 =reloel +2(etoe? —edoet), k=041,
which induce the Lagrangian decompositions

V0 = L£12 @ £, = span{ey, es} @ span{es, es — %61} (k #0)

= span{es, 4} @ span{ey, e3} (k =0),
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or to

Jizer = —eq, Jigea = —rey + eq, Jizez = e3, Jizseq = —ey,

(J13, (-, *)13)
(. )3 =re?oe?+2(etoe? +edoet), k=021,

where 045 = £13 @ £]3 = span{e; — §ey, es} © span{ey, e4}.

The structures (Ji2, (-, -)12) and (Jis, (-, -)13) are flat if K = 0. Otherwise, they are Ricci-
flat and recurrent, with recurrence one-forms &5 = —2¢* and &3 = 4e?, respectively. Their
corresponding curvature operators are given by

Ris(e! Aet) = 6re? A e3 = Rip(er, ey, e4,€1)e A €3,

Riz(e? Aet) = —3ke! A e = Ryz(e, eq,e9,e4)ed A €3

Therefore, these two families are simply harmonic and special recurrent, locally modelled by
(3.1). Consequently, their curvature tensors are semi-symmetric and so they are covered by
Theorem 3.6. None of these structures admits any opposite almost para-Kihler structures (see
Remark 3.10).

Besides, the structures (Ji3, (-, -)13) have an associated one-parameter family of hypersym-
plectic structures (J3, Js, (-, -)13) which are given by the Kihler structures

Jser = se3, Jsea = fhes +0eq, Jses = —der, Jyes = 5(5er —ea),

so that Js.J;3 = —J13J5, for any 0 # 0 (see Remark 3.4 and [5] for information).

3.17.2 Para-Kihler structures on (9,4, (1)

The Lie algebra automorphisms that preserve the symplectic structure (942, (22), where Qy =
el + €23, are the ones given by ® in (3.2) with 204 = 234 = 0, z;; = 1 and 295 = £1. Any
para-Kihler structure on this Lie algebra satisfies as; = 0 and different situations may occur
depending on whether as3 = 0 or as3 # 0. We study each case separately.

Flat para-Kihler structures

Assuming that ass = 0 and a4y = 0, straightforward calculations show that any para-Kéhler
structure is equivalent to the flat structure

J2161 = €1, J21€2 = —eé9, J21€3 = e3, J2164 = —ey,
<J217 <'7 ‘>21) .
()1 =2(e?0e’ —eloeh),

so that 9,5 = £91 & £, = span{ey, e3} & span{es, e4}.
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Para-Kihler structures which are not semi-symmetric

Assuming that ass = 0 and a4y # 0, straightforward calculations as in the previous sections
show that the para-Kihler structures on this Lie algebra are equivalent to

Jase1 = e + Key, Jagey = —ea, Jases = e3, Joes = —ey,

(Jag, (5 )22)

(-, )90 = kel oel +2(e20e® —eloe?), K #0,
which induce the Lagrangian decomposition
Va2 = L2 ® L9y = span{es, e5 + 2e1} @ span{ey, e4}.
The Ricci operators of these structures are diagonalizable
Ricgy = diagl0, 0,4k, 4k,

and their self-dual and anti-self-dual Weyl curvature operators have the same eigenvalues. More-

over, the anti-self-dual Weyl curvature operator W'~ has a double root of its minimal polynomial.

Besides, their curvature tensor is not semi-symmetric, so it does not correspond to the curvature

of any symmetric space. These structures correspond to those given in Theorem 3.7-(ii.a).
Assuming that ay3 # 0, the para-Kéhler structures are equivalent to

_ Kk — 1 _ __ 2
Jozer = 264, Jozes = — €3 Jozes = —Kea, Jazey = = €1

(Jaz, (-5 )23)

_ k1 1 1.2 2 3 3 2.4 4
<-,->23—§€ oe  —-e“oe + ke oe’ — e oe, H#O,

so that
040 = Lo3 @ L3 = span{es — ke, €4 + %el} @ span{es + Keg, €4 — %el}.
The Ricci operators of these structures are diagonalizable
Riceg = diagl0, 0, 3k, 3k,

and their self-dual and anti-self-dual Weyl curvature operators are diagonalizable with opposite
eigenvalues. Furthermore, their curvature tensor is not semi-symmetric. These structures corres-
pond to those given in Theorem 3.7-(ii.b).

Remark 3.11. Let ()o; be the almost product structures associated to the Ricci operators Ricy;,
for i = 2,3, so that ()3; = —1d on ker Ricy; and ()5; = 1d on the orthogonal distribution
corresponding to eigenspace of the non-zero Ricci curvature. These give opposite almost para-
complex structures defined by

b = J2iQ2i, 1=2,3.

A straightforward calculation now shows that J;, are opposite almost para-Kihler structures
commuting with J5; that have associated symplectic forms

éz(way) = <J§Z$,y>zz = Qg, = 2, 3.
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3.17.3 Para-Kiihler structures on (9,2, ()3)

The symplectic structure (49, (23) given by Q3 = €' — 3 is preserved by the automorphisms ®

in (3.2) with 294 = 234 = 0, 217 = 1 and 299 = £1. Considering the action of the automorphisms
which preserve the symplectic structure, the different possibilities arise from the following cases.

Case 1. ag; = asz = aq1 = 0, age # 0, in which case one may assume azs = 0.
Case 2. as; = 93 = a1 = Q99 = 0.

Case 3. ag; = ag3 = 0, a4; # 0, in which case one may assume a;; = 0.

Case 4. ag; = 0, as3 # 0, in which case one may assume ao = 0.

Case 5. ag; # 0, in which case one may assume a3 = 0.

We will study all these situations separately.

Flat para-Kihler structures

Assuming that as; = as3 = aq; = 0 and ags # 0 as in Case 1, if ag; = 0 then the corresponding
para-Kihler structures are equivalent to the flat para-Kéhler structure given by

Jaier = —e1, Jyiea = ey, Jzies = —e3,  Jzieq = ey,

(J31, (5 +)s1)
(-, )31 =2(etoet +e?oed),
which induces the Lagrangian decomposition
040 = L31 @ L5, = span{es, e} @ span{ey, es}.
The case where a3; # 0 will be considered bellow, since it gives rise to a different geometric
situation.

Ricci-flat para-Kihler structures

Assuming that ao; = as3 = a41 = age = 0 as in Case 2, the corresponding para-Kéhler structures
are equivalent to the structures (.Jso, (-, -)32) given by

Jape1 = —e3, Jaea = —Kez + ey, Jpez = —ey, Jpes = —key + e,
()32 =k(e?oe*+etoe?) +2(eloe? +e*oe?), KkER,
which correspond to the Lagrangian decomposition of 04 o as
L30 B L4, = span{es — ey, e4 + €3 — ke @ span{es + e1,e4 — €3 + Key |

These structures are flat if x = (0. Otherwise, they are Ricci-flat and special recurrent with
recurrence one-forms &35 = 4e? and curvature operators

Raa(e? N e?) = —3re! Ae® = Rag(eg, eq, €, e4)et A e

Consequently, the underlying structures are locally modelled on (3.1) and thus their curvature
tensor is semi-symmetric and these structures are covered by Theorem 3.6. Finally, these struc-
tures do not admit opposite almost para-Kihler structures (see Remark 3.10).



100 3 Four-dimensional Kéhler and para-Kihler Lie groups

Para-Kiihler structures with diagonalizable Ricci operator which are not semi-symmetric

Assuming that as; = a3 = 0 and a4y # 0 as in Case 3, the para-Kihler structures are equivalent
to

J3ze1 = —eq + Keq, Jyzea = eg, Jazes = —es3, Jzzeq = ey,
(J33, (', '>33) :
(,-)33 =keloel +2(etoet +e%o0ed), kK #N0,

so that

040 = £33 @ L4, = span{es, 4} @ span{es, e, — %61}.

Their Ricci operators are diagonalizable with eigenvalues {4k, 4k, 0,0} and their self-dual and
anti-self-dual Weyl curvature operators have the same eigenvalues. Moreover, W~ has a dou-
ble root of its minimal polynomial, and the curvature tensors are not semi-symmetric. These
structures correspond to those in Theorem 3.7-(ii.a).

The assumption that ay; = 0 and ass # 0 as in Case 4 leads to para-Kihler structures
equivalent to

fi]

1 _ _ 2
Jzae1 = 5 €4, Jza€e2 = — .63, Jzae3 = —Keg, Jyeq = = €1,
(J34, <', '>34) :

okl 11,22 3.3 2.4, .4
(,)sa=5eloe! + ~e?oe? —keloe’ —Zetoe!, KA,

which correspond to the Lagrangian decompositions
040 = L34 @ L5, = span{es + %61, es — Keg} @ span{ey — %el, es + Kegt.

Their Ricci operators are diagonalizable with eigenvalues {3k, 3k, 0,0} and their self-dual and
the anti-self-dual Weyl curvature operators are diagonalizable with opposite eigenvalues. More-
over, the curvature tensor is not semi-symmetric and these structures correspond to those in
Theorem 3.7-(ii.b).

Remark 3.12. Let (Q3; be the almost product structures associated to the Ricci operators Ricg;,
for ¢ = 2,3, so that (J3; = — Id on ker Rics; and Q3; = Id on the orthogonal distribution cor-
responding to the eigenspace of the non-zero Ricci curvature. These determine opposite almost
para-complex structures defined by

éi - J3iQ3i7 1= 273

A straightforward calculation now shows that Ji, are opposite almost para-Kihler structures
commuting with .J3; that have associated symplectic forms

éz(ﬂv,y) = <J§Z$,y>3z = QQ, 1= 3,4
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Para-Kiihler structures which are not semi-symmetric with non-diagonalizable Ricci oper-
ator

Assuming that as; = a3 = a4y = 0 and ass # 0 as in Case 1, if a3; # 0, the para-Kihler
structures on this Lie algebra are equivalent to the structures (.Js3, (-, -)35) given by

J3se1 = —ey — 2e3, Jzzea = 2eq — ey — Kes, Jizez = e3, J3seq = ey,
(,)35 = ke*oe? +2(etoet +2el oe? —e?0e?), Kk ER,
which induce the Lagrangian decompositions
V42 = £35 ® L4 = spanfes, eq} @ spanfes — ez + Seq, €5+ e}

Their Ricci operators are two-step nilpotent and their curvature tensors are not semi-symmetric.
Moreover, their anti-self-dual Weyl curvature operator is three-step nilpotent and these structures
correspond to those in Theorem 3.7-(i).

Finally, if as; # 0 as in Case 5, then the para-Kihler structures are equivalent to the structures

(36, (-, *)36) given by

Jase1 = —e1 + k(ea + e4), Jsgea = €2, Jsges = k(ea +eq) — e3, Jageq = ey,
<., '>36 = ,i(el oel+e3o0ed+2elo 63) + 2(61 oet+e2o 63), K 75 0,

so that
V40 = L36 ® L4 = span{es, es} B span{e; — %61 +eq,e3 — €1}

The Ricci operators of these structures have a single eigenvalue %/ﬁ # (0 which is a double root of
their minimal polynomials, and their anti-self-dual Weyl curvature operators are three-step nilpo-
tent. Besides, their curvature tensors are not semi-symmetric and these structures correspond to
those in Theorem 3.7-(i). Since their anti-self-dual Weyl curvature operators are three-step nilpo-
tent the structures above do not admit any opposite almost para-Kéhler structure commuting with
the Ricci operator [45].

3.18 Kiihler Lie algebras

Kihler Lie algebras were classified by Ovando in [116] and the geometry of the corresponding
structures, similar though it may be to that of para-Kéhler Lie algebras, is more rigid, allowing
less possibilities. The symmetric case is essentially the same, but there are no left-invariant
locally symmetric Ricci-flat Kidhlerian structures in contrast with Theorem 3.1-(1.a).

Theorem 3.13. Let (G, (-, ), J) be a non-flat locally symmetric four-dimensional indefinite Kdih-
ler Lie group. Then, it corresponds to one of the following situations.

(1) Its Ricci operator is diagonalizable and one of the following holds:
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(1.a) Its holomorphic sectional curvature is a non-zero constant.
(1.b) Its metric is Einstein with non-zero scalar curvature.

(1.c) The underlying manifold is locally a product of two surfaces of constant Gaussian
curvature.

(2) Its Ricci operator is non-diagonalizable and one of the following holds:

(2.a) Its Ricci operator has complex eigenvalues.

(2.b) Its Ricci operator is two-step nilpotent.

Following Ovando’s classification, the structures in Assertion (/.a) correspond to the Kéhler
structures on the Lie groups determined by 0, 1 and 0} 5, where § > 0.
The Kihler structures in Assertion (1.b) correspond to the metrics

<.,.>:a(eloel—62062+€3063—64O€4)

13 24).

on t, with symplectic form Q = a(e' — e
The Kéhler structures which admit an opposite Kihler structure as in Assertion (/.c) corre-
spond to the Kéhler structures on tt3 g, v o ; for § > 0, and the structures on toty given by the
metrics
(,Yy=aletoe! +e*oe?) +b(e*oe® + et oet)
with the symplectic form Q = ae'? + be34, for ab < 0.
The Kihler structures in Assertion (2.a) correspond to the metrics

(,)y=aletoe —e?oe*+eoe® —etoet) +2b(et 0oe? +ePoe?)

on t, with the symplectic form Q = a(e!? — **) + b(elt + €23), for b # 0.
Assertion (2.b) corresponds to the Kéhler structures on 0 ;.

Remark 3.14. The metrics corresponding to Assertions (/.b) and (2.a) are linked by anti-Kihler
structures, so that they have the same Levi-Civita connection as in the para-Kihler case.

Moreover, amongst the structures above there are locally conformally flat Kihler Lie groups
as stated in the following result.

Corollary 3.15. Let (M, g, J) be a locally conformally flat four-dimensional indefinite Kdiihler
manifold. Then, it is flat or it is locally isometric to the Kdhler Lie group determined by one of
the following:

(1) The Lie algebra voty with the metrics (-,-) = a(e! oe! + e o0e? —e*o0e® — et oet) and
the symplectic structure Q) = a(e'? — 31),

(2) The Lie algebra ¢, with the metrics (-, -) = 2b(e* oe? +e3oet) and the symplectic structure
Q= b(eM + e23).

(3) The Lie algebra 041 with the metrics (-,-) = 2a(e* o e* — €' o €3) and the symplectic

structure Q) = a(e'? — 31),
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Finally, the non-symmetric case is significantly simpler than its para-Kihler counterpart since
the existence of Kéhler and opposite almost Kihler structures is much more rigid than the corre-
sponding para-Kéhler analogue (see [44,72]).

Theorem 3.16. Let (G, (-,-),) be a non-symmetric four-dimensional indefinite Kchler Lie
group. Then, one of the following holds.

(1) (G,(-,-)) is semi-symmetric if and only if its Ricci operator vanishes, in which case its
curvature tensor is special recurrent and the metric is simply harmonic.

(2) (G, () is not semi-symmetric if and only if it corresponds to the 3-symmetric space
determined by the Kdhler metrics

() =ua(le'oe' +2e* oe!) +b(e*0e® + €’ 0
on 0.2 with the symplectic form Q = ae* + be®, for ab < 0.
Assertion (1) corresponds to the metrics
()= —c(etoel +e?0e?) —2a(e' oe? +e?oe) +2b(e' oe® —e?oe?)

on t), with the symplectic form Q = ce'? + a(e® — €2*) + b(e! + e?3), where c(a® + b?) # 0,
the metrics

()= —c(etoel +e*oe?) +2b(e' oe? —e*oet) —2a(et oe® + 2o e?)

onty _;_; with symplectic the form Q = a(e'? +e**) +b(e'® — e*) +ce'*, where c(a®+b%) # 0,
and the metrics
() =be*oe* +etoe!)+2a(e' oe® +e*oe?)

on 9, 5 with the symplectic form Q = be?! + a(e? + €2), for a # 0.






Part 11

Solitons associated to geometric flows
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In this part, we will devote ourselves to the study of solitons associated to two particular
geometric flows: the Ricci flow and the Bach flow. In Chapter 4 we will give a complete de-
scription of four-dimensional Lorentzian left-invariant Ricci solitons and in Chapter 5 we will
introduce a general technique to approach the classification of algebraic solitons and give a com-
plete classification of four-dimensional Riemannian both Ricci and Bach solitons. But before we
start, we will briefly introduce the two geometric flows that are the subject of our study and their
corresponding solitons.

The Ricci flow: Ricci solitons

The Ricci flow was introduced by Hamilton in [83] with the intention to solve the Poincaré
conjecture, which declares that any three-dimensional closed and simply connected manifold is
homeomorphic to S.

The Ricci flow is given by the evolution equation

D ge = —2py, (IL1)

where ¢; is a one-parameter family of pseudo-Riemannian metrics on a manifold M. For any
given differentiable metric gy on a closed manifold M, there exists a unique solution g;, with
t € [0,¢) for some € > 0, to the Ricci flow equation such that g,|,_, = go.

The first examples of solutions to the Ricci flow are given by Einstein metrics, which provide
solutions of the form

te(—oo, u) if pu>0,

1
2
gt = (1 —2ut)go, where te <$, oo> if pu<O0,
t € (—00,00) if pu=0,

for an initial Einstein metric go such that p,, = pgo. In any of the three cases given by the
different values of p, gy remains invariant modulo homotheties. If we allow the initial metric
to change not only by homotheties but also by diffeomorphisms, a solution g; to the Ricci flow
is said to be self-similar if there exists a positive function o(¢) and a one-parameter group of
diffeomorphisms 1), : M — M such that

g: = a ()] go. 11.2)

Remark 3.17. Assume that Equation (II.2) determines a solution to the Ricci flow and differen-
tiate it to obtain

2 g = —2pg = W (t)Fgo + o ()] (Lxgo) s (IL3)

where £ denotes the Lie derivative and X is the time-dependent vector field given by

X (¢u(p)) = 5 (We(p))
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for any p € M. Now, since p,, = ¥} pgo, we can actually drop the pull-back in Equation (I1.3)
and so

—2pg, = 9 (t)g0 + Lx 90, (IL4)
where X (t) = o(t) X (t). If we now set

and X, = X(0),

— _1ldo
K= —3% ‘t:O

Equation (II.4) becomes
—2pg, = —2p90 + 2Lx, 90

att = 0. This proves that for any self-similar solution to the Ricci flow, there exists a vector field
X on M such that

Lxg+p=ng.

Conversely, let X be a complete vector field on a pseudo-Riemannian manifold (M, g) and de-
note by ¥;: M — M the family of diffeomorphisms generated by X according to

24(p) = 5 X ((p)) and  (0) = duy,

which is defined for all ¢ € (—o0,5,) if u > 0 and for all t € (5, 00) if u < 0. If we now
consider the one-parameter family of metrics

ge = (1 =2ut)Yig,
then

590 = =209+ (1 =2m)%;L_1 g
1—-2ut

=07 (=219 + Lxww)9) -
Now, if Lxg + p = g, then
Dgr =0 (=2p) = =2¢fp = —2p(¥;g) = —2p(q1),

and so g; is a solution to the Ricci flow.

The remark above shows that there exists a correspondence between self-similar solutions to
the Ricci flow and what are known as Ricci solitons.

Ricci solitons

A triple (M, g, X)) where (M, g) is a pseudo-Riemannian manifold and X is a vector field on M
satisfying the differential equation

Lxg+p=pg, peER, (IL5)

is called a Ricci soliton. These metrics not only generalize Einstein metrics but also are self-
similar solutions to the Ricci flow and conversely, thus corresponding to geometric fixed points
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of the flow (modulo homotheties and diffeomorphisms). A Ricci soliton is said to be expanding,
steady, or shrinking if the soliton constant ¢ < 0, © = 0 or ;1 > 0, respectively. Besides, if the
soliton vector field X is the gradient of some potential function f: M — R, then the soliton is
said to be a gradient Ricci soliton. In this case Lx gy = 2Hesy, (f) and so

Hesg, (f) + pgo = 1190- (IL6)

A Ricci soliton is said to be frivial if the corresponding pseudo-Riemannian metric is Ein-
stein, in which case one may solve Equation (II.5) just by setting X = 0. It immediately follows
from (IL.5) that two Ricci soliton vector fields X; and X, on a given manifold (), g) differ in a
homothetic vector field ¢ = X; — X5. While the existence of homothetic vector fields is a very
rigid condition in the positive definite case, Lorentzian manifolds may admit homothetic vector
fields without being flat. Moreover, the Ricci soliton equation (II.5) is invariant by homotheties
in the sense that (M, g, X) is a Ricci soliton with soliton constant . if and only if (M, kg, 1 X)
is a Ricci soliton with soliton constant £ for any x > 0. Therefore, we develop our study modulo
homotheties. We refer to [49] for more information.

The scalar curvature of a Ricci soliton satisfies

287 = 7 — ||pl* + (X, V7)

(see for example [47]). Therefore, homogeneous steady Ricci solitons are necessarily Ricci flat,
and therefore flat. As a consequence of local homogeneity, a shrinking Ricci soliton is necessarily
a gradient (see [105]).

A gradient Ricci soliton (M, g, f) is rigid if the manifold ()M, g) splits isometrically as a
product N x R¥, where the non-Euclidean factor (IV, gy ) is Einstein and the potential function
is given by the norm of the projection on the Euclidean factor, f = L||mg«||>. Besides, the
soliton constant is given by py = pugn. It was shown in [121] that homogeneous gradient Ricci
solitons are necessarily rigid, and Arroyo and Lafuente showed in [9] that any four-dimensional
homogeneous expanding Ricci soliton is homothetic to an algebraic Ricci soliton. Hence, any
four-dimensional homogeneous Ricci soliton is either Einstein, or an algebraic Ricci soliton or
homothetic to a product S? x R2.

Algebraic Ricci solitons

A metric Lie group (G, (-, -)) is an algebraic Ricci soliton if its Ricci operator satisfies
Ric = pIld+®

for some derivation ® of the corresponding Lie algebra (see [97]). Algebraic Ricci solitons are
critical points of the scalar curvature for an appropriately restricted family of metrics [97], and
they are critical for a quadratic curvature functional with zero energy in dimensions three and
four [23]. On the other hand, Ricci solitons on Lie groups with left-invariant soliton vector field
are not necessarily critical for any quadratic curvature functional, thus being of a different nature.
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If a simply connected pseudo-Riemannian Lie group (G, (-, -)) is an algebraic Ricci soliton,
then it is a Ricci soliton (see [133]). Indeed, let {¢; : G — G} be the one-parameter group of
automorphisms of G determined by

d(¢1)e = Exp(LD),

where ® = Ric— p Id is the derivation of the Lie algebra determining the algebraic Ricci soliton.
Define a vector field X on G as the infinitesimal generator of {¢,}, i.e.,

Xp)= 5| e

for any p € (. Then

(Lx(Neney) = L@t Nenes) = {(Dewes) + (e, Dey)}
= L {{Ric(er), ) + {ex, Ric(e;)} — pales ;)
= (o=l Nleises),

from where it follows that Lx(-,-) — p = —pu(-,-). Replacing X by —X one gets the Ricci
soliton equation (II.5).

The Bach flow: Bach solitons

The Bach tensor 8 = divy divy W + %W[p] is conformally invariant, trace-free and divergence-
free in dimension four.
The Bach flow is the differential equation

D gi =By, + 5(AT,) (I1.7)

where g, is a one-parameter family of pseudo-Riemannian metrics on a manifold M. For any
given differentiable metric gq on a closed manifold there exists a unique solution g; with ¢ € [0, ¢)
for some € > 0, to the Bach flow equation such that g;|,_, = go (see [11,12]).

Given a homothetic transformation g§ = Ag of a pseudo-Riemannian metric on a manifold
M, the corresponding Bach tensor rescales as B = A~'5 and so the right-hand side in (I.7) is
homogeneous of degree d = —1 under homotheties. Therefore, there is a one-to-one correspon-
dence between self-similar solutions of the Bach flow and Bach solitons, i.e., (M, g, X, i) such
that

Lxg+ (B +3A79) =g,

just like in the Ricci flow case (see [133]).
In the homogeneous case — or, in a more general situation, if the scalar curvature is constant

—, Equation (II.7) becomes
S0 = By, (I1.8)
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and the corresponding Bach solitons are determined by triples (M, g, X) so that
Lxg+B = png, (I1.9)

where X is a vector field on M and i € R. Following the terminology we introduced when we
talked about Ricci solitons, a Bach soliton is said to be expanding, steady or shrinking if p < 0,
1= 0orp > 0, respectively. Moreover, the soliton is said to be a gradient Bach soliton if the
vector field is the gradient of a potential function f, X = %V f.

We now assume that dim M = 4, as it is the situation that concerns our study of the Bach
flow. Since the Bach tensor is trace-free, it is easy to see that

W= %diVX

just by tracing (IL.9).
Let X be a vector field on a Riemannian manifold (), ¢g) and let ¥ be a symmetric (0, 2)-
tensor field on M. Then

(Lxg, V) =2div(ex V) + 2(div ¥)(X).
Applying the identity above to a Bach soliton (Lx g + *B = pg) and setting U = ‘B, one has that
0 = (Lxg+ B —pg,B) = (Lxg,B) +|IB]* — (g, B)
= 2div(exB) + 2(divB)(X) + ||B|]* — ptr, B
= 2div(exB) + ||B%,

from where it follows that compact Bach solitons are necessarily Bach-flat — even if the scalar
curvature is not constant, just replacing the constant p by the function i = p — %AT and pro-
ceeding as above (see also [81]).

Just like gradient Ricci solitons, gradient Bach solitons are rigid in the homogeneous case.
This follows immediately from the following general result obtained by Petersen and Wylie
in [122], just by applying it to ¢ = pug — *B.

Theorem 3.18. Let (M, g) be a homogeneous manifold and let § be a symmetric (0, 2)-tensor
field which is divergence-free and invariant by isometries. If there is a non-constant function f
satisfying the equation Hes; = q, then (M, g) splits as a product N x R¥ and f is a function on
the Euclidean factor.

Griffin showed in [81] that homogeneous gradient Bach solitons either are Bach-flat or split
as a product N x R*, where the potential function depends only on the Euclidean factor and
(N, gn) is a homogeneous manifold. Moreover, homogeneous steady gradient Bach solitons are
necessarily Bach-flat. The existence of gradient Bach solitons on those products were considered
in [81], where it is shown that

 Non-Bach-flat homogeneous gradient shrinking Bach solitons reduce to the products S? x
R? and H? x RZ,
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« The only non-Bach-flat homogeneous expanding Bach soliton on a product N3 x R corre-
sponds to S* x R, where the metric on S? is not the round metric, but a Berger one.

The non-gradient case is more subtle. For instance, the existence of non-Bach-flat homoge-
neous steady Bach solitons is still an open question. We provide a partial answer in Chapter 5,
where we show that steady algebraic Bach solitons are necessarily Bach-flat.

Let (G, (-,-)) be a Lie group equipped with a left-invariant Riemannian metric. We say that
(G, (-,-)) is an algebraic Bach soliton if © = B — pId is a derivation of the Lie algebra g of G
for some ;1 € R, where B is the (1, 1)-tensor field associated to the Bach tensor.

As in the Ricci flow case, if a simply connected Riemannian Lie group (G, (-, -)) is an alge-
braic Bach soliton, then it is a Bach soliton and thus a self-similar solution of the homogeneous
Bach flow (see [133]). Indeed, let {; : G — G} be the one-parameter family of automorphisms
of GG determined by

d(¢r)e = Exp(3D),

where ® = B — 1 Id is the derivation of the Lie algebra determining the algebraic Bach soliton.
Define a vector field X on G as the infinitesimal generator of {¢;}, i.e., X (p) = 4| 1o it(p) for
any p € G. Then one has that

(Lx (0 eires) = S0 N)ee;) = 5 {(Dei, e5) + (€5, Dey) }
<%ez,eJ ez,‘BeJ>} — 1€, ;)
B — ul, ) (e e)),

from where it follows that Lx (-, ) — B = —pu(-,-). Replacing X by —X one gets the homoge-
neous Bach soliton equation (IL.9). Therefore, algebraic Bach solitons correspond to self-similar
solutions to the homogeneous Bach flow (IL.8) of the form g, = o(¢)¥;(,-), where o(t) is a
positive real function and 1); is a one-parameter family of automorphisms of (G, (-, -)).

In Chapter 5 we determine all the algebraic Bach solitons, showing that they either are al-
gebraic Ricci solitons or correspond to the above-mentioned gradient shrinking Bach soliton on
S? x R, or to a one-parameter family of left-invariant semi-direct extensions of the Heisenberg
algebra (cf. Theorem 5.8). Due to the difficulty in manipulating the Bach tensor we approach
the problem in an indirect way, considering the existence of general abstract algebraic 7™-solitons
on each four-dimensional Lie group. The study of the existence of algebraic solitons associated
to a generic (0, 2)-tensor field 7" provides us with some necessary conditions for the existence of
such general T'-solitons which turn out to be good enough to simplify the analysis of the algebraic
Bach solitons.

N =

—~



Chapter 4
Ricci solitons on four-dimensional Lorentzian
Lie groups

Non-trivial homogeneous Riemannian Ricci solitons are rigid or expanding. Moreover the ex-
panding ones are necessarily algebraic in dimension four [9]. None of these four-dimensional
Ricci solitons can be realized as a left-invariant vector field on a Lie group. Indeed it was
shown in [58] that non-trivial left-invariant Ricci solitons do not exist on Riemannian unimodu-
lar Lie groups and there are no three-dimensional left-invariant Ricci solitons on Riemannian Lie
groups. A straightforward calculation shows that no four-dimensional homogeneous Riemannian
Ricci soliton may be determined by a left-invariant vector field unless they are trivial.

In sharp contrast, the Lorentzian signature does support such solitons (see [24]). In spite
of this general discrepancy, there does exist a certain correspondence between Riemannian and
Lorentzian algebraic Ricci solitons in the nilpotent case (see [135] for more information about
this relation).

In this chapter we will give a complete classification of left-invariant Ricci solitons on four-
dimensional Lorentzian Lie groups. After reviewing left-invariant Einstein metrics and plane
waves, we will recall the situation in dimension three, which is much simpler than the four-
dimensional one. The main result of this chapter, which is Theorem 4.2, provides a complete
description, modulo homotheties, of non-trivial left-invariant Ricci solitons which are neither
symmetric nor pp-waves. The symmetric case is treated in Remark 4.5 and the pp-wave Lie
groups are considered in Section 4.4. The results in this chapter are contained in the work [69].

Einstein metrics on Lorentzian four-dimensional Lie groups

While four-dimensional homogeneous Einstein metrics are locally symmetric in the Riemannian
setting [88], the Lorentzian signature allows other possibilities. Left-invariant Einstein metrics
on four-dimensional Lorentzian Lie groups were studied in [36] and a different approach shows
that left-invariant Einstein metrics split into three categories: symmetric spaces, plane waves and
left-invariant metrics which do not correspond to any of these.

Indecomposable locally symmetric Lorentzian spaces either are irreducible (and therefore
of constant sectional curvature), or they correspond to Cahen-Wallach symmetric spaces [28],
which are a special class of plane waves. Four-dimensional products N3 x R are Einstein if
and only if they are flat and so the only decomposable four-dimensional Einstein Lorentzian
symmetric spaces of non-constant sectional curvature are products M (c) x Ms(c) of two surfaces
with the same constant sectional curvature. The other possibilities are covered by the following
result (see [114]).

113
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Theorem 4.1. Let (G, (-,-)) be a four-dimensional Lie group with a left-invariant Einstein
Lorentzian metric which is neither locally symmetric nor a plane wave. Then, it is locally homo-
thetic to the Lie group determined by one of the following:

(i) The Ricci-flat semi-direct product R? x R with Lie algebra given by

le1,e4] = —2e1, e, e4] = €2+ \/5637 le3, 4] = —\/362 +e3, or

(ii) the semi-direct product R® x R with Lie algebra given by

[U1,U4] = —uy + dug, [U2,U4] = dua, [U3,U4] =2uz, 0#0, or

(iii) the semi-direct product R® x R with Lie algebra given by

(w1, ug] = 4uy,  [ug,uq) = —2us + ous, [ug,us) = duy +uz, 6 #0,

where {e1, es, e3,e4} is an orthonormal basis with es timelike, and {u;, us, uz, uy} is a pseudo-
orthonormal basis with (uy, us) = (us, ug) = (ug, ug) = 1.

The curvature operator R : A> — A? of the metrics corresponding to Assertion (i) has real
and complex eigenvalues, and ||V R||> # 0. The metrics corresponding to Assertion (ii) have
scalar curvature 7 = —48 and their Weyl curvature operator is two-step nilpotent. Moreover,
they are locally isometric to the only non-reductive homogeneous space which is Einstein but
not of constant sectional curvature [35,66]. The metrics corresponding to Assertion (iii) have
scalar curvature 7 = —12 and their Weyl curvature operator is three-step nilpotent.

Homogeneous pp-waves and plane waves

Let (M, g,U) be a Brinkmann wave, i.e., a Lorentzian manifold admitting a parallel degenerate
line field U. (M, g,U) is said to be a pp-wave if the parallel line field is locally generated
by a parallel null vector field and (M, g) is transversally flat, i.e., its curvature tensor satisfies
R(X,Y) =0forall X,Y € U~ . In such case there exist local coordinates (u, v, z', x2) so that

g=duodv+ H(v,z", 2*)dv o dv + dx' o dz' + dx* o da*.

Leistner showed in [100] that a Brinkmann wave (M, g,U) is a pp-wave if and only if it is
transversally flat and Ricci isotropic, i.e., g(Ric X, Ric X') = 0 for any vector field X on M.

A pp-wave is said to be a plane wave if the covariant derivative of the curvature tensor satisfies
VxR = 0 for all X € U*. In this case the local coordinates above can be specialized so that
H(v,2',2*) = a;;(v)z'z?. The Ricci operator of any pp-wave is two-step nilpotent and the
metric is Ricci-flat if A,H = 0, where A, = 0,1,1 + 0,2,2 is the spacelike Laplacian. It
was shown in [78] that locally homogeneous Ricci-flat pp-waves are plane waves in the four-
dimensional case. Homogeneous steady Ricci solitons on pp-waves which are not plane waves
are given in Section 4.4, where we show that the result in [78] does not extend to Ricci solitons.
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Homogeneous plane waves of dimension four are described in terms of a 2 x 2 skew-
symmetric matrix /' and a 2 x 2 symmetric matrix A so that the defining function H (v, x!, 2?)
takes the form H = #7 A(v)Z, where the matrix A(v) is given by (see [19])

1

log(v+b)FA _1og(v+b)F.
(v +0)2 o

A(w) = eFAge ™, or A(v) =

Furthermore, the plane wave metric is Ricci-flat if and only if Aj is trace-free.

The existence of Ricci solitons on plane waves was investigated in [25] where it is shown
that any plane wave is a steady gradient Ricci soliton. Due to the existence of homothetic vector
fields, one also has the existence of expanding and shrinking Ricci solitons on some special
classes of plane waves. In any case, the soliton vector field needs not be left-invariant for a plane
wave Lie group, and hence the existence of left-invariant Ricci solitons on plane wave Lie groups
will be considered in Section 4.4.

Left-invariant Ricci solitons on three-dimensional Lorentzian Lie groups

Non-trivial three-dimensional left-invariant Ricci solitons are either non-symmetric pp-waves or
locally isometric to a left-invariant metric on G = O(1, 2), the universal cover of SL(2, R) or the
non-unimodular semi-direct extension R? x R, respectively given by the Lorentzian Lie algebras

(Z) [ulv UQ] = Aufﬂa [ula U3] :_)\ul Fuz, [u27 U3] = /\u2a A 7é 07
(Zl) [Ul, Ug] = U1+)\U3, [Ul, Ug] :—)\Ul, [Ug, Ug] = )\U2+U3, )\ 7& 0,
(ZZZ) [61, 63] = €1 —E€9, [62, 63] =e1 + €2

where {uy, us, uz} is a pseudo-orthonormal basis with (uy, us) = (ug,us) = 1, and {eq, es, e3}
1s an orthonormal basis with timelike e;.

The three-dimensional Lorentzian Lie groups corresponding to cases (i) and (i¢) have a single
Ricci curvature which is either a double or a triple root of the minimal polynomial of the Ricci
operator (see [24]). Moreover, the Lie group corresponding to (iii), which was omitted in [24],
has complex Ricci curvatures —2 + 2.

There are two different possibilities for three-dimensional left-invariant pp-waves which are
Ricci solitons: a locally conformally flat plane wave (which is locally isometric to a P.—space),
or a pp-wave that is locally isometric to a Ny—space. We recommend to consult [76] for a clas-
sification of homogeneous pp-waves in dimension three, definitions of P, and A,—spaces and
more details.

Left-invariant Ricci solitons on four-dimensional Lorentzian Lie groups

As in the Einstein case, the four-dimensional situation is more complicated than the correspond-
ing three-dimensional one. We consider the case of left-invariant Ricci solitons on pp-wave Lie
groups separately in Section 4.4. The remaining possibilities are given the main result of this
chapter as follows.
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Theorem 4.2. A non-symmetric four-dimensional Lorentzian Lie group which is not a pp-wave
is a non-trivial left-invariant Ricci soliton if and only if it is homothetic to one of the following:

(i)

(ii)

(iii)

(iv)

Go = R? x R with Lie algebra given by
o? % AWl
le1,eq] = ey, [eg,e4] = € (1—7) ey —e3, les,eq] =ex+¢ <1—7> es,

where the parameter satisfies 0 < a < V2 and {e1, €2, €3,€e4} is an orthonormal basis
with timelike es. If o = 0, thene = 1. If0 < a < /2, then €* = 1. In the latter case,

a%%whensz—l.

Go = R3 x R with Lie algebra given by
[ula U4] = QUq, [u25 U4] = —QUg + us, [u37 u4] = Ui, a > Oa

where {uy, us, us, uy } is a pseudo-orthonormal basis for which the non-zero inner products
are (uy, us) = (us, uz) = (Us, us) = L.

G = E(1,1) x R with Lie algebra given by
leg,e4] = —[e1,e2] = €2, [e1,e3) = [e3,e4] = %[61764] = €3,

where {eq, eq, €3, €4} is an orthonormal basis with timelike es.

Gop = E(1,1) x R with Lie algebra given by

[ug, ug] = uq, [ur, ug) = —2a(af + Duy,  [ug, us] = us,

[ug, ug] = Buy, |us, uq] = aus,

where {uy, us, ug, us} is a pseudo-orthonormal basis for which the non-zero inner prod-
ucts are (uy,us) = (us,us) = (ug,us) = 1, and the parameters « > 0 and aff ¢

(-2-1,-3}

Remark 4.3. The left-invariant Ricci solitons corresponding to GG, in Assertion (i) are steady and
their left-invariant soliton vector field is defined by X = Xje; + e4 if the parameter o = 0, and
by X = % (a +ev4d — 2a2) e4 otherwise. Moreover, the Ricci operator has eigenvalues

& =0, 52:—0[<Oé+5(4—2062)%),

2

1
§3:a2—2—8a(1—%2>2+(a2—4—25o¢(4—2a2)%> :

1 1
§4:a2—2—6a< —%)2—<a2—4—2sa(4—2a2)%)2 .
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Therefore, the Ricci curvatures are {0,0, —2 £ 2i} if &« = 0, {0, A\, & Fi} with Aaf # 0 if
0 <a<+v2and {0,-2,+2i} ifa = /2.

The left-invariant Ricci solitons corresponding to GG, in Assertion (ii) are steady and their
left-invariant soliton vector field is defined by X = Xju; — Xjous — %au4. Moreover, their
Ricci operator is three-step nilpotent.

The left-invariant Ricci solitons corresponding to Assertion (iii) are steady and their left-
invariant soliton vector field is defined by X = —%el + %64. Furthermore, their Ricci operator
has eigenvalues {0, —2, —2 + /61 }.

The left-invariant Ricci solitons corresponding to GGn5 in Assertion (iv) are expanding with
= —(2(aB + 1)? + 1)a? and their left-invariant soliton vector field is defined by X = X u; +
Xous + X4uy, where

X, = b (@B + 2)(2(af + 1af — 1),
Xy = sogr(aB +2)(2(af + 2)af + 3)a?,

X4 = 2aé+l<aﬁ + 2)205.

Moreover, their Ricci operator is diagonalizable with non-zero real eigenvalues
&1=86%=—(2a8+1)(af + 1)o?,
&= (208 + 1)a?, §1=—(2(af +2)ap +3)a?.

Remark 4.4. Let (G4, (-,-)1) and (Go, (-, -)2) be two Lorentzian Lie groups with non-zero scalar
curvatures. If (G, (-, -)1) and (G, (-, -)2) are homothetic, then

T R® =7 | Ral® and o #[WAJE = W7,

where R; and W; denote the curvature tensor and the Weyl conformal curvature tensor for
1 =1, 2, respectively. We use the quadratic scalar curvature invariants to show that left-invariant
metrics in different assertions in Theorem 4.2 correspond to distinct homothetic classes. It also
follows that different values of the parameter in Assertion (i) determine distinct homothetic
classes. Metrics in Assertion (iv) with different o3 correspond to distinct homothetic classes.

Remark 4.5. Locally symmetric Lorentzian spaces which are neither of constant sectional cur-
vature nor a Cahen-Wallach symmetric space split as a product [28]. Besides, left-invariant
symmetric Ricci solitons which are neither Einstein nor plane waves are locally isometric to
IL? x N (c), where N (c) is a surface of constant curvature, and correspond to one of the following
Lie groups:

* Gop in Assertion (iv) of Theorem 4.2 for o = —1, as discussed in Section 4.1.4.

e The Lie group H? x R determined by the Lie algebra

32
4 1,

[ulu u2] = )\1'&1, [ula U’4} = -

[ug, uq) = y3A\ius, [us, us] = YaA1us,
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where \1yy # 0 and {uq, ug, us, us} is a pseudo-orthonormal basis such that (uy,u;) =

(ug,us) = (ug,uy) = 1. Thisis a expanding Ricci soliton with y1 = —\? and left-invariant
soliton vector field X = — 73)‘ ’\ il 14, as discussed in Section 4.3.2.

Remark 4.6. The Bach tensor of a four-dimensional manifold is defined by
. 1
B = divedivy W + §W[p]

Four-dimensional Bach-flat metrics are conformally invariant and Bach-flatness is a necessary
condition for being conformally Einstein. The left-invariant metrics in Theorem 4.2 are Bach-
flat if and only if they correspond to Assertion (iv) when the parameters satisfy &ﬁ = —%. In this
case, the vector field X = —u1 — 3—au4 is locally a gradient and satisfies div, W 41 Wi, X) =
0. A straightforward calculatlon shows that the Weyl operator acting on the space of two-forms
has non-zero eigenvalues and thus the metric is weakly-generic. Therefore, it is conformally

Einstein (see [94] for more information).

Remark 4.7. The metrics in Theorem 4.2-(i) are critical for the functional given by the L?-norm
of the Ricci tensor or, equivalently F-critical with zero energy. These metrics also are steady
algebraic Ricci solitons, which do not exist in the Riemannian situation.

The scalar curvature of the metrics in Theorem 4.2-(ii) is zero, so they are S-critical, but
they are not critical for any other curvature quadratic functional and nor are they algebraic Ricci
solitons.

The metrics in Theorem 4.2-(iii) are never critical for any curvature quadratic functional and
they are not algebraic Ricci solitons either.

The metrics in Theorem 4.2-(iv) are JF;-critical with zero energy for

20%3% +4af +3
60232 + 8aff + 4’

and they are never algebraic Ricci solitons.

Left-invariant metrics and Grobner bases

Connected and simply connected four-dimensional Lie groups are either products SU(2) x R,

S’E(Q, R) x R, or one of the solvable semi-direct extensions of three-dimensional unimodular
Lie groups E(2) x R, E(1,1) x R, H3 x R or R® x R, where E(2), E(1,1), H? and R® denote
the Euclidean, the Poincaré, the Heisenberg and the Abelian three-dimensional Lie algebras,
respectively. Since our purpose is to investigate left-invariant Ricci solitons, we work at the
purely algebraic level, and therefore we restrict to the corresponding Lie algebras. Left-invariant
Riemannian metrics are described, using the work of Milnor [104], in terms of the corresponding
derivations on the three-dimensional unimodular Lie subalgebras. The Lorentzian situation is
more subtle due to the fact that the restriction of the metric to the three-dimensional subalgebras
su(2), sl(2,R), ¢(2), ¢(1,1), b or t® may be a positive definite, Lorentzian or degenerate inner
product. We follow [33] and consider separately the three possibilities above.
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Let (G, (-, -)) be a four-dimensional Lorentzian Lie group and let X be a left-invariant vector
field on G. Then (G, (-,-), X, u) is a left-invariant Ricci soliton if and only if the symmetric
tensor field %m = Lx(-,-) + p — p(-,-) vanishes identically. It is now immediate, since the
vector field X is left-invariant, that the condition 8 = 0 equals to a system of polynomial
equations on the structure constants which needs to be solved in order to obtain a complete
classification. The theory of Grobner bases provides a well-known strategy to solve rather large
polynomial systems obtaining “better” polynomials that belong to the ideal generated by the
initial polynomial system. We make use of Grobner bases to show non-existence results in some
cases. We refer to Section 1.6 and [53] for more information on Groébner bases.

4.1 Extensions of Lorentzian Lie groups

Let (G, (-,-)) be a four-dimensional Lorentzian Lie group of the form G3 x R so that the re-
striction of the metric to the three-dimensional subalgebra g3 is Lorentzian. Three-dimensional
unimodular Lie algebras are completely described by a Milnor-type frame associated to the self-
dual structure tensor L given by

L(X xY) = [X,Y],

where “x” denotes the vector-cross product (X x Y, Z) = det(X,Y,Z). The self-duality of
L ensures the existence of an orthonormal basis {ey, es, e3} of g3 that diagonalizes the structure
tensor in the positive definite case [104]. If the inner product is of Lorentzian signature, then L
may have non-trivial Jordan normal form as follows (see, for example [112]).

Ia. L is real diagonalizable. Therefore, there exists an orthonormal basis {e;, €2, €3}, where
we assume e3 to be timelike, so that L(e;) = \e;.

Ib. L has complex eigenvalues. Consequently, there exists an orthonormal basis {ey, es, €3},
where we assume e3 to be timelike, so that

A 0
L=|0 o 8|, B#0.
0 -0 «

II. L has a double root of its minimal polynomial. Then there exists a pseudo-orthonormal
basis {uy, ug, uz} so that

A 00
L=1¢ N 0], =21, where (uj,us) = (us,uz)=1.
0 0 X
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ITI. L has a triple root of its minimal polynomial. Then there exists a pseudo-orthonormal basis
{ul, Ug, Ug} so that

s where <U1,U2> = <U3,U3> =1.

h

Il
o O >
—_ > O
> O =

In what follows, we set g = g3 x t and L denotes the structure operator of the unimodular
subalgebra g;. We follow the work of Rahmani [124] to describe Lorentzian left-invariant met-
rics on g3 and analyse the existence of left-invariant Ricci solitons on each of the possibilities
above. It follows that all the left-invariant metrics in Theorem 4.2 are realized as extensions of
unimodular Lorentzian Lie groups.

4.1.1 The structure operator L is diagonalizable

There exists an orthonormal basis {e1, €9, e3,e4} of g = g3 % v, with timelike e3, where g3 =
span{ej, es, e3} and v = span{ey}, so that

3
[617 62} - _)‘3637 [61, 63] = _/\2627 [62a 63] = A1617 [eia 64] = Zaijeja
1

(i=1,2,3) J=

for certain a7 € R depending on the eigenvalues )\;. The Jacobi identity leads to the following
different possibilities.

Structure operator with non-zero eigenvalues on S’E(Q, R) xRor SU(2) xR

Assume A\ A\ A3 # 0. The left-invariant metrics on 5’7)(2, R) x Ror SU(2) x R are described
by the corresponding Lie algebra structure

[61762] = —Az€s, [61763] = — g€y, [61764] = Y1A2e2 + Y2 As€3,

[ea,e3] = Aier,  [ea,eq] = —midier +3Aze3,  [es,eq] = aAier + 360,
where {ej, €2, €3, €4} is an orthonormal basis. A straightforward calculation shows that a left-

invariant vector field X = ), X/e, is a Ricci soliton if and only if the tensor field %‘B =
Lx(-,-) + p — u-,-) vanishes identically. Equivalently {*§};; = 0}, where the polynomials 3,
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are given by

P =(f =% — DA = (0F = DA+ (03 + DAT — 2X2A5 — 2,
Pz = 1273(A] — Aids) — 2(Xam — X3) (M — Ao,

PBiz = —1173(A2 — M A3) + 2(Xyye — Xo) (A — A3),

P = 1A — A3)® +2(Xom — Xz72) A,

Por = —(7f — DA+ (0F =95 = DA+ (0F + DAT — 20 — 21,
Poz = 1172(AT = AoAsz) + 2(Xuys + X1) (A2 — Ag),

Por = —72(A — A3)? = 2(Xam + Xa) e,

Pas = —(13 + DAL = (05 + DAZ+ (93 + 95 + DAT+ 200k + 24,
Pas = 71 (M1 — A2)? + 2(X172 + Xo3) s,

PBaas = =71 (A1 — M)+ 73 (M — X3)? +75(A2 — Ag)® — 2u.

Since A\;AxA3 # 0, we may assume A; = 1 in our computations, which means we will be
working with the homothetic metric determined by é¢; = /\—11614. Now, let Z C R[vy1, 72, 73, A2, As,
i, X1, Xo, X3, X4] be the ideal generated by the polynomials 3;;,. We compute a Grébner basis
G of 7 with respect to the graded reverse lexicographical order and we see that the polynomials

g1 = ,LLZ and go — 4)\2/\3 + 3()\2 + )\3 + 1),u

belong to G. Since \y A3 # 0, there are no left-invariant Ricci solitons in this case.

Structure operator with a zero eigenvalue on £(2) x R or £(1,1) x R

We distinguish two possibilities depending on the causality of ker L. If ker L is spacelike then
either Ay = 0 or Ay = 0, while if ker L is timelike then A3 = 0. Next we will show that
left-invariant Ricci solitons exist only in the flat case.

Structure operator L with spacelike kernel

Without loss of generality, we can assume A\; = 0 and \;\3 # 0. Left-invariant metrics in this
case are given by

[61762] = —\ses, [61763] = —\ge, [61, 64] = 7162 + Ye€3,

le2, €4] = y3€2 + Yadses, [e3, 4] = Yadoes + Y3€3,
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where {e1, e, e3,e4} is an orthonormal basis. We focus on the following components of the
tensor field *3:

P = (A3 = A2)* =77+ 73 — 21,

Pra = 1a(As — )\2)2>

Poo = — (7§ + (A3 = A)) + 7 — 4(3 — Xa)ws — 24,

Paz = — (75 + (A3 = A3) + 5 + 43 — Xa)ys + 21,

PBau =15 As — X2)® =77+ 75 — 495 — 2p.
It is easy to check that

Bir + 7aPBra — Paa = (A2 — A3)* + 493,
Therefore, A3 = A\ and 3 = 0. Now, we have
Paz + Pss = 77 + 73,

which implies v; = 7, = 0, so the metric is flat.

Structure operator L with timelike kernel

If A3 = 0 and A\ Ay # O then left-invariant metrics are described by

le1, e3] = —Ageq, le1, e4] = y1€1 + Yadae2, [ea, €3] = Aeq,
[627 64] = —Y2A1€1 + V1€, [63, 64] = y3€1 + V€,

where {ej, ez, e3,e4} is an orthonormal basis. In this situation, a straightforward calculation
leads to the following components of the tensor field 3:

Pu = (13— DA = A) =73 —4(n — Xa)n — 2p,
Pas = 72(M1 — /\2)2,

Pas = —(\ = A)* =75 = + 20,

Pas = =75 (M1 — N)? — 4y + 93+ 47 — 2u.

It is easy to see that
Pz + 12Psa + Paa = — (A — X)® — 497,
so Ao = A1 and v; = 0. Now,
P+ Psz = —27§ — s,

which implies that 73 = 4 = 0 and the metric is flat as in the previous case.
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Structure operator of rank one: metrics on 3 x R

We will consider the cases when the restriction of the metric to ker L is positive definite (A3 # 0)
or Lorentzian (A3 = 0) separately, and make use of Grobner bases to show non-existence of
left-invariant Ricci solitons in both cases.

Structure operator L with positive definite kernel

Setting A\; = A\ = 0 and A3 # 0 left-invariant metrics are described by
le1, e2] = —Ases, 1, 4] = y1e1 + e + Y3€3,
ea, 4] = Ya€1 + Y562 + Ys€3, €3, ea] = (11 +7¥5)e3,

where {eq, e, e3,e4} is an orthonormal basis. Now, a vector X € h x R determines a left-
invariant Ricci soliton if and only if the system of polynomial equations given by {3;; = 0} is
satisfied, where

P = A — 497 — 73 +75 +77 — dns + 4K — 24,

Pra = =772 — 3717 — 372%5 + 137 — 145 + 2Xa(re + ),
Pz = 2XoA3 + 27173 + 37375 — YaYs — 2Xu73,

Pia =16 s — 2Xa71 — 2Xo7,

Paz = A3 +73 — 78 — 495 + 96 — s + 44X — 21,

Paz = —2X5A3 + 3717 — 1273 + 27957 — 2X47,

Pas = —13A3 — 2X172 — 2X7s,

Paz = A3 + 497 + 795 + 492 + 98 + 87175 — 4Xu(n + ) + 20,
Pss = 2{Xz(n +75) + X173 + X6},

Pu=—47 -7+ - — 43 +7% — A — 20n — 2.

Since A3 # 0, we can assume A3 = 1 and work with the homothetic metric determined by
é; = Tlgei. Let 7, C Rly1, Y2, 73> V4> V5> V6o 1> X1, Xo, X3, X4] be the ideal generated by the
polynomials *3;;. We compute a Grobner basis G, of Z; with respect to the lexicographical order
and obtain that the polynomials

g1 = X3(2617344 X5 + 13139712X + 18557248 X} + 7213356 X + 61803),

g1z = X,4(83755008 X 1 + 776429568.X 12 + 2689679360X 1 + 4517104000.X
+ 4237066048 X¢ + 2362718304.X % + 591574590X2 + 5006043)
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belong to G;. Thus, X35 = X, = 0. We compute a second Grobner basis G, of the ideal
generated by G; U { X3, X4} C Ry, 72, 13, V4> V55 V65 1> X1, X2, X3, X4] with respect to the
lexicographical order, obtaining that the polynomial

g = X7 + X7
belongs to G, which shows that X = 0 and Ricci solitons are Einstein metrics, which do not

exist in this case.
Structure operator L with Lorentzian kernel

In this case, A3 = 0 and we can assume without loss of generality that A\; = 0 and Ay # O.
Therefore, left-invariant metrics are described by

le1,e3] = —Xaea, [e1,€4] = 7161 + Y262 + Y3€3,

le2, €] = ez, les, e4] = v5€1 + Y62 — (71 — Ya) €3,

where {e1, ez, €3, ¢4} is an orthonormal basis. Proceeding as in the previous case, the polynomi-
als °B3;; are given by

P = A3 =% +95 — % — dnm +H4AnXa — 2,

Piz = —2X3 0 + 7172 — 37274 — 1576 + 2Xu72,

Pz = =271 (13 +v5) — 2% + 31371 — Y475 — 2Xa(73 — 75),
Pia = A2 — 2(X1m + X375),

Py = =3 + 75 — 495 — 76 +4Xuya — 21,

Pas = 2X1 2 — 7176 — 1273 — 27476 + 2X47%6,

Pos = —2 (X172 + Xoya + X376)

Pas = —A3 + 75 + 497 — % — %6 — A +4Xa(n — ) + 21,
Pas = Y2do — 2X3(71 — 74) + 2X173,

PBaa = =477 — 73 +75 — 475 + 3+ 78 +4nva — 235 — 2p.

Since \; # 0, we assume A\ = 1 and work with the homothetic metric determined by
é; = /\%ei. Let Z; C Rlv1, Y25 V3, Y40 V5 V6» M X1, X2, X3, Xy4] be the ideal generated by the
polynomials *3;;. We compute a Grobner basis G, of Z; with respect to the lexicographical order
and see that the polynomials

g1 = X2(2617344 X5 + 13139712X7 + 18557248 X + 7213356 X + 61803),

g1z = X,4(83755008 X 14 + 776429568.X 12 + 2689679360.X 1 + 4517104000.X
+ 4237066048 X¢ + 2362718304.X % + 591574590X2 + 5006043)
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belong to G;. Therefore, X; = X, = 0.

We compute a second Grobner basis G, of the ideal generated by the polynomials G; U
{Xo, X4} in Rlv1, Y2, 135 Va5 V5 V65 14 X1, Xo, X3, X4] with respect to the lexicographical order
and see that the polynomial

gn=7i+1

belongs to Go, which shows that there are no left-invariant Ricci solitons in this case.

Structure operator with zero eigenvalues: metrics on R? x R

Since A\; = Ay = A3 = 0, any linear map D : t* — t3 is a derivation. In order to simplify the
structure constants, we proceed as follows. Let
®(z,y) = (Dx,y)
be the bilinear form associated to D(-) = [+, e4], and let
1

1
@5 = 5(@ +tCI)) and ¢a = 5(@ — tq))

be the symmetric and skew-symmetric parts of ®, respectively. We denote the corresponding
self-adjoint and anti-self-adjoint endomorphisms by Dg,q and D,s.q, Which are defined by

(I)s (:Ea ?J) = <Dsadx7 y> and (Da (-737 ?J) = <Dasadx> y>7

respectively. We analyse the different Jordan normal forms of D,y separately.

The self-adjoint part of the derivation D, is diagonalizable

In this case, there exists an orthonormal basis {e;, e, e3} of ©3 with timelike es, so that

m 0 0 0 7 7
Dsad = 0 72 0 s Dasad = -M1 0 V3
0 0 s Y2 3 0

Therefore left-invariant metrics are described by
[e1, €] = mer — y1e2 + Yae3, [z, e4] = Y101 + 200 + Y3€3,

les, e4] = Yae1 + Y3€2 + 13€3,

where {e1, e, €3, €4} is an orthonormal basis of t® x R with timelike e3. After a straightforward
calculation, we obtain the following polynomials 3;; = %‘Bl-j:

‘311 =—m(m +n2+n—2Xy) — p,
PBay = —12(m + 12 + 13 — 2X4) — p,
s333 =n3(m +n2 + 13 —2X4) + 1,

PBaa=—nf —n5 —n3 — 1.
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Considering the combinations
772%?311 - 771‘1322 = (m — m)H,

773@11 + 771@33 = (m — n3) s

together with the expression of ‘f344, we see that ; = 1, = n3 = k. Now, a standard calculation

shows that the corresponding left-invariant metric has constant sectional curvature —x2.

The self-adjoint part of the derivation D, has complex eigenvalues

If the self-dual part of the derivation, D,,4, has complex eigenvalues then there exists an or-
thonormal basis {1, 3, e3} of t3 with timelike e3, so that

n 0 0 0 7 7
Dgq = 0 6 v v Disaa = -7 0 3 )
0 —v § Y2 3 0

where v # 0. The corresponding left-invariant metrics are described by
le1, ea] = ner — mes + Yaes, [ea, ea] = y1e1 + dea + (3 — v)es,
[e3, ea] = yee1 + (73 + )€z + des,

and a standard calculation shows that the polynomials ﬁij = %‘Bij are given by

P = -7 —2(6 — Xa)n — i, Prz = 1(6 — 1) —22v,

Pz = 12(6 — 1) + 111, Pra = —X1n — Xom1 — X372,

Py = —202 — (n—2X4)d — 23 — p, By = —(20 +1n —2Xy)v,

Pos = X171 — X6 — X3(v +73), Pz = 20% + (n — 2X4)6 — 2930 + 1,
Pas = X172 — Xo(v — 73) + X350, Py = —202 —n> + 2% — .

Since v # 0, we can rescale the basis to work with the homothetic metric determined by
é; = %ei and assume that ¥ = 1 for the rest of our calculations. If we now consider the linear
combinations

72‘%12 - 71‘5313 =9 —7 and @22 + si§33 = —dy;,
it follows that y; = 7, = y3 = 0. Now, the combinations

Pas = —26 — 0+ 2X4,
s324 — 5‘1‘34 = —X3(52 +1),

S Pos + Pay = —Xo(62+ 1)
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lead to Xo = X3 = 0and Xy = 0 + %77. Consequently, the system of polynomial equations
{%B;; = 0} reduces to

s1311 = 5]322 = —‘1333 =—pu=0,
P = —Xin =0,

Pau = =202 = —p+2=0,

which shows that X7 = 0 and the left-invariant metric given by

le1,e) =ner,  [ez,eq] =e4/1—3n%es —e3, [es,eq] = 2 +24/1 — in?es,

with —/2 < n < V2 and €2 = 1, is a left-invariant steady Ricci soliton which corresponds
to Assertion (i) in Theorem 4.2. Moreover, the left-invariant soliton vector field is given by
X =Xje1+ceqif n=0,and X = % (77 +e4/4 — 2772> eq if 7 # 0, as stated in Remark 4.3.
Note that (eq, s, €3,€e4) — (€1, €2, —e3, —ey) defines an isometry interchanging (), ) and
(—n, —¢). Therefore, we can assume 0 < 7 < /2. In particular, if = 0, the same isometry

interchanges ¢ = 1 and € = —1. A straightforward calculation shows that the metrics described
above are never symmetric and they are Einstein if and only if n = —\2/—%, which corresponds to

Assertion (i) in Theorem 4.1.

The self-adjoint part of the derivation D, has a double root

In this case, there exists a pseudo-orthonormal basis {uy,us, uz} of t3 such that (uj,us) =
<U3,U3> =1 and

m 0 0 Mmoo 0y
Dsad - E M 0 ) Dasad — 0 -1 V3 5
0 0 n -3 —72 0

where 2 = 1. In this situation, the corresponding left-invariant metrics are described by
[ur, wa] = (m +m)ur + us — y3us,  [uz, ua] = (M — 71)us — Y2us,
[us, us] = yous + y3us + N2us,

where {uq, ug, us, us} is a pseudo-orthonormal basis for which the non-zero inner products are
(ur, us) = (uz, us) = (us, ug) = 1. We consider the following polynomials J;; = +9;;:

s311 = —c(2m + 12 + 271 — 2Xy), ii;l? = —m (2 + n2) + 2Xym — p,

@13 = —’73(771 - 772) — €79, ‘»%23 = —72(771 - 7)2)7

S333 = —12(2m1 + 12) + 2X4m2 — 1, i]~344 = =27 — 5 — .
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It is easy to check that

725313 - 73‘323 = —5’737
772‘4312 - 7715333 = (m — n2) 1,

emPr1 — Pz + Paa = —m (4 — 2+ 271) + 2X4(n1 — n2),

and it now follows from the expression of PB4 above that vo = 0, 17, = 1, and (31 +271) = 0.

If 311 + 2+, = 0, the resulting left-invariant metric is Einstein and it corresponds to Assertion
(ii) in Theorem 4.1. Finally, if 71 = v = 79 = 0 and v; # 0, then the left-invariant metric
corresponds to

(U1, ug] = Y1 + €Uy — Y3uz,  [Uz, Us] = —Y1Ug, Uz, us] = Y3U2, 4.1)

and wus is a recurrent null vector. Furthermore, a straightforward calculation shows that the cur-
vature tensor is transversally flat (i.e., R(Y,Z) = 0 for all Y, Z € uy) and the Ricci operator
is isotropic (p1; = —2e7; is the only non-zero component of the Ricci tensor). Therefore, the
underlying structure is that of a pp-wave which is neither symmetric nor locally conformally flat.

The self-adjoint part of the derivation D, has a triple root

Let {u1, us, u3} be a pseudo-orthonormal basis of t® with (uy, us) = (us, uz) = 1, so that

1 Mmoo 0 o,
Dsad - 0 n 0 5 Dasad = 0 -1 3
-3 —72 0

The corresponding left-invariant metrics are given by
[ur, ua] = (0 + M)w — 3us, [ug, us] = (N — y1)ug — (2 — 1)us,
[uz, ua] = (2 + Dur + y3u2 + nus,

where {u1, Uy, u3, us} is a pseudo-orthonormal basis of of t3 x R for which the non-zero inner
products are (u1,us) = (us,u3) = (ug,us) = 1. A straightforward calculation shows that the

non-zero polynomials ‘°B;; = %‘,]31-]- are given by

Pro = —3n% + 2Xun + 73 — 4, P = —Xo(n — 71) — X373,
51322 = 279, 5323 = —=3n+m +2Xy,
Pos = —X1(n+m) — Xz(p + 1), Pas = =30 + 2X4n — 293 — 1,

B

—X3n + Xo(y2 — 1) + X173, P = =372 — .
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It follows from the combinations

Pas = 279,
Pz — Pz = 373,
5&12 — 77‘323 — @44 =nEBn—m)+73

that 7 = y3 = 0 and n(3n — ) = 0.

Now, if 3n — 7, = 0, the corresponding left-invariant metric is Einstein, and it corresponds
to Assertion (iii) in Theorem 4.1 if vy = 3n # 0. The case where = 7; = 0 corresponds to a
Ricci-flat plane wave.

If n = 0 and v, # 0, then a straightforward calculation shows that the corresponding left-
invariant metrics, which are given by

[U17U4] = 71Uz, [Uz,ud = —7U2 + us, [UB’U4] = Uz,

are neither Einstein nor symmetric. Moreover, the system of polynomial equations {‘I}” =0}
reduces to

PBro = Pss = Pay = —p = 0, Pos = — X171 — X5 =0,
Py = Xom1 =0, Pas = — Xy =0,
q~323 =v+2X,=0,

and it defines a left-invariant steady Ricci soliton with left-invariant soliton vector field X =
Xiup — Ximug — 371us.

Finally, notice that (uy, ug, us, us4) — (—uy, —usg, ug, —u,) defines an isometry interchanging
v1 and —v;. Therefore, we can restrict the parameter ~y; to y; > 0 without losing generality.
Setting av = 7, this case corresponds to Assertion (ii) in Theorem 4.2.

4.1.2 The structure operator L has complex eigenvalues

If the structure operator L is of type 1Ib, there exists an orthonormal basis
{e1, eq,€3,e4} of g = g3 X v with timelike e3, where g3 = span{ey, ez, e3} and v = span{e, }, so
that

3
[61762] = —fey — aes, [61,63] = —aey + fes, [62,63] = ey, [61764] = Zoaiej,
(i=1,2,3) Jj=1

for certain a? € Rand § # 0. Next, we consider the cases where the real eigenvalue A = 0 and
A # 0 separately.
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Case of zero real eigenvalue: metricson F(1,1) x R

If A = 0, then the corresponding metrics are given by

le1, e2] = —fPes — aes, le1, e3] = —aes + Pes, le1, eq] = 12 + Y2€3,

le2, e4] = 2y3Pea + (73 — va4) e, le3, es] = (73 — Ya) s + 274 Pes,

where {ey, es, €3, €4} is an orthonormal basis of ¢(1, 1) x v with timelike e3. A straightforward
calculation shows that the polynomials *j3;; are given by

P = 46 =77 +7 — 2,

PBiz = (12(13 — 74) — 2X5)a — 2(1 (273 + 1) + X2)B + 2Xum,
Piz = —(1(v3 — 1) — 2X2)a + 2(72(73 + 27) — X5)8 — 2Xupe,
Pra = —4(ys — 1),

Paz = —873(73 + 1) 6% + 42Xy + X1)B + 7 — 2,

Pos = —4((v3 — 74)* + D) — 1172,

Pos = — (12 +2X5(73 — 1)) + (1 — 4X273) 8 — 2Xam,

Pz = 8(73 + 74)748” — 42X — X1)B + 73 + 24,

Baa = (71 +2X2(73 — 1)) + (12 + 4X37) 8 + 2X172

Paa = —8(v5 +11)B° — 1+ — 2u.

Since § # 0, we can assume that 5 = 1 and work with the homothetic metric determined
by é; = %ei. Using the expressions for P14, P11, Pos and Py, given above, together with the
combination

Bz + Bz =71 +75 — 8(15 — 75 — Xulys — 1) — X1),

we see that
Y4 =73, M= —%(V% - 722 ‘|‘4)> o= —i%%, Y3 = %1, X = —é(ﬁ +7§),
where 6% = 1. Now, it is easy to check that
e1%PB12 — Pas — 171172 Ps4 + 571 PBss = 15711(73 — 8) (73 + 277 +8),

€1 P13 — %ﬂﬂzmu + Pss — %72‘4333 = —%72(7% + 8)(2722 + 712 - 8),
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from where it follows that 74 = 0 and v, € {—2,0,2}. A standard calculation shows that the
corresponding left-invariant metric, which is given by

le1, ea] = —ea, le1, e3] = e, le1, e4] = yoe3,
[62, 64] = &162, [637 64] = €163,

is Einstein (and locally isometric to a product of two surfaces with the same constant curvature)
if and only if v = 0. If 7, # 0, we take 75 = 2e,, with €3 = 1, and the system of polynomial
equations {J3;; = 0} is now given by

Pio = —2X, =0, Pos = =261 Xy =0,
Pis = —2(X5 + 262Xy) + 6e162 = 0, Piz = —4e1 Xy +6 =0,
Por =461 X4 — 6 =0, Py = 26, X3 =0,

which shows that X; = X35 =0, Xy = 3%, and the left-invariant metric given by

[e1, 2] = —ea,  [e1, €3] = es, le1, e4] = 2e5e3,
e, e4] = €169, [e3, e4] = €163,
is a steady Ricci soliton with left-invariant soliton vector field X = —%61 + 3%64.
Notice that (e, ez, e3,€4) +— (€1, —€2, —e3, —e4) is an isometry interchanging £; = 1 and
g1 = —1, and (e, €9, €3, €4) — (€1, —ea, —e3, €4) defines an isometry which interchanges e, = 1
and e, = —1. Therefore, we can set £y = £, = 1, which leads to Assertion (iii) in Theorem 4.2.

Case of non-zero real eigenvalue: metrics on BVL(Q, R) xR

If A # 0 then the corresponding left-invariant metrics are given by

[61, 62} = —fey — aes, [61, 64] = (042 + 52)(7162 + ’7263)
le1, e3] = —aey + Pes, le2, e4] = —(M1x — 12 0)Aer + Y3 Pes + Y3aes,
[e2, €3] = Aey, les, eq] = (Y2 + 110)Aer + y3aes — y3fes,

where {ej, €2, €3, €4} is an orthonormal basis of 5[(2, R) x ¢ with timelike e3. A straightforward
calculation shows that the polynomials *j3;; are given by

P = (0 + 692 — (0 = PIN) (47 = 28) —4aBNPra — 452 = X = 2,

Pro = 2Xu(a® + 2 — ad) — (& + 7 + 2a\) By3)m
+ (24 B%) a — (a® = B)A) v3 + 2X48N) 72 — 2(X3(a — A) + Xaf3),

Pz = — (@ + 5%)a — (a® = *)N) 73 — 2X4BN) 1
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— (2X4(a® + P—a)) + (@ + 2 + 2aN) B3) 12 + 2(Xo(a— ) — X30),
Pra = 2(Xoar — X38) A — 2(Xza + Xo8)\ye — 45%3,
Pao = (0 + 57)% — a?N*) 77 — 2A*9] + 208N 1172 + 4Xufys +4X1 6 — (2a — M)A — 2y,
Poz = af (N (7§ —73) —493) — ((@® + 5%)* = (& = B*)N?) 72 — 2(2a — N) 3,
Pos = ((a? + 52) (8 = 2X1) = BA*) 1 — ((@® + B%)(a = 2X) + ar*)y2 — 2(Xza + Xof)7s,
Paz = —F2A7 + (0 + 52)? — a®N?) 73 — 208X’ 7172 +4Xy By +4X1 8+ (20 — M)A+ 24,
Paa = (@7 + 5) (e = 24) + €)1 + (0 + B7)(2X; + B) — BA%) 12 + (2Xa0 — 2X38)7s,

Pu=—(a®+ 5 = (a+ BN (a® —ar+ (B +N)B) (7F —73) — 4673
—4(a? 4 8% —a)) fAy1v2 — 2u.

In this case, we make use of Grobner bases again but, since it is extraordinarily difficult to
obtain such a basis using the above polynomials °B3;;, we need to reduce the number of variables.
Let us focus on the expressions of 311, P22 and the linear combinations

BBz — (@ = APz and (o — A)PBio + 5 PBas.
They allow us to clear u, X7, X5 and X3, respectively, as
= —%((aQ + ﬁ2)2 - (042 - /32)/\2)(71 72) - 204/3)\27172 - 252 — 3

X1 = —ﬁ ((042 + 52)2 - 042)\2> ’Y% + %ﬁVv% - %Oé)\z’Yl’Yz — Xy3

aB(a?+B2 22
X9 = ( (a — —(a4c/<ﬂzigz> ¥ + X4/3> Y1+ (%W + X4a) Y2,

aB(a21B2_)\2 aB?

X3 =— <W% - X4a> 7+ (% < — %~ %) ’Ys—XAﬁ) V2 -
Consequently, we can eliminate these variables from the polynomials °B;; and, as a consequence,
X, is also eliminated. Let us denote by £;; the expressions obtained from the polynomials
B;; after substituting ;, X, X2 and X3. These expressions are not polynomials, since they
contain fractional expressions with variables in the denominators, but we can easily avoid this
inconvenience by considering £};, which are given by

/14 = ((Oé - )‘)2 + 62)9147 Dlgg = 5:223,

by = 2((a = N)? + 5%) 8 Qa, 53 = Qas,
Qg4 = 2((0& - )‘)2 + 52)5 Q3y, QﬁM = Quu,

and the remaining ones are zero. This way, Q7 € R[y1,72,73, A, a, 8]. Now, let T C Ry, 72,
Y3, A, @, (3] be the ideal generated by the polynomials ;;. We compute a Grobner basis G of 7
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with respect to the lexicographical order and see that the polynomial
g = (a® + 52

belongs to G. Since 3 # 0, there are no left-invariant Ricci solitons in this case.

4.1.3 The structure operator L has a double root of its minimal polynomial

If the structure operator is of type II then there exists a pseudo-orthonormal basis {u1, ug, us, w4}
of g = g3 x v with (uy,us) = (us,uz) = (ug,ug) = 1, where g3 = spanf{uq, us, uz} and
v = span{uy}, so that

3
[ur, ug) = Aoug, [ur, us] = —Ajur — eua,  [ug, ug) = Aug,  [u, us = Zaiuj,
(i=1,2,3) Jj=1

for certain af € Rand e? = 1. Next, depending on the eigenvalues \;, we are led to the following
different possibilities.

Case \; = 0: metrics on H> x R
If Ay = Ay = 0 then the corresponding metrics are determined by
[u1, us] = —eus, [ur, wa] = y1u1 + Youz + Y3us,
[u2, ua] = Yaus, [us, ua] = y5u1 + Yeuz — (11 — Va)us,

and the polynomials ‘3;; are

Pro = =275 — 27174 + V576 + 2Xam1 + 2X4v4 — 24,

Pia = —2X172 — 2Xo71 — 2X57% — €75,

Pao = 13,

Pos = —2(X1m1 + X375),

Pz = —2(27F — 2 + 5% + 2Xam — 2Xuya + ),

Psa = 2(Xz71 — X1v3 — Xz7a),

PBaa = =377 — 375 + 27174 — 27375 — 27576 — 240 -
Therefore 75 must vanish. Considering the linear combination

0=2(71 —7)PBrz + (11 +74)PBsz = 2(1u — 37)p
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we see that there are two different possibilities depending on whether 4 = 0 or 74 = 3. If
1 = 0 then

PBa = =297 — 275 — (11 — 1),
and if v, = 374, it is easy to check that
Pos = —2X171, Y1PBss — 13 Pou = —4X377,
279iPB1a — (27172 — 1376)Paa — N1Y6Pae = —12X077,

Pio — Paa = 8Xyv1 .

In any case, 71 = 74 = 0, and the left-invariant metrics are given by

[ur, ug] = —eug, [ur, us] = yous + y3us, |us, us] = Yeus. 4.2)

A straightforward calculation shows that us is parallel and the curvature tensor satisfies R(Y, Z) =
0and VyR = 0 for all Y, Z € u;. Thus, the underlying structure is a plane wave.

Case \; = 0, \y # 0: metrics on £(2) x Ror £(1,1) x R

In this case the left-invariant metrics are described by
[ur, ug] = Asus, [z, us] = y3uz + YaAaus,
[ub Ug] = —EuUg, [Ug, U4] = —EY4Ug + Y3U3,
[u1, ua] = y1uz + Yous,

and a straightforward calculation leads to the polynomials

Pro = A — Y2vada — 2075 — Xuys + ),
Poy = —74)\%7

PBas = 2(ae — v2)7axe — 373 — 24,

Pz = 272mda— A3 — 2(275 — 2Xyy3+p) .

It now follows that

PALEP) Wﬁm AR, — Paz — Pas = 3(\5 +73)

and, since Ay # 0, there are no left-invariant Ricci solitons in this case.
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Case \; # 0, \, = 0: metricson £(1,1) x R

If \; # 0 and A\ = 0 then
[ur, ug) = —Auy — cug, [ug, us] = — (2721 — 71)uz,
[Ub U4] = Y1U1 + Y2Us2, [U3, U4] = Y3U1 + Y4lUo,
[Ug, Ug] = )\1”2 .

Straightforward calculations show that the non-zero polynomials *33;; are given by

P = —4ded + 75 — dnye + 4Xuye — 4e X,
Pro = =430 + 462y — Xy)veh — 407 + 37 + 4Xum — 2p,
Pz = (26727 — 2X2)A1 — 37171 — Y273 + 2Xa7s + 26X,
Pia = (deXoyo — va) A1 — 2Xoy1 — 2X172 — €73 — 2X374,
Paz = 73,
PBaz = 2(2e7273 + X)) M — 37173 + 2X47s,
Pas = 13A1 — 2X471 — 2X373,
Paz = —2(1371 + 1) ,
Pas = =43\ + 8 — 47 — 29374 — 24
We immediately see that 3 must be zero, so that
Pas = 2X1A1 and  Psz = —2y,

and so X; = p = 0. Now,
P = —4(ey — )%,

which implies that 7, = €y A1 and now the polynomial

Pis = — (7274 + 2X2) A1 + 2Xy4,

from where we get Xy = —S9974 + X4;*—‘i. At this point, the left-invariant metric is given by

[Ub Us] = — AUy — €ug, [Uh U4] = Y2 A\1U1 + YolUs2, [u27 Us] = A2,

[U2, U4] = —EY2 A\ Uy, [U?n U4] = Y4U2,



136 4 Ricci solitons on four-dimensional Lorentzian Lie groups

and the system of polynomial equations {J3;; = 0} is now given by
mu = —48(’7% + 1))\1 -+ ’)/Z + 4X4’}/2 — 4€X3 = O,

Pra = {3 + DA 4+ 2(X5 —eXyv2)} = 0.

Let us set

1
U1 = Uy, Uy = U2, U3 = €72U3 + U4, Vg = U3.

A straightforward calculation shows that [v;,v;] = 0 for all 4,5 € {1,2,3} and [v4,v;] €
span{vy, v, v3}. Therefore, every left-invariant metric above is isometric to some left-invariant
metric on R?® x R as discussed in Section 4.1.1.

Case of non-zero eigenvalues: metrics on ﬁ(?, R) xR
In this case one has the metric expressed in terms of the Lie brackets
[ur, ug] = Apus, [u, us] = —Auy — eug, [ug, us] = Aug,
[u, ua] = Mimiur + eyiug + yeAous, [ug, ua] = =71 AUz + 3 A2u3,

[ug, ug] = —y3Aur — (721 + €73)us,

and a straightforward calculation shows that the polynomials *33;; are given by
PUTIES 7%0‘% - A%) - 25(27% — Y2Y3 + 2)A1 + 26X + %% +4e Xy — 4e X,
Pz = 7271377 — (293 — DA — 20 he + erdh — 2p,

Bz = 1172(A\T—AA2) + 2(emy3—Xave — Xo) A + (93 + 2Xuvy2 + 2X0) Ao
— 28’)/3X4 + 2€X1,

Pra = 12 (A1 — A2)? + 2(Xoy1 + X370 + ev3) A1 — 267300 — 26 X171 + 26 X373,
Pao = 15 (AT = A3),

Paz = —713(A — MA2) — 2(Xav3 — X1) (A — Aa),

Pos = —13(A2 + A2) + 29301 00 — 2(X 171 — X3793) A,

Pas = =273 + (27273 — 1)A3 — 227501 — 24,

Pas = —2(X172 + X273) Ao,

Paa = —27273(A1 — A2)? = 2675 (A1 — A2) — 241

Let Z C Ry, 72, 35 €5 A1, A2y ity X1, Xo, X3, X4| be the ideal generated by the polynomials
B;;. We compute a Grobner basis G of Z with respect to the graded reverse lexicographical order
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and obtain that the polynomial g = A3 belongs to G. Since A\, # 0, there are no left-invariant
Ricci solitons in this case.

4.1.4 The structure operator L has a triple root of its minimal polynomial

If the structure operator L is of type III, there exists a pseudo-orthonormal basis {u1, ug, w3, 14 }
of g = g3 x v with (uy,us) = (us,uz) = (ug,ug) = 1, where g3 = spanf{uy, uy, uz} and
v = span{uy}, so that

3
[uh u?] =u; + AUJS) [uh Ug] - _)‘uh [u27 U3] = /\U2 + us, [uia U4] - Z O[ZU],
(i=1,2,3) j=1

for certain a{ € R. In what follows, we will consider the cases A\ = 0 and \ # 0 separately.

Case A\ = 0: metricson F(1,1) xR

If A =0, then
(w1, ug] = uy, [u, us] = yuy, [ug, us] = us,
[Ug, us] = Youy + Y3us, [us, us] = yaus,

and a straightforward calculation shows that the non-zero polynomials 33;; are given by

Pio=—7 — 117+ 22Xy +2Xo — 2, Poz = —29374 + 2X473 + 2X5,
Pz = —72 — 2997a + 4X470 — 4X1 — 4, Pag = —2(Xo7s + Xs7a),

Pos = —(2X1 + )71 — 2Xo7s + 294, Pas = —V% - 2%% — 24,

Paz = —2(72 + 172 — 2Xaya + 2Xo + 1) .

From the expressions of P29, Po3 and P44 we obtain

Xi=—97 —5(u—2X)r -1, Xsg=(ya— X, p=-351—7.

Therefore,
Pra = 295 — (1 — 2Xu)n +2Xo
and
Xo = =77+ 5 —2X)m.
Now,

PBos = 173 +2)m + 201271 + D,
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SO
4(y2v4 + 1)7a

2
V542
At this point, the system of polynomial equations {§3,; = 0} reduces to

7=

Pz = Gz {08 + 2027 + 9%+ Xa(0F +2)(0F — 42y — 2}y =0,

Paa = S5 120027 + Dy 4+ (% — 49ems — 2) Xa} 137 = 0.
It is easy to check that

S P33 — Pay = 2<v§+2)2 {375 1275 + (73 + 4271 + 6)> + 12} 1373,

which implies that 737,=0.
If 74 = 0 (which implies v; = 0), the left-invariant metrics are given by

[u1, us] = uy, [ug, us] = us, (U2, Us] = Your + Y3us, (4.3)

and a standard calculation shows that u, is a recurrent null vector. Moreover, the only non-zero

component of the Ricci tensor

P2 = —2 — %732.
shows that the Ricci operator is isotropic, R(Y,Z) = 0, and VyR = 0 for all Y, Z € u;.
Consequently, the underlying structure corresponds to a plane wave.

If Y4 7& O, then Y3 = 0 and

Pas =4 {(7274 +2)%yy — Xa(2927s + 1)} V4.
Notice that if 29574 + 1 = 0 then P33 # 0. Hence the left-invariant metric is given by

[uy, us] = uy, [ur, us] = —2(7271 + 1)yaus, [ug, uz] = us,
[u2, ua] = yaus, [uz, ua) = yaus,
and it is an expanding left-invariant Ricci soliton with g = —(2(72y4 + 1)? + 1)72 and left-

invariant soliton vector field X = X u; + Xous + X, uy, where
X1 = gy (V270 +2)(2(9271 + D)yoma — 1),
Xo = 5oy (071 +2)(2(27a + 2)7274 + 3)74,

Xo= 5 (e +2)% .

A straightforward calculation shows that the metric above is symmetric if and only if (y9y4 +
1)(y274+2) = 0. Moreover, it is Einstein if and only if 7274 +2 = 0, in which case the sectional
curvature is constant. Otherwise, if 7274+ 1 = 0, the metric is locally a product L% x N (c), where
IL? is the Minkowskian plane and N(c) is a surface of constant curvature c. Finally, note that
(w1, ug, uz, uy) — (ug,ug, us, —uy) defines an isometry interchanging (74, v2) and (—vy4, —72),
which allows us to restrict the parameter -y, to v, > 0 without losing generality. Setting o = 4
and 3 = », this case corresponds to Assertion (iv) in Theorem 4.2 and Remark 4.5.
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Case )\ # 0: metrics on 37:(2, R) x R

If A # 0, then
[U17U2] = uy + Aug, [Uh Us] = —Auy,
[ur, ua] = Y1 Aug + 2\ 2us, [ug, us] = Aug + us,
[us, us] = —7ysAuy — Y2 Xy — o us,

g, us] = Y3us — (71 — Y2) Mg — (71 — 72 — Y3A)us,
and we see that

Pro = —(1 — M2 + DI +2XppA +2X =20, Pz = 3530°,

q333 = (2’73 - 2’71’}/2 - 1)/\2 - 4X4’72)\ - 4X2 - 2/1, s1344 = —3’}/22/\2 - Z,u .

One easily checks that
2%PB12 — 2 Pus + Paz — 3Paa = —31%.

Since A # 0, there are no left-invariant Ricci solitons in this case.

4.2 Extensions of Riemannian Lie groups

In this section we analyse the left-invariant Lorentzian metrics which are extensions of three-
dimensional unimodular Riemannian Lie groups. In particular, we show that any left-invariant
Ricci soliton in this setting is trivial.

Lemma 4.8. A four-dimensional Lie group G = G3 xR equipped with a left-invariant Lorentzian
metric whose restriction to GG3 is Riemannian is a left-invariant Ricci soliton if and only if it is a
space of non-negative constant sectional curvature.

Let g = g3 x v and let L be the structure operator of g3. Since L is self-adjoint and di-
agonalizable, there exists an orthonormal basis {ej, es,e3,e4} of g, with timelike ey, where
g3 = span{ey, e9, e3} and v = span{e, }, so that

3
le1, 2] = Azes,  [er,e3] = —Aaea,  [ea, €3] = Aier,  [ei,eq] = Zafej,

(i=1,23) J=1

for certain a{ € R. Next, depending on the eigenvalues \; and imposing the Jacobi identity, we
are led to the following different possibilities.
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4.2.1 Case of non-zero eigenvalues: SL(2,R) x Rand SU(2) x R
If A A2 \3 # 0, the left-invariant Lorentzian metrics are described by
[e1,ea] = Aszes, [er, e3] = —Aaey, le1, 4] = 71 A2e2 + Y2 Aze3,
[ea, €3] = Aer, [ea, eq] = —y1Aier +y3Ases,  [es, eq] = —pdier — y3Agey,

and, proceeding as in Section 4.1.1, a straightforward calculation shows that there are no left-
invariant Ricci solitons in this case.

4.2.2 Case of a single null eigenvalue: £(2) x Rand F(1,1) x R

Without loss of generality, we assume A3 = 0 and A\;A\y # 0. The Lorentzian left-invariant
metrics on F(2) x Ror F(1,1) x R are given by

le1, e3] = —Ageq, le1,e4] = Y11 + Yadae2, [ea, €3] = e,
[62, 64] = —Y2A1€e1 + V€2, [63, 64] = 7y3€e1 + Vs€2.

Proceeding as in Section 4.1.1, we see that the existence of left-invariant Ricci solitons leads to
the conditions Ay = A1, 713 = 73 = 74 = 0, which determine flat metrics on £(2) x R.

4.2.3 Structure operator of rank one: /7> x R

Set A\; = A\ = 0 and A3 # 0 so the left-invariant Lorentzian metrics can be expressed as
le1, e2] = Ases, le1, e4] = 11 + Y2€2 + Y363,
[e2, 4] = ya€1 + Y5€2 + Yo€3, e, e4] = (71 +75)es.

A straightforward calculation as in Section 4.1.1 shows that there are no left-invariant Ricci
solitons in this case.

4.2.4 Case of zero eigenvalues: R x R

Proceeding as in Section 4.1.1, the left-invariant metrics are described by
[617 64] = Te1 — 71e2 — V263, [627 64] = 71€1 + n2e2 — Ys€s,
les, e4] = yoe1 + Y3€2 + M3€3 .

Analogous calculations to those in Section 4.1.1 show that R? x R is a left-invariant Ricci soliton
if and only if 1, = 1y = 13 = K, in which case the sectional curvature is constantly 2.
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4.3 Extensions of degenerate Lie groups

In this section we will study left-invariant Lorentzian metrics which are extensions of three-
dimensional unimodular Lie groups with a degenerate metric. We will show that the underlying
structure of any non-Einstein soliton is either a plane wave (obtained in Section 4.3.1 and Sec-
tion 4.3.2) or a symmetric product > x N(c) (studied in Section 4.3.2). While the products of
the form L2 x N (¢), discussed in Section 4.3.2, are left-invariant Ricci solitons, the case of plane
waves is more complicated and will be analysed in Section 4.4.

Let g = g3 % t be a four-dimensional Lie algebra with a Lorentzian inner product (-, -)
which is degenerate when restricted to gs. Let g5 = [g3, g3] be the derived subalgebra of g;. We
consider the different cases given by dim g5 € {0, 1, 2, 3} separately.

4.3.1 dim g} = 0: left-invariant metrics on R x R

In this case the Lie algebra g3 is Abelian. There exists a pseudo-orthonormal basis {1, us, us, uy}
of g = g3 X span{uy} with (uy, uy) = (ug, us) = (us,uys) = 1, so that

(w1, wg] = y1u1 + Yous + Y3us, [Ug, ] = Yau1 + Y5u2 + Yeus,
[us, us] = Yrur + Ysua + Yous,

for v; € R. A straightforward calculation leads to the polynomials

P = —2 + 44Xy — 24, Pz = 2Xy77,
Pas =77 +18 + 2Xuv0 — 21, Paz = 2X475.-
It follows from the expressions of 315 and P53, together with the combination
Pii — Pas = =297 — 74 + 2X4(271 — ),

that v; = ys = 0. Therefore, the left-invariant metric is given by

[Uh U4] = Y1U1 + YUz + Y3Us3, [U37 U4] = Y9Us,
4.4)
[Ug, us] = Yauq + Y5uz + Yeus -

It is not difficult to check that u3 is a recurrent null vector such that R(Y, Z) = 0 and Vy R = 0
for all Y, Z € us. Moreover, the only non-zero component of the Ricci tensor is

paa = =71 — L2 +7)% = %2 + (m + )%,

which shows that the Ricci operator is isotropic and the underlying structure is a plane wave.
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4.3.2 dim gj = 1: left-invariant metrics on H® x R

Since the restriction of the metric to g3 has signature (+, +, 0), then g4 = span{v} can be a null
or a spacelike subspace. We analyse these two possibilities separately.

g5 = span{v} is a null subspace

In this case, setting uz = v, there exists a pseudo-orthonormal basis {u;, us, uz, us} of g = gg Xt
with (u1,uy) = (ug,us) = (us,us) = 1, where g3 = span{uy, us, uz} and v = span{us}, so
that
3
[Ul, Ug} = )\1’&3, [ul, Ug] = )\2U3, [Ug, Ug] = )\3U3, ['Lbi, U4] = Z ozguj,
(i=1,2,3) Jj=1

for certain af € R and where at least one of A1, A, and )3 is non-zero. We are led to the following
different possibilities depending on the values of the \;’s.

Case \y = \3 =0

If A\ = A3 = 0, then necessarily A\; # 0 and

(U1, ug] = A\us, (U1, us] = y1u1 + Yous + Y3us,
(4.5)

[ug, ug] = yaur + Y5u2 + Yeus, [us, ug] = (71 + v5)us.

A standard calculation shows that us is a recurrent vector field and the curvature tensor satisfies
R(Y,Z) =0and VyR = 0 forall Y, Z € ujz. The only non-zero component of the Ricci tensor

is
Pag = % {)\% + 47175 — (72 + 74)2} )

which shows that the Ricci operator is isotropic. Therefore, the underlying structure is a plane
wave.

Case \s =0, \3 # 0

In this case one has

[Ul,uﬂ = A\jus, [U17U4] = mAsu; + (’Yl - ’72)>\1U3, [Uza US] = A3us,

[Ug, ug] = y3ur + Yaus, [us, ug) = y2Asus,
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and the non-zero polynomials ‘B;; are given by

P =4XumAs — 2p,

Pi2 = 2X473,

Pra = MAz + 2(Xa(n1 — 12) + X2) A — 2X1m1 A3 — 2Xo73,
Por = —AF — 24,

Pos = — 1A — 2X4 M + 2X3)3 + 2X,4,

Pas = (2X 472 — 2X5) A3 — A3 — 2,

Paas = AT = 271(11 — 12) A3 — 4X1 (11 — 12) A — 4X379As — 4Xov4 — 73 .

It is easy to check that

Pi1 — Pao = (A3 +4X471)As,

which implies that X4 # 0 (since A3 = 0). Now, this combination, together with the expressions
of P15 and Pyo, lead to

13=0, m= —ﬁ/\& = =33,

and a direct calculation shows that
20011 — 27228P21 + = (AT — 13 A1 + 7 As)Bas — AsPas = ﬁké :
Since A3 # 0, there are no left-invariant Ricci solitons in this case.

Case )y # 0

If Ay # 0, then the Lie algebra structure is given by

[ub UQ] = )\1U3, [ub Ug] = )\2U3, [u27 ud] - )\3'&3, [Ug, ’LL4] = ")/4)\2U3,
[ur, ug] = =11 Ao Asuy + 11 AJu2 + Y2 Xous,

[ug, us] = =3 3u1 + Y32t + (V1 A1 A3 — (13 — Ya) AL + Y2 A3)us,
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and the non-zero polynomials °3;; are

P = =3 —4XumdeAs — 24,

Pz = 2Xum1 A3 — XAz — 2X473)3,

Pra = 1A — 1A + MAs + 2Xo(A1 + 13)3) + 2(Xay2 + X3 + X17103) s,
Poo = —A3 + 4Xuy3h0 — 24,

PBos = V1 A2A] — 2X171 A3 — Mde + 2Xuyi A — 1300
— 2(Xy(v3 — 7a) + X1)A — 2Xo7300 + 2(Xu7e + X3)As,

Pss = —A3 — A + 2(Xuya — X1) Ao — 2XoA3 — 24,

Pas = —’Y%)\g - 2712)‘%)\3 + 27 (’73 - 74))\5)\3 + )\% - 2’73(73 - ’74)>\3 - 7:%)\3
—4XomAAs + 4Xo (s — ) A1 — 4(Xaye + Xaya) A2 — 4Xo70As .

Since Ay # 0, if we consider the expressions

Pir — Paz = — A3 + A3 — 4X4 (11 A3 + 73) A2,
Pio = —AoA3 + 22X, (N1 A2 — 133),
then X4 # 0. Now, from the expressions of 315, 31, and 5, we obtain

Mo +2Xays)hs 4200 +2X)A M
Xy 2 LTy

M=
and a direct calculation shows that

2(714A3 — M A3)Bas + 2( A1 + 7aA3) AaPaa + (A3 + A3) Py

2 2 2 (A3 +A3)°
-2 (/\1 + (71>\1 + ’72) ()‘2 + /\3) + 74/\1/\3) Pas = —W
4
Since Ay # 0, there are no left-invariant Ricci solitons in this case.
g5 = span{v} is a spacelike subspace
Considering u; = %, there exists a pseudo-orthonormal basis {u, us, us,us} of g = g3 X ¢t

f[oll”
with (uy,uy) = (ug,us) = (us,us) = 1, where g5 = span{uy, us,us} and v = span{uy}, so

that
3

[u, ug] = Aur,  [ur, us] = Aowr,  [ug,us) = Agur,  [ui, ua] = Zaguja
(i=1,2,3) Jj=1
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for certain a{ € R and where at least one of A\;, A\s and A3 is non-zero. Depending on the values
of the \;’s, we are led to the following different possibilities.

Case \i = =0

Since A3 # 0 one has the Lie algebra structure

[U17U4] = MU, [U27U3] = A3uq,
[Ug, usg] = Your + Y3ua + Yaus, [us, wq] = Y5u1 + Yeus + (71 — ¥3)us -

A direct calculation shows B33 = —/\g. Therefore, there are no left-invariant Ricci solitons in
this case.

Case \y =0, \y # 0

In this case, the left-invariant metrics are described as

[ur, us] = Aguy, [u1, ug] = 11 A0us, [ug, usz] = Azuy,
[u, ug] = (71 — Y2)Asu1 + Yadoua, [us, us] = y3ur + Yaus .
It now follows from P33 = —2)\5 — )\§ that there are no left-invariant Ricci solitons in this case.

Case \; # 0
If A; # 0, then the Lie algebra structure takes the form

[U17u2] = \ug, [U17U3] = Auy, [ul,uﬂ = V1A, [U2,U3] = Asuy,
(U, wq) = Miyour — Y3 A Aaug + y3ATus,
[uz, us] = —(13A2A3 — Y2 Ao + (71 — V) A3)ur — Yadous + YaAius,

and the polynomials ‘B;; are

P = — BAAS 4+ 21303 + 27273A503 — 2(71 — 1) 13A2A] — 207 — 33
— (71— 74)?22 = 2(271 + )M A2 + 27 03 + 2(71 — Ya) V2 A2 A
+ 4( X + Xo) A +4X300 — 24,

Pio = —1374A3A3 + 127173 — 27200 — (291 + 7)) A A3 — (71 — Y4)YaheAs
+ 2(Xuy2 — X1) M1 + 2X3s,

(,]313 = 2’73)\%/\3 — 2’)/2)\5 + 2)\1)\3 + 2(’71 — Y4 — X4’73))\2/\3 + (2X4’72 - 2X1)>\2
— 2(Xu(y1 — ) + X2)As,

Pia = VMAAs + 1A A3 — 1213005 — (71 + 7)1 A3 + 272AT + 2717200 A
— 271 (71 — ya) M A3 + 2X373 203 — 2(Xam + Xova) At — 2X372 0
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+2X3(71 — Y1) A3,
q322 = 2’)/3)\1/\3 — 2)\% — ’}/iAg — 4X4’)/3/\1/\2 — 2’}/2)\1)\3 — 2#7
Poz = 13A2A] + 74A3 + (11 — 1)A3 — 2000 — P2 Aods — 2Xu e,

Pos = =273 A A2 + 2737 A3 — Yoy iAo — 2(71 — Xyy3) A + (45 — 117 + 2Xo73) M s
— (71 — Ya) 12 M1 A3 + 2X374 N,

Pss = —2A3 — A3,

Pas = AN — 292970503 + 2(71 — )30 A + (1 + 9N + (1 — 70)° A3
— (2 +74) M A2 — 1A As = 2(n — ) reAeds + 2Xumh — 21,

Paa = —293AIA3 + 29307 — (297 + 13 — 2mma + 4X273) AT — 4X5s

It follows from the expression of 1333 that both \; and A3 must be zero. Now,

Pao — Py = —2(A1 + Xyya) M

implies that X, # 0 and 74 # 0. At this point, the expressions

Y PBi1 — 2Pz + 2P — P = 472)\%7

1Pz — Pos — 11 Psa = —2X4(13A1 + 7174) A1,

lead to 75 = 0, and v, = —72;\1. Finally, a standard calculation shows that the corresponding

left-invariant metric, which given by
Y32
Y4

[ur, ug) = Mg, [ur,ug) = =20y, [ug, ug) = y3ATug,  [us, ua] = yadius,

is symmetric and locally isometric to a product IL? x N(c), where N is a surface of constant

curvature c. Furthermore, it is a expanding Ricci soliton with ;1 = —\? and left-invariant soliton

vector field 2 23 \
_'7321u2 4 3 Loug — Loy,
V4

X = 3
27y Bz

433 dim g} = 2: left-invariant metrics on £(2) x Rand F(1,1) x R

Let g’ = [g, g be the derived subalgebra of g. We can assume that g’ = g3 without losing gener-
ality. Indeed, if dim g’ < 3, then there exist two linearly independent vectors x1, x5 € g acting
as derivations on g. Since g is Lorentzian, we can choose a non-null vector y € span{zy, zs} so
that g = b x span{y}, where the restriction of the metric to the three-dimensional subalgebra b
is non-degenerate. Thus, g corresponds to one of the cases already studied in Sections 4.1 and
4.2.

Let g5 = span{w;, wy} with w; = v; + &us, where v; is a spacelike vector field and ug is
null and orthogonal to v, and vs.
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If {v1, vy} are linearly independent, which means that g5 is a spacelike subspace, we choose
an orthonormal basis {uy, us} for span{v, v} that can be completed to a pseudo-orthonormal
basis {uq,us, us,us} of g = g3 x v such that (uy,u;) = (us,us) = (ug,uy) = 1, where
g3 = span{u, ug, ug} and v = span{u,}. In this situation, the left-invariant metrics are of the
form

[u1, us] = y1ur + Yaus, [u1, ug] = y3u1 + Yaus,
[ug, us] = Y5u1 + Yeuz, [, U] E o U]a
(i=1,2,3)

for certain 7;, ozg e R.

If {v1,v9} are linearly dependent, i.e., the restriction of the metric to g} is degenerate,
then {u; = or ”,u3} is a basis of g} that can be completed to a pseudo-orthonormal basis
{uy, ug, us,us} of g = gz x v such that (uy,u;) = (ug,us) = (uz,us) = 1, where g5 =
span{uy, us, ug} and v = span{uy}. In this case, the left-invariant metrics are expressed as

[u1, us] = y1ur + Yous, (w1, us] = y3uy + yaus,
[ug, us] = Y5uy + Yeus, [, U] E o UJ,
(1=1,2,3)

for certain -, ozg e R.

In both cases above, a straightforward calculation shows that the Jacobi identity is not satis-
fied since dim g4 = 2 and dim g’ = 3. Therefore, there are no left-invariant Ricci solitons in this
case.

4.3.4 dim g; = 3: left-invariant metrics on SL(2,R) x R and SU(2) x R

In this case, g3 = g3 and we consider the pseudo-orthonormal basis {uy,us,us,us} of g =
g3 x span{uy} with (uy, uy) = (ug, us) = (us,uy) and ad,, : g3 — g3. Since g5 = g3, ady,
must be of rank 2 and, apart from 0, it must have either two real eigenvalues or two conjugate
complex eigenvalues. Moreover, writing

Uz = [.ﬁCl,.TQ], X1, T2 € ds,

we have
ad,, = ad,, oad,, —ad,, cad,,,

which implies tr(ad,,) = 0. Consequently, there are two different possibilities, none of them
supporting left-invariant Ricci solitons.
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ad,, has real eigenvalues {0, \, —\}, with A # 0

Let v; and vy be unit eigenvectors, i.e., [v1, u3] = Avy and [ve, u3] = —Av,. The Jacobi identity
implies [v1,ve] € span{us}. Thus, rescaling ug if necessary, we obtain a basis {vy, vo, v3, V4 }
Ofg = g3 X with <U1,U1> = <U2,’UQ> = <U3,’U4> =1 and <’U1,U2> = K ?é +1, where ds =
span{vy, ve,v3} and v = span{v, }. In this situation

[01, Uz] = Us, [Uh U3] = vy, [Ul» U4] = Y101 + Y2Us,

[Vg, V3] = —Ava, [V, V4] = —71v2 + Y303, (U3, V4] = Y3 U1 + Y2 AV2 .

2 . . . . . . . .
We compute P33 = % and, since \ # 0, there are no left-invariant Ricci solitons in this case.

ad,, has complex eigenvalues {0, i3, —i(}, with 5 # 0

Let v; and v, be unit vectors so that [vy, u3] = Svg and [vy, ug] = —pv;. The Jacobi identity
implies [vy, vo] € span{us}. Thus, rescaling us if necessary, we obtain a basis {vy, va, v3, v4}
Ofg = g3 X with <U1,U1> = <U2,’Ug> = <’U37U4> = 1 and <’01,U2> = K 7£ +1, where gz =
span{vy, v, v3} and v = span{vs}. In this case

[v1, va] = v3, [v1, v3] = Bua, [v1, va] = Y102 + Y2v3,
[Ug, v3] = — By, [U2, V4] = —y101 + Y3U3, [v3, V4] = Y2801 + Y3802
We will consider the polynomials 8;; = (2 — 1)B;; given by
P = — (k2 = 1B (32 + w73)* — 4268 — Xa(k* = 1))km
+2(2X3k% — K2 — 2X3k + 1)3 — 2(k* — 1)y,
Pz = —(K* = DrB>(73 +13) — (* = 1) 73 — 8By — 2(x” — Dsp,

Paz = — (K — 1)B2 (k72 +73)* — 4(268 + Xa(k? — 1))km
—2(2X3K% + K2 — 2k X3 — 1) — 2(K? — 1),

S&53 = 457K,

Pag = 46797 = 2(k> = 1)B(75 +3) — 4(r* = 1)(X172 + Xo73) — 1.
Since 8 # 0, the expression of ‘ﬁgg shows that x = 0. It is now easy to check that

73‘311 - 72‘1}12 - 73‘322 = —52%?7 ’7251?311 + 73‘312 - 72@22 = 5273 :

Therefore, 75 = v3 = 0 and so ‘1344 = —1, which shows that there are no left-invariant Ricci
solitons in this case.
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4.4 Left-invariant Ricci solitons on pp-wave Lie groups

Based on the analysis carried out in the previous sections, left-invariant Ricci solitons on pp-wave
Lie groups split naturally into two distinct possibilities depending on whether they are plane
waves or not. The case of pp-wave Lie groups which are not plane waves can be summarized as
follows

Theorem 4.9. A four-dimensional Lorentzian pp-wave Lie group that is not a plane wave is a
non-trivial left-invariant Ricci soliton if and only it is homothetic to the Lie group G = R3 x R
endowed with a left-invariant metric given by the two-parameter family of Lie algebras

[U1,U4] = Y1U1 + €U, [U27U4] = —7Y1Ug,

where v1 # 0, € = £1, and {uy, uy, us, us} is a pseudo-orthonormal basis such that (uy,us) =
(us, uz) = (ug,ug) = 1.

Proof. The Lorentzian Lie groups above are extensions of unimodular Lorentzian Lie groups and
have been discussed in Section 4.1.1. Since the sectional curvature is independent of the structure
constant 3, we set v3 = 0 in Equation (4.1) and work at the homothetic level (see [91,96]). Now,
the non-zero polynomials ‘i?ij = %‘Bij reduce to

DU 2e(X4 — M), Py = Pss = Paa = — 11,
@14 = Xom —eXy, @24 =-Xim,

so we have a left-invariant steady Ricci soliton with left-invariant soliton vector field X =
X3uz + y1uy, for any v, # 0.
[

Remark 4.10. Globke and Leistner proved in [78] that four-dimensional Ricci-flat homogeneous
pp-waves are plane waves. The examples in Theorem 4.9 show that the result above cannot be
extended to steady Ricci soliton pp-waves. Moreover, the pp-wave Lie groups in Theorem 4.9
are conformal C-spaces, but not conformally Einstein (see [26, 79] for more information).

Theorem 4.11. A four-dimensional Lorentzian plane wave Lie group is a non-trivial left-invariant
Ricci soliton if and only it is homothetic to one of the following Lie groups.

(i) G = H? x R with Lie algebra given by
[ur, us] = ug,  [ur, us] = y3us,
where v3 # 0 and {uy, ug, us, ug} is pseudo-orthonormal such that

(uy, ug) = (us, ug) = (ug, ug) = 1.
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(ii)) G = E(1,1) x R with Lie algebra given by
[u, ug) = wr,  [uz,ug] = uz,  [ug, ua = y3us,
and {uy, ug, us, u4 is pseudo-orthonormal with
(uy, ug) = (us, ug) = (ug, ug) = 1.
(iii) G = R3 x R with Lie algebra given by
[ur, wa] = yius + yous,  [us, ua) = yaur +ysu2,  [us, ua] = us,
where {uy, us, us, us} is a pseudo-orthonormal basis with
(ug, ur) = (ug, ug) = (ug, ug) = 1.
(iv) G = H3 x R with Lie algebra given by
[u1, us] = Aqus, [uy, ug] = Y11 + Yaus,
[z, us] = yaur + Ysu2, [uz, wa] = (71 + 75)us,
where v, + 75 # 0, and {uy, ug, us, w4} is a pseudo-orthonormal basis with

(u, up) = (ug, ug) = (ug, ug) = 1.

Proof. The Lie groups in Assertions (i) and (ii) are Lorentzian extensions of unimodular Lorentz-
ian Lie groups. Assertion (i) was considered in Section 4.1.3 and a straightforward calculation
shows that the curvature tensor does not involve the structure constants € and 5, so we can take
€ = —1 and 7, = 0 in Equation (4.2) (see [91,96]). Now, the only non-zero component of the
Ricci tensor is

pi=—3(7 — %)
and the non-zero polynomials *33;; are
P =—3{1 — 7% - 14X}, P =Pss = Pu = —p,

PBis = Xu(ys +7) — X1, P = —X37, Pss = — X173

Now the metric is a left-invariant steady Ricci soliton if and only if it is Ricci-flat (3 = ~Z) or,
otherwise, 75 = 0 and 73 # 0. In this latter case, the left-invariant soliton vector field is given by

X = Xous + %ﬂ%ug.
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Assertion (ii) was treated in Section 4.1.4 and since the curvature tensor does not depend on the
structure constant ,, we can eliminate it in Equation (4.3) remaining in the same homothetic
class, according to the work [96] (see also [91]). The non-zero polynomials ‘B3;; now reduce to

P2 = Xo — 1, Par = =375 —2(X1 +1),  Pas = Xy + X,

Pz = —2X5 — p, Pas = —Xos, Pas = —p,

and we obtain a left-invariant steady Ricci soliton with left-invariant soliton vector field
X = — (375 + Dus — Xaysus + Xyuy.

The plane wave Lie groups in Assertion (iii) are Lorentzian extensions of unimodular de-
generate Lie groups and correspond to those studied in Section 4.3.1. First of all, observe that
proceeding as in the previous cases the constants 73 and 5 can be removed from Equation (4.4)
and we would still be working in the same homothetic class. A straightforward calculation shows
that the Ricci tensor vanishes if and only if

1

pas = =71 = 50 +1)° =95 + (0 + %)% =0,

and the non-zero polynomials i]~3ij = %‘Bij are given by

P = 2X4v1 — 4, P = — X1 — Xoya, Prp = Xa(y2 + 74),
Bas = Xayo — 1, Poo = 2Xu475 — 11, Pos = — X172 — Xo7s,
Pas = pas — 2X370 .

We consider the cases 79 # 0 and 9 = 0 separately. Assuming 9 # 0, we can take y9 = 1
without losing generality. If 75 = —y, and 1, = 75 = % then

1
X = §p44u3 + puy

defines a locally conformally flat expanding, steady or shrinking left-invariant Ricci soliton.
Otherwise, if 5 # —74, or 71 # 3, or 75 # 3, then
1

X =—
2P44U3

determines a steady left-invariant Ricci soliton. Finally, if 79 = 0, then G is a left-invariant Ricci
soliton if and only if it is Ricci-flat.

The plane wave Lie groups in Assertion (iv) are Lorentzian extensions of unimodular degen-
erate Lie groups and correspond to those in Section 4.3.2. We proceed as in the previous case
and eliminate the structure constants 3 and g, so that the Ricci tensor vanishes if and only if

1
pas =5 (AT + 49 — (e + )%} =0,
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and the non-zero polynomials ‘Bij = %‘BU are given by

Pui = 2X4y1 — 4, Pio = Xa(y2 + ),
P = X171 + Xo(A — 74), Bao = 2X475 — 11,
Pos = —X1(\1 + 712) — Xo7s, Pas = Xa(n +75) — 4,

Pas = pas — 2X3(m +75) -

If 4 + 75 = 0, left-invariant Ricci solitons only exist in the Ricci-flat case. Assuming that
v1 + 5 # 0, there are two distinct possibilities.
If v+ 74 = 0and y; — 75 = 0, then

1
X = —)044103 + Uy

2+ Y1+ 75

determines a locally conformally flat expanding, steady or shrinking left-invariant Ricci soliton.
Otherwise, if 7o + 74 # 0 or 73 — 75 # 0, then

1
= —————— Pl
271 + 75) M

defines a steady left-invariant Ricci soliton. ]

Remark 4.12. The plane wave Lie groups in Theorem 4.11 have vanishing Cotton tensor, and thus
they are conformally Einstein [26]. The plane wave Lie groups corresponding to Assertion (iii)
and Assertion (iv) which admit expanding, steady and shrinking left-invariant Ricci solitons are
locally conformally flat.



Chapter 5
Algebraic Ricci and Bach solitons on
four-dimensional Riemannian Lie groups

In this chapter we will give a complete description of the four-dimensional Riemannian alge-
braic Bach and Ricci solitons. In an endeavour to simplify the calculations, we will first work
with a generic (0, 2)-tensor field 7" and study the conditions it must satisfy in order to determine
an algebraic soliton for its associated flow. Imposing these conditions on specific tensor fields
significantly eases the problem of determining all the algebraic solitons associated to the corre-
sponding geometric flows. The results in this chapter are partially contained in the work [71].

5.1 Algebraic 7'-solitons

Let T be a left-invariant symmetric (0, 2)-tensor field on a Lie group (G, (-,-)) that is en-
dowed with a left-invariant Riemannian metric and denote by 7 its associated (1, 1)-tensor field.
Throughout this chapter, we will assume that 7" is divergence-free and isometrically invariant.
(G, (-,-)) is said to be an algebraic T-soliton if

T=pld+®

for some derivation ® of the corresponding Lie algebra g and some p € R, and it will be
expanding, steady or shrinking if ¢ < 0, = 0, or x > 0, respectively.

If {e1,e2,e3,e4} is a basis of g, we will use the notation 7;; = T'(e;, e;) and, since 7" is
symmetric, when we need to write it in matrix form we will omit the entries below the diagonal
and, for the sake of simplicity, erite ‘x’ instead.

The endomorphism ® = T — p1d is a derivation of the corresponding Lie algebra g if it
satisfies the condition

@[ei,ej} — [@61',6]'] — [ei,fDej] :O, Z,j = 1,...,4,
which, when expressed with respect to the basis {ey, es, 3, €4}, is equivalent to
k. ¢ 0.k 0.k
PBijk =D iy —Dicyy” —Dj ¢ =0,

where ©," = T,” — 1u8," and the structure constants ciit are given by [e;, e;] = cij'e,. Note
that 7., = T(e,,es) = Zizl T." (€q, €s) and therefore T," = T, if the basis {e1, €2, €3, €4} is
orthonormal.

153
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We say that an algebraic T-soliton is trivial if T = k (-,-) for some real constant x (or
equivalently, T and © are multiples of the identity). Note that trivial algebraic Ricci solitons
correspond to Einstein spaces, while trivial algebraic Bach solitons are precisely the Bach-flat
manifolds.

Remark 5.1. A Riemannian manifold (M, g) is a T-soliton if there is a vector field X on M so
that
E x9g + T = )\g

for some A € R, and it is expanding, steady or shrinking if A < 0, A = 0, or A > 0, respectively.
If the vector field X is a gradient of a real-valued function, X = %V f, then the equation above
becomes

Hes(f) + T = Ag.

In such a case we say that (M, g, T, f) is a gradient T-soliton and refer to f as the potential
function of the 7'-soliton. Given a geometric evolution equation

0

— Ty,

ot gt =
associated to an isometrically invariant symmetric (0, 2)-tensor field 7', a solution that evolves
by scaling and diffeomorphisms is said to be a self-similar solution. These solutions are of the

form
gt = o(t)yg,

where 1, is a one-parameter family of diffeomorphisms of M. Any self-similar solution gives
rise to a T-soliton and the converse is true if the tensor field 7" is homogeneous of degree d,
i.e., T = wk%T for any homothetic transformation § = g (see [133]). Since the Ricci and Bach
tensors are homothetically invariant, self-similar solutions are equivalent to solitons for both the
Ricci and Bach flows.

If a simply connected Riemannian Lie group (G, (-, -)) is an algebraic T-soliton, then it is a
T-soliton (see [133]). Indeed, let {¢; : G — G} be the one-parameter group of automorphisms
of GG determined by

d(p1)e = Exp(:D),

where ® = T — w1 1d is the derivation of the Lie algebra determining the algebraic 7™-soliton.
Define a vector field X on G as the infinitesimal generator of {¢;}, i.e., X (p) = | 1o Pe(p) for
any p € GG. Then

(Ll Nleies) = flgitNlenes) = 5 {Deie) + (e, Dey))
= ${Teie)) + (e Tes) | = nleise;)
= (T = pl ) (eses).

from where it follows that Lx(-,-) — T = —u(-, -). Replacing X by — X one gets the T-soliton
equation above with A\ = p.
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Remark 5.2. If a Riemannian manifold (), g) admits two distinct T-solitons, i.e., vector fields
X;sothat Lx,g+T1 = \;ig,i = 1,2, then one has that { = X; — X, satisfies L¢g = (A —\2)g and
so £ is a homothetic vector field. What is more, if we assume that (M, g) is homogeneous, then
either the manifold is flat or £ is a Killing vector field. This shows that, if they exist, T-solitons
are unique (up to Killing vector fields) in the homogeneous category.

Remark 5.3. Petersen and Wylie showed in [122] that if (M, g) is a homogeneous manifold and
Tisa divergence-free, symmetric, and isometrically invariant tensor field of type (0, 2), then any
non-constant function satisfying Hes(f) = T induces a splitting of the manifold as a product
N x R* and f is a function on the Euclidean factor.

For a given T-flow, considering the tensor field 7' = Ag — T/, it is a direct consequence of the
previous result that any homogeneous gradient 7-soliton (such that Hes(f) +7 = Ag) splits as a
product if the tensor field 7" is divergence-free. The result above is no longer true in the 7-soliton
is not a gradient, which is the case of the solitons constructed in this chapter.

5.1.1 Four-dimensional algebraic Ricci solitons

First of all note that the Ricci tensor is invariant by homotheties. Equivalently, the Ricci op-
erator, Ric; ¥ = Pij g%, is homogeneous of degree d = —1. Therefore, there is a one-to-one
correspondence between self-similar solutions of the Ricci flow and Ricci solitons. Algebraic
Ricci solitons correspond to self-similar solutions which are invariant up to homotheties and
automorphisms of the group.

Four-dimensional homogeneous Einstein manifolds were described by Jensen, who showed
in [88] that they are necessarily symmetric and, in the simply connected case, homothetic to a
real space form (S*, R* or H*), to a complex space form (CP? or CH?), or to a product S? x S?
or H? x HZ.

Recall that, even though any four-dimensional homogeneous expanding Ricci soliton is ho-
mothetic to an algebraic Ricci soliton, algebraic Ricci solitons may be shrinking, in which case
they are rigid gradient Ricci solitons (see Theorem 5.4-(v)). Four-dimensional algebraic Ricci
solitons were described by Lauret in [98].

One of our aims in this chapter is to understand the Riemannian geometry of algebraic Ricci
solitons. To do so, we work modulo homotheties also considering non-isomorphic homotheties
in order to give a shorter description. Lauret’s classification follows as a special situation of the
analysis carried out in this chapter.

Theorem 5.4. A four-dimensional simply connected Riemannian Lie group is an algebraic Ricci
soliton if and only if it is Einstein or either of the following conditions holds.

(a) The Riemannian Lie group is not locally symmetric and it is homothetic to one of the
following:

(i) The semi-direct extension R® x R with Lie algebra given by

lea,eq] = €3+ €3, [es,eq] = —ex —es.
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(ii) The semi-direct extension R® x R with Lie algebra given by

le1, e4] = \/75(62 +e3), [ea,eq] = —\/7561 +e2, [es,eq) = —‘/756’1 — es.

(iii) The semi-direct extension R® x R with Lie algebra given by

le1,e4) = €1, [ea,e4] = fea, [es,e4] = pes,
where
(f,p)e{(f,p) eR*: —1<f<p<U\{(-1,p) eR*: —1<p<0}
and (f,p) ¢ {(0,0),(0,1), (1, 1)}.
(iv) The semi-direct extension H® x R with Lie algebra given by
[e1,e0] = €3, [e1,eq] = aer, [ea,eq] =des, es,es] = (a+ d)es,

where a € [—‘/75, %) For a fixed a, the parameter d is given by the only positive

solution of 4(a* + d*> + ad) — 3 = 0.
(b) The Riemannian Lie group is locally symmetric and it is homothetic to one of the following:
(v) The product Lie group SU(2) x R with the product metric determined by

[61,62] = €3, [61763] = —€y, [62,63] = €1,
which is homothetic to S® x R.

(vi) The semi-direct extension R® x R with Lie algebra given by

e3, e4] = e3,
which is homothetic to the product H? x R2,

(vii) The semi-direct extension R® x R with Lie algebra given by

[617 64] = €1, [627 64] = €2,
which is homothetic to the product H? x R.

In all the cases above {e1, ey, e3, €4} denotes an orthonormal basis.

Remark 5.5. It follows from the result above that a simply connected four-dimensional homo-
geneous Ricci soliton is either a rigid gradient Ricci soliton or homothetic to a metric (i)—(iv) in
Theorem 5.4.

Observe that the assumption of simply connectedness is relevant. Indeed, the metric in (i)
above is isomorphically homothetic to the left-invariant product metric on the product H?3 x R.
It is clear that H3 x R admits discrete subgroups I so that the quotient nilmanifold A3 x R /T is
a compact (but not simply connected) nilmanifold. Although the left-invariant metric descends
to the quotient (and thus H3 x R and the corresponding nilmanifold are locally isometric), the
Ricci soliton cannot pass to the quotient, since compact expanding Ricci solitons are necessarily
Einstein.
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Remark 5.6. All the algebraic Ricci solitons in the previous theorem are also algebraic Bach
solitons. Moreover, while the algebraic Ricci solitons are expanding in all the cases but (v), the
algebraic Bach solitons may be shrinking, expanding or steady (the latter only in the Bach-flat
situation). We analyse their structure case by case in what follows.

(i)

(ii)

A straightforward calculation shows that the Ricci and Bach operators in the orthonormal
basis {e;} take the forms

000 O 1 00 O

002 0 ~ 014 0
Ric = ., B = _§

020 0 041 0

000 =2 000 =3

In this situation, R
D =Ric+6ld and D=2 - FId

are derivations of the Lie algebra, from where it follows that (G, (-, -)) is an expanding
algebraic Ricci soliton (x = —6) and a shrinking algebraic Bach soliton (4 = %).

The metric in Theorem 5.4-(i) is isometric to the product metric on H? x R, which is a non-
gradient Ricci soliton. Moreover, it follows from the work in [81] that the corresponding
Bach soliton is not a gradient either.

The Ricci and Bach operators of the left-invariant metric in Theorem 5.4-(ii) are given by

0 -1 1 0 -1 V2 =vV2 0

-1 0 0 0 N V2 -1 0 0
Ric:\/i§ 7 :%

1 0 0 0 V2 0 -1 0

0 0 0 —2v2 0 0 0 3

Therefore, R
D =Ric+3ld and D=2 - 21Id

are derivations of the Lie algebra, which shows that (G, (-, )) is an expanding algebraic
Ricci soliton and a shrinking algebraic Bach soliton. Although the Ricci operator has a
zero eigenvalue with associated eigenvector given by

€9 —|—63,

the corresponding eigenspace is not parallel and thus the associated Ricci and Bach solitons
are not gradient solitons.
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(iii)

(v)

(v)

The Ricci operators of the metrics in Theorem 5.4-(iii) are given by
Ric = —diag [f +p+ L f(f +p+1),p(f +p+1), [* +p* + 1],

from where it follows that © = Ric + (f? + p* + 1)Id are derivations of the Lie algebras
determining expanding algebraic Ricci solitons.

Moreover, the Bach operators are given by B = % diag[B11, Boo, Bas, 644], where

By =—(f—20+D)f+@-1))(fP+@-1)f+@-1)p—1),

Bos =  (f2=2p+ 1) f+p—12)(2+p+Df—(p+1p—1),

Baz = —(f* 20+ Df+ -1 (fP-p-1f - (p+1p+1),
) (f

p=s(fP=20+Df+ -1 —@+Df+@-1p+1).

Thus, ® = B — pld are derivations of the corresponding Lie algebras and hence they
are algebraic Bach solitons, which may be expanding, steady or shrinking depending on
the values of the parameters (f, p). They are steady algebraic Bach solitons if and only if
f= (\/]_) — 1)2, with }1 < p < 1, in which case the corresponding metrics are Bach-flat
(see Case (ii) in Remark 5.7).

The Ricci and Bach operators of the left-invariant metrics in Theorem 5.4-(iv) are given by
Ric = diag [2(d” — 1), —2d(a + d) — 5, —2ad — 1, —3]

B = L diag[B11, — By, —(dad — 1)(8ad + 1), (4ad — 1)(8ad + 1)),
where B, = —32(d* — d* — ad®) — 20ad — 3. In this situation,

© = Ric + 31d, =B — L(4ad — 1)(8ad + 1)Id

are derivations of the Lie algebra, from where it follows that these metrics are expanding
algebraic Ricci solitons and also algebraic Bach solitons, which may be expanding, steady
or shrinking depending on the values of the parameters (a, d). They are steady algebraic
Bach solitons if and only if

(4dad — 1)(8ad + 1) = 0,

in which case they are Bach-flat and correspond to Case (7) in Remark 5.7.

The metric in Theorem 5.4-(v) is homothetic to the product metric on S* x R. Therefore,
it is locally conformally flat and thus Bach-flat, so it is a steady algebraic Bach soliton.
Moreover, its associated Ricci operator is diagonal, Ric = 1 diag[l, 1,1,0], and ® =
Ric — —Id which shows that it is a shrinking Ricci soliton that is a gradient.
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(vi) The product H? x R? is an expanding rigid gradient Ricci soliton which is also algebraic
since the Ricci operator is diagonal Ric = diag[0,0, —1, —1] and © = Ric+Id. Moreover,
it is a shrinking algebraic Bach soliton determined by ® = ‘B — %Id, where the Bach

operator is given by B = % diag|—1, —1, 1, 1]. The Bach soliton associated to the algebraic
Bach soliton coincides with the gradient Bach soliton given by Ho in [85] up to some
Killing vector field.

(vii) The metric in Theorem 5.4-(vii) is homothetic to the product metric on H? x R, thus
being locally conformally flat. It is a steady algebraic Bach soliton and an expanding rigid
gradient Ricci soliton with Ric = —2diag[1, 1,0, 1] and © = Ric + 2Id.

The proof of Theorem 5.4 is obtained as the result of the general study of the algebraic Ricci
solitons on four-dimensional Lie groups.

5.1.2 Four-dimensional algebraic Bach solitons

The Bach tensor ‘B is conformally invariant in dimension four and thus it is also homothetically
invariant. Besides, the Bach operator 8 is homogeneous of degree d = —1 and thus there is a
one-to-one correspondence between self-similar solutions to the Bach flow and Bach solitons.

Remark 5.7. Locally conformally flat manifolds are trivially Bach-flat. In the homogeneous
situation Takagi showed that they are also symmetric [128], and thus they either correspond to
real space forms, or are homothetic to a product S x R, H?® x R or S? x H?2.

In contrast with the Einstein and the locally conformally flat situations, there are non-symmet-
ric Bach-flat homogeneous four-manifolds, which have already been described in [39] as Rie-
mannian Lie groups that are homothetic to those given by

(i) The semi-direct product H* x R with Lie algebra given by

[61762] = €3, [61764] = —i\/7—73\/561,
€2, e4] = 3/ 74+3V/5 es, les, e4] = % es.
(1) The semi-direct product R® x R with Lie algebra given by
[er,eq) = €1, [ea,ed] = (VD —1)%ea,  [e3,e4] = pes, i <p<l1.

(#4) The semi-direct product £(1,1) x R with Lie algebra given by

[e1, €3] = (2_\/3) ey, le1,eq] =

[62763] = €1, [62764] =16-3 €.

1

(iv) The semi-direct product H* x R with Lie algebra given by

le1,e2] = e3, [er,eq] = €1, [e2,e4] =€, [e3,€4] = 2es.
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Note that, while the left-invariant metrics (i) and (i7) above are algebraic Ricci solitons, the
metrics corresponding to (7ii)—(iv) are not isometric to any Ricci soliton. Moreover, the left-
invariant metric determined in (v) is anti-self-dual, and its Weyl conformal tensor is half-
harmonic (see Theorem 6.1 in this thesis).

Proceeding as in Remark 5.3, Griffin [81] showed that homogeneous gradient Bach solitons
either are Bach-flat or split as a product N x R¥, where the potential function depends only on
the Euclidean factor, and (/V, gx) is a homogeneous manifold. Moreover, homogeneous steady
gradient Bach solitons are necessarily Bach-flat. Gradient Bach solitons on products N x R
which are not Bach-flat reduce to the case S® x R, where the metric on S? is not the round metric,
but a Berger one [81].

Moving from the gradient to the algebraic situation, the next result shows that algebraic Bach
solitons are steady if and only if they are Bach-flat and, moreover, all but two of them also are
algebraic Ricci solitons.

Theorem 5.8. A four-dimensional simply connected Riemannian Lie group is an algebraic Bach
soliton if and only if it is Bach-flat, an algebraic Ricci soliton or homothetic to one of the follow-
ing Lie groups.

(i) The product Lie group SU(2) x R with the product left-invariant metric determined by

[81, 62] = 463, [617 63] = —462, [62, 63} = €.

(ii) The semi-direct extension H3 x R with the left-invariant metric determined by

a?+1
a

le1,e0] = €3, [er,eq] =aer, [ez,eq] = 2z, es,eq] = es,
fora € (0,1).

Here {e1, es, e3, €4} denotes an orthonormal basis of the corresponding Lie algebra.

Remark 5.9. The left-invariant metric in Theorem 5.8-(i) is the product metric of the Berger
sphere determined by the left-invariant metric on SU(2) given by

[61, 62] = 463, [61, 63] = —462, [62, 63} = €1,

and the real line. Moreover, it follows from [81, 84] that the induced Bach soliton is a gradient
soliton. The Berger sphere above is the only non-symmetric homogeneous three-dimensional
manifold which is critical for the curvature quadratic functional

Forple) = [ Lol = 472} dul,

The associated Bach operator is diagonal of the form B = % diag[1, 1,1, —3] and the algebraic
Bach soliton is shrinking, with p = 3.
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The left-invariant metrics in (ii) have diagonal Bach operator of the form
B = o [3(a* — 1),3(a* — 1), (a® = 1)%, —(a® — 1)?]

5 212 . . .. . ) .
and ® =B + %Id is a derivation determining an expanding algebraic Bach soliton. More-
over, the corresponding Ricci operator is diagonal,

. . 4 2
RIC = — dlag |:2a2 —+ %7 5%1347 4(144;;(2124*47 2a Zg +1)i| )
and therefore its eigenvalues are always non-zero. This shows that the metrics cannot split as
products N x R¥ and thus the corresponding solitons are not gradient.

Remark 5.10. Gradient Bach solitons on products N? x R? were considered by Ho in [85], where
the existence of non-trivial gradient Bach solitons on S? x R? and H? x R? was shown. While
the soliton on S? x R? cannot be algebraic, the gradient Bach soliton on H? x R? corresponds to
the one in Theorem 5.4-(vi).

Remark 5.11. The algebraic Ricci solitons in Theorem 5.4 are critical metrics for some curvature
quadratic functional

Fiige Filg) = / (Il + 2} dvol,
M

with zero energy, i.e., ||p||*+¢72 = 0 (see [23]). This is no longer true for algebraic Bach solitons
corresponding to Cases (i) and (ii) in Theorem 5.8, which are not critical for any curvature
quadratic functional.

Remark 5.12. The two-loop renormalization group flow — RG2 flow for short — is a perturbation
of the Ricci flow 0,g; = —2p;, which is mathematically described by

atgt = —QRG[T]t,
where RG[Y] is the symmetric (0, 2)-tensor field given by

RG[Y] =p+

[

R,
where Y denotes the coupling constant, and R is the symmetric (0, 2)-tensor field given by
Rij - Riabchabc-

Let G be a Lie group with left-invariant metric (-, -) and let (g, (-, -)) denote the corresponding
Lie algebra. An RG2 algebraic soliton corresponds to a derivation of the Lie algebra g given by

D = RG[Y] — p1d,

where E@[T] is the (1, 1)-tensor field metrically equivalent to RG[Y] and i« € R. RG2 algebraic
solitons give rise to RG2 solitons as in the Ricci flow and the Bach flow cases (see [97, 133]).
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The metric in Theorem 5.8-(i) is an algebraic soliton for the RG2 flow. Indeed,
D=RG[#] - B
is a derivation of the Lie algebra, where RG[=2] = p — LR,
The metrics in Theorem 5.8-(ii) are algebraic RG2 solitons as well. Indeed,

D = RG[Y] — p1d

20(a+a%+1) _ 8a?
~Tairisares d T = e
The proof of Theorem 5.8 is obtained as the result of the general study of the algebraic Bach

solitons on four-dimensional Lie groups.

is a derivation of the Lie algebra for y =

Remark 5.13. Four-dimensional homogeneous expanding Ricci solitons are homothetic to alge-
braic solitons [9]. It is an open question whether the analogous situation holds true for homoge-
neous Bach solitons.

5.2 Algebraic solitons on SL(2,R) x R and SU(2) x R

The left-invariant metrics on the product Lie groups g\f/(Q, R) x Rand SU(2) x R have already
been described in Section 1.4.2. We recall that in this case there exists an orthonormal basis
{e1, €2, €3, e4} of the Lie algebras sl(2, R) x R and su(2) x R such that

[61762] = Azes, [6’1, 63} = — g€y, [62, 63] = ey,
[61, 64] = k3>\2€2 — kg)\geg, [62, 64] = ]ﬂl)\geg — kg)\lel, (51)

[63; 64] = ko1 — ki Aqe,
where A\; A2 A3 # 0. The associated Lie group corresponds to SU(2) x R if A\;, Ay and A3 have
the same sign, and to SL(2,R) x R otherwise.

Remark 5.14. 5’7/(2, R) x R is never locally symmetric while SU(2) x R is locally symmetric
if and only if A\; = Ay = A3, in which case it is homothetic to S* x R.

5.2.1 Algebraic T-solitons on SL(2,R) x R and SU(2) x R

The existence of algebraic 7T-solitons on §i(2, R) x R and SU(2) x R is a very restrictive
condition which essentially reduces to the fact that 7" decomposes according to the product and
the restriction of 7' to the semi-simple Lie algebra is a multiple of the identity.

Theorem 5.15. 5”7,(2, R) x R and SU(2) x R are non-trivial algebraic T-solitons with soliton
constant [ if and only if

f: diag[:u7:u7,u7T44]7 T44 ;é 2

and the left-invariant metrics correspond to the product metric, i.e.,

]ﬁ:kQ:kg:O.
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Proof. First of all, note that the vanishing of the divergence of 7" leads to

(A2 — A3)Tos — ks AoThy + koAsTsy = 0,

(A1 — A3) T3 — ks Mg + ki AsT54 = 0,
(5.2)
(A1 — A2) T2 — koM Ty + k1 ATy = 0,

]{73(/\1 — /\Q)Tlg — k?g(/\l — /\3)T13 + k?l(/\g — )\3)T23 =0.

To determine the conditions for © = 7 — 1 1d to be a derivation we will need to solve a system
of twenty four (up to duplicities) polynomial equations on the soliton constant x, the structure
constants (5.1) and the components 7T;;, given by the vanishing of the polynomials

Poir = — (A1 + A3)Thg + kA Ty,

Porz = —(Ag + A3)Tas + kAT,

Powz = As3(T11 + Ty — Tz — kiThy — koToy — 1),

Po1sg = —A3T34,

Psir = (M + Ao)Tha — koA Ty,

Pz = —Ao(T11 — Too + Tsg — k1Tha — ksTsq — 1),

Pz = (A2 + A3)Tog — kaA3Thy,

Psia = ATy,

Paor = =M (111 — Too — Tz + koToy + k3T + ),

Paoz = —(A1 + )T + ki ATy,

Paoz = —(A1 + A3) T3 + ki AsTsy,

Psog = —A1T14,

Parr = —k3(A1 + A2)Tiz + ko (A + A3)Ths,

Parz = ksAo(T11 — Too + Ths — ) — k1 AoThs + kadsTos — AoTia,
Parg = —koA3(Thy — T3 + Ty — 1) + ki AsTio — kg AgThs + A3Th,
Para = —ksAoTog + ko A3T34,

Paor = ks i (Th1 — Top — Tag + ) — ki AsThs + ko X Tos + M Ty,
PBaoo = k(A1 + A2)Tha — k1 (Ao + A3)Ths,

Paos = k1As(Toy — T3 + Tys — p) — kaAsTha + ksATiz — AsTha,
Paza = kA T1y — k1 A3T34,

PBasi = =k A (T — Ts3 — Ty + 1) + ki XoTho — kA Tog — AT,
PBasz = k1 Xo(Toy — T3 — Tag + ) — koA Thp + k3XoTi3 + AoThy,
Pass = —k2(A1 + A3) T3 + k(A2 + As)Tos,

Paza = —koAiT1g + ki ATy
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We start by considering the polynomials

Paaa = —MT14,  Pawa = AoTos,  Pora = —A3T34,
Paor = —A1(Thy — Ty — T3 + koTog + k3Tsy + 1),
Paio = —Ao(T11 — Tog + Tz — ki1 Ty — ks34 — 1),
Poiz = A3(Thy + Tog — T3 — k1 Ty — koTog — p),
from where it follows that
Tiy=T5=T3,=0, Ty =Ty ="1T33=p. (5.3)
Under the conditions above we obtain
Pair = (A +X)Th2,  Pour = — (A1 +A3)T13,  PBore = — (A2 + A3)Tas,

and now the conditions necessary for the vanishing of the divergence of 7' given by Equation (5.2)
lead to
(M= A)T2 =0, (A —A3)T1i3 =0, (A2 —A3)To3=0.

Since A\ A\x A3 # 0, these equations lead to

Equations (5.3) and (5.4) imply that T = diag|pu, i, 1, Tys]. Moreover, T is divergence-free (see
Equation (5.2)) and the system {§3;;, = 0} reduces to

ki(Taa —p) =0, ko(Taa —p) =0, ks(Taa — p1) =0,

which complete the proof. O

5.2.2 Algebraic Ricci solitons on SL(2,R) x R and SU(2) x R

A straightforward calculation shows that the components p;; of the Ricci tensor of both ﬁ(Q, R)x
R and SU(2) x R are determined by

2011 = (A} = AKZ + (AT — AEZ + (A + A2 = As) (A — Ao+ Na),
2p12 = ()\ — )\ )\2)]{31/{?2,

2013 = ( )\1>\3)k1k3,

2p1a = (A2 — A3)%ka,

2022 = (A % ADEE — (A = ADk5 — (A — Ao = Ag) (A1 + A2 — Ag),
2023 = (A} — /\2/\3)147214737

2p21 = (M1 — A3)%h,

2/)33 - ( )‘2>k2 ()‘% - )\%)k% - ()\1 — A2 — >\3)()\1 — Ao+ )\3),
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20314 = (M1 — \2)%ks,
2p00 = —(Aa — A3)?k? — (A1 — A3)?k3 — (A1 — o) k3.

In the locally symmetric case, which can only occur on SU(2) x R, since
AM=X=X=A#0
(see Remark 5.14) a direct calculation shows that the Ricci operator is given by
Ric = 1\? diag[1,1,1,0].

Thus, by Theorem 5.15, we obtain a non-trivial algebraic Ricci soliton for ky = ky = k3 = 0
and p = %)\2. Note that we can take A = 1 remaining in the same homothetic class and hence
the left-invariant metric is isomorphically homothetic to the one given by

[e1, 60 = €3, [er,e3] = —ea,  [ea, €3] = ey,

which is non-Einstein and corresponds to Assertion (v) in Theorem 5.4.

Next we analyse non-trivial algebraic Ricci solitons in the non-symmetric case. Note that \q,
A2, A3 must be not equal. Also, according to Theorem 5.15, the possible non-zero components
of the Ricci tensor must reduce to p;;, satisfying

P11 = P22 = P33 = U,

and moreover k; = ky = k3 = 0. Setting k; = ko = k3 = 0 the non-zero components of the
Ricci tensor are given by

N[ —=

P11 = (A1 + A2 — A3) (A1 — Aa + A3),

(A — A2 — A3) (A + A2 — A3),

N[ =

P22 = —
P33 = —%()\1 — )\2 — )\3)()\1 — )\2 + )\3)

Since A;, Ay and A3 are not equal, p;; = P22 = P33 Never holds. Hence, there does not exist any
non-symmetric algebraic Ricci soliton on SL(2,R) x R or SU(2) x R.

5.2.3 Algebraic Bach solitons on SL(2,R) x R and SU(2) x R

A long but straightforward calculation shows that the components ‘B;; of the Bach tensors of

SL(2,R) x R and SU(2) x R are determined by the following polynomials on the structure
constants.

24811 = —4(A2 — A3)2(A2 + A2 + Moz kf
—4(50F = 3X3 — M3 (3A2 — \2))kS
—4(5AF =33 — M A2(3A2 — \3))k3
+ (8)\§ + 4)\%()\1 — /\2) — 24)\%)\% + 3)\%)\% — )\%)\% + 2)\1)\2)\3(6)\1 + 2Xg — )\3))]@‘%]{%
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+ (8)\4 + 4)\3()\1 /\3) + 3)\%)\% — 24)\%)\% — )\%)\g + 2)\1)\2)\3(6)\1 — Ao+ 2)\3))]’6%]6%
— (40X — 1203 (A2 + Ag) — A2A2 — A2A2 — 24022 + 2201 00 hs(Ar + 20 + 2)3)) K3k
+ ()\2 — )\3) (3)\2 + 8)\2 + 8)\% + 44X Ao + 4N A3 + 8)\2)\3)]{}%
( )\3)(40)\:15 + 24)\% - 4)\%(3)\2 — 4)\3) — )\%()\1 + 3)\3)
+ 4)\%(4)\1 — 3)\2) — 8)\1)\2)\3)]{33
— (A1 = A2)(40A3 + 2403 + 4X2(4hg — 3A3) +4A3(401 — 3)\3)
— A2(\1 4 3X2) — 81 Aa)3) k2
—4(5AT =323 — 323 = 3 P (A2 + A3) + A3 (M1 +3X3) + A3(A1 + 3A2)
+ A A2 A3(A1 — A2 — A3)),

1215 = —kiks ((8M — 8\ A3 — 4003 — A2A2 + A dads(4hg + Ag))k?
(8N — 8T g — ANA3 — AZAZ A e s (4N + A3))k3
(A2 = AA2)(8A2 + 8A2 + 5A Ao K2
8 — 8AIAg — 8AAS — AA3(A1 + Aa) — BAZAZ — AZAZ — A2A2
FA A3 (10A + 10X + 3)3))

19815 = —kks (M — 4X3As — SMAS — A2AZ + Ay dads(Ag + 4Xg))k?
+ ()\% — )\1)\3)(8)\% + 8)\% + 5)\1)\3)]{%
+ (8A§1 — 8)\‘?/\3 — 4)\1)\% — )\%)\% + )\1)\2/\3(4)\1 + )\2))]{3
48— 8AIAg — AN3(A1 + As) — SAIAS — AZAZ — 5AZA2 — A2A2
+A1)\2)\3(10/\1 + 33X + 10)\3)) ,

12814 = k3 (8(/\2 — )\3)2(A% + )\% + )\2)\3)]{%
(AL — N3+ Aa) + 8AZAZ — AZA2 — AZAZ — 2X1 s (21 + 200 — A3))K2
+ (8)\421 — 4)\%()\1 + /\3) — )\%)\% + 8)\%)\% - )\%)\% — 2/\1)\2)\3(2)\1 — Ao+ 2)\3))]@2)
—()\2 — )\3)2()\% - 8)\% - 8)\% 4+ 4N Ao + 4N A3 — 8)\2)\3)) s

24B9y = —4(5\] — 3A§ — A2 A3(3A3 — \3))kf
—4(A1 = A3)2(AF + A3 + MiAs)ky
(3)\4 — B3 — M2 (M2 — 3A2))k3
( 4)\3()\1 )\2) — 24)\2)\2 )\2)\2 + 3)\2>\2 + 2)\1)\2)\3(2)\1 + 69 — )\3))]{?2]{32
(— 40)\4 +12A3( A1 + A3) + AIN2 + 24)\2/\2 + )\2/\2 — 221222321 + A2 + 2X3)) kK3
(AT + 423 (N2 — A3) + 30222 — A2A2 — 24)\2>\2 — 22X A3 (A1 — 6Xg — 2)3))k2K2
— (A2 — A3) (4023 + 2423 — A\2(\g + 3)3) — 4>\§(3)\1 — 4)3)
—4X3(3M1 — 4)a) — 8\ Aa)3) kT
+ ()\1 — )\3)2(8)\% + 3)\% + 8)\% + 44X Ao + 813 + 4)\2)\3)]{}%
+ (A1 — A2)(24A3 + 40A3 + 403 (4 — 3X3) + 4XA3(4M1 — 3)3)
— A2(3A\1 + Xa2) — 8A1Ao)3)k2
+4(3A] = 5A3 4+ 305 — A3(A2 4+ 3X3) + 3A3(A1 + A3) — A3(3A1 + A2)
+ M A2A3(A1 — Ao + A3)),

+
+
+
_|_
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12803 = —kaks (AF — Aa3)(8A3 + 8A3 + 5AaA3)k]
+ (8 — AX3A3 — 8223 — A2A2 + A Ao A3 (Mg + 4)3))k3
+ (8 — 43Ny — 83Nz — A2A2 + Ao Az( A + 4)2))k2
8 — A3 (g + A3) — 8A3A3 — 8AoA3 — A2A2 — A2A2 — 5A2N2
+)\1)\2)\3(3)\1 + 10Xy + 10)\3)) ,

12804 = —ko ((8AS — 4A3 (A1 + A2) + 8AIA3 — AIAZ — A3N3
— 201 A2A3(201 + 2 — A3))k7
+8(A1 — A3)2(A3 + A2 + A 3) k2
(8 = AN3 (Mg 4 A3) — A2AZ — AIAZ 4+ 8AZAZ + 20 dods(A\r — 2X — 203))k3
+ (A1 = A3)2(8AF = A2+ 822 — 4X Ao + 8A1 A3 — 4ha)3))

12834 = —ks ((8A3 — AA3 (A1 + As) — A2AZ + 8A2A% — A3)3
— 2X100A3(201 — Ag + 2X3) )k
+(8AF — AN (A2 + Ag) — A2AZ — AIAZ 4+ 8AZAZ 42X A A3 (A — 2Xz — 2)3))k3
+8(A1 = A2)2 (AT + A3 + A Ao)k3
H(AL = A2)2(BAT 4 8A3 — AF + 8A\1da — 4h1 A3 — 4a3)) -

24833 = 4(3M3 — 5A1 — ApAg(A2 — 3)2))k?

FA(BM = 5M = M As(A2 — 3A2))kd

— 4()\1 — )\2)2()\% + )\% + )\1)\2)k§

— (4023 — 1223 (A1 + A2) — 24MFA3 — N3AZ — A3A3 + 201 Mo X3(2A1 + 202 + A3))k2k3

+ (8AF — 4AA3(A1 — A3) — AZA3 — 242203 + 3MIAZ + 201 0a03(201 — A2 + 6A3))kTE3

+ (BAT — 4X3 (A2 — A3) — A2A3 + 3A2A3 — 240303 — 22X\ Aods( A — 2X0 — 6A3))k3k3
+ ()\2 — )\3)(24/\%’ + 40)\% — )\%(3)\2 + )\3) — 4)\%(3)\1 — 4)\3)

—4X2(3A1 — 4)a) — 8A1 A2 A3) kT
+ ()\1 — )\3)(24)\? + 40)\% — 4)\%(3)\2 - 4)\3) — )\%(3)\1 + )\3)
+ 4(4)\1 — 3)\2))\% — 8)\1A2)\3)]€%
(A1 — A2)2(8A2 + 8AZ + 32 + 8A1 A + 4A1 Az + AAog) k2
+ 4(3)\11L + 3/\421 — 5)\% — )\?(3/\2 + )\3) — )\%(3)\1 + )\3) + 3)\%()\1 + )\2)
+ A A2 A3( A1 4+ A2 — A3)),

Recall that B4, = —8B,; — B,y — B33 since the Bach tensor is trace-free. If the space is
locally symmetric we have \; = Ay = A3 (see Remark 5.14) and a direct calculation shows it is

locally conformally flat and thus Bach-flat.

In the non-symmetric case — where A\, Ay, A3 are not equal —, we make use of Theorem 5.15
to analyse the existence of non-trivial algebraic Bach solitons. Thus, the only possible non-zero

components of the Bach tensor must correspond to ‘B;;, with

B = By =Bz = H,

and moreover, k; = ky = k3 = 0. In what follows we take an isomorphic homothety to assume
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A1 = 1. A direct computation shows that B;; = 0 for 7 # j and, moreover,

0= (A2 —1)(Baz — Bas) + (A2 — A3)(B11 — Bao)
= =32 =) (A —1)(As — 1)

3
X((A+1)2+ 3+ 124+ N+ M) +3N+ A2+ 1)),
Since the last factor above does not vanish, then either Ay = A3, or Ay = 1, or A3 = 1.
If /\2 = )\3, then
%11 - —%()\2 - 1)()\2 - 5),
Boy = Bag = %()\2 - 1)()\2 - 3)7

so the condition B, = By implies that \; = 4. Thus,

E =3 dlag[lu L, ]-7_3]7 M= %7

—2
and the left-invariant metric is given by
[617 62] = 4637 [617 63] = _4627 [627 63} = €1.

This space, which is not a Ricci soliton, corresponds to Assertion (i) in Theorem 5.8.
If A\ = 1, we proceed as in the previous case and obtain that \3 = }L, so the left-invariant
metric is given by
[617 62] = %63, [61, 63] = —€9, [62, 63] = €.
Now, the transformation (eq, es, e3,€4) — 4(es, ea, —e1, e4) shows that this case is isomorphi-
cally homothetic to the previous one.

Finally, if A3 = 1, proceeding exactly as in the previous cases we get Ao = i. Hence, the
left-invariant metric is given by

[617 62] = e3, [61, 63] = —%162, [62, 63] = €1,

and the transformation (e, e, €3, e4) — (€1, —e3, €2, e4) shows that this case is isomorphically
isometric to the previous one.

5.3 Algebraic solitons on R® x R

The left-invariant metrics on semi-direct extensions of the Abelian Lie algebra have already been
described in Section 1.4.2. In this case there exists an orthonormal basis {e;, €2, €3, €4} such that

le1, 4] = aeq + beg + ceg, lea, €4] = —bey + feq + hes, 5.5
.5)

[63, 64] = —Cce1 — h@g + pes.



5.3.1 Algebraic T-solitons on R3 x R 169

Remark 5.16. R3 xR is locally symmetric if and only if it is Einstein (¢ = f = p) in which case it
is homothetic to H*. Otherwise, it is isomorphically isometric to (5.5) witha = f =c=h =0,
p # 0 (thus being homothetic to H? x R?), ora = f # 0, p = ¢ = h = 0 (thus being homothetic
to H? x R).

Note that in the Abelian case any metric is flat and any tensor field 7' is an algebraic 7'-
soliton. Hence, we exclude this case throughout this section and assume that at least one of the
structure constants in (5.5) is non-zero.

Remark 5.17. The isomorphic isometry determined by

(€1, e9,€3,e4) — (€2,€1,€3,€4)
implies that (a, f,p,b,¢, h) ~ (f,a,p, —b, h,c). Analogously,

(€1, €9, e3,e4) — (e3,€2,€1,€4)
gives (a, f,p,b,c,h) ~ (p, f,a,—h, —c,—b) and

(€1, €2, €3,€4) > (€1, €3, €2,€4)

shows that (a, f,p, b, ¢, h) ~ (a,p, f,c,b,—h).

5.3.1 Algebraic T-solitons on R? x R

Recall that we are assuming that the left-invariant tensor field 7" is divergence-free, so the fol-
lowing conditions hold:

(2a+ f +p)Tha + bToy + T34 = 0,

VI'y — (a+2f + p)Toy — W13 = 0,
(5.6)

CT14 + hT24 — (CL + f + Qp)T34 = 0,

alyy + fToe + pTss — (a+ f+p)Tys = 0.

The conditions for ® = T — 1 1d to be a derivation are determined by a system of twenty one
(up to duplicities) polynomial equations on the soliton constant y, the structure constants in (5.5)
and the components 7;;, given by {;;x = 0}, where

Poir = 0Ty + aTyy,
Paorz = — fT14 + bTo4,
Poi1z = —hT14 + Ty,
Psi1 = Ty + aTsy,
PBaiz = hThg + U134,
Bsiz = —pTis + 13y,
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Paar = oy — 0134,

Paze = hly + T34,

Pasag = —pTas + hlz4,

PBar = a(Tyy — p) — 20115 — 2cTh,

PBaiz = b(Th1 — Tog + Tug — p) — (a — f)Tio — RT3 — Db,
PBars = c(Th1 — T35 + Tug — p) + R — (a — p)Ti3 — bThs,
Pug = —aTiy — bToy — T3y,

Pzt = b(T11 — Too — Taa + p) + (@ — f)T12 — hT13 — cThs,
Paoz = f(Taa — p) + 20119 — 2hT53,

PBaoz = h(Toe — Tz + Tuy — p1) + cTig + 0113 — (f — p)Ths,
Paoa = 0Ty — fTog — N3y,

Puag1 = c(Th1 — Tsg — Tyy + p) + hTi2 + (a — p)Tis — bThs,
PBase = h(Too — Ty3 — Ty + p) + cTig + T3 + (f — p)Tas,
Puasz = p(Taa — p) + 2T5 + 2hT03,

Pags = 1y + W1y — pTiy.

In order to determine all the algebraic 7'-solitons, it is important to analyse the behaviour of the
distinguished direction e4, since it must be an eigenspace of the endomorphism 7" in most cases.

Lemma 5.18. Let R3 x R be an algebraic T-soliton with soliton constant ji. Then the following
relations hold.

(a) With no further assumptions, either ey is an eigenvector of T, i.e.,
Ty =T =T34, =0,

ora, [ and p are different with a fp = 0 and bch = 0. In the latter case, the original metric
is isomorphically isometric to a metric witha = 0 and b = ¢ = 0.

(b) Assume that a, f and p are different. If e, is an eigenvector of T with associated eigenvalue
Ty # 1, then afp = 0. In addition, the original metric is isomorphically isometric to a
metric with a = (.

Proof. We prove each assertion separately in what follows.

Assertion (a)

Let us assume that e4 is not an eigenvector of f, i.e., at least one of the components 714, 754 and
T35, does not vanish. Firstly, we show that a, f and p are necessarily different. If two of them are
equal, using Remark 5.17 one may assume f = a. If f = a, we consider

Porr = 0114 + alsy, Porg = —aTiy + bTy.
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Hence, either Ty =15 =0ora=5b=0. If T4, = T5, = 0 then

Pain = alsy, Pusa = —pTsa, Psio = 15y, Paig = 54, Paoz = 3y,

so T34 # 0 implies that the Lie group is Abelian. If some of 714 and 75, does not vanish, then
a=>b=0and
Pz + Paa = —pTia,  Paaz + Pags = —pTay,

which together with

Psii = cTia, Paor = cToa, Pz = "1y,  Paax = Wb,

imply that p = ¢ = h = 0, so the Lie group turns out to be Abelian again. This shows that a, f
and p have to be different.
Secondly, we show that bch = 0 and a fp = 0. The linear combinations

Pairz — Psiz — P2 = —2h 71y,
Poiz + Psiz + Paar = 2Ty,
Poiz + Parz — Paar = 20754,
clearly lead to bch = 0. If b = 0, then
Poro = —fT1g, Porr = aloy,  [Psir + Pore = afT3.
Consequently, a fp = 0. The same conclusion is obtained if ¢ = 0, since
Bz = —pTia,  pPon + 0Psiz = apTaa, P = ali,
or if h = 0, using

PPBaoiz + VPsaz = —fpTia, Pasog = —pToa, Psoz = fT54.

Thus, afp = 0 and bch = 0. Finally, by Remark 5.17 we can take a = 0 working, if necessary,
with an isomorphically isometric metric. Now, if b = 0, we compute

Paiw = T, Paor = oy, Parg = —cTiy,

so necessarily ¢ = 0. If ¢ = 0, then b = 0 since

;BQH = bT147 ‘B414 = —bT24, ‘B321 = _bT34'

Finally, if h = 0 we use

Por1 = bT1a, Poro = —fTia + bTos, Paig = 0T34,

to obtain that b = 0 and, therefore, necessarily ¢ = 0. This proves Assertion (a).



172 5 Algebraic solitons on four-dimensional Riemannian Lie groups

Assertion (b)

Since
PBair + Pazo + Pass = (a + f+p)(Twa — 1),

and we are assuming Ty, # p, it follows that a + f + p = 0. Therefore, we can take p = —a — f,
and with this condition we obtain

Pazr — Parz = 2((a — f)Ti2 — b(Taa — 1)),
PBazi — Pz = 2((2a + f)Tis — c(Toa — 1)),

Pazz — Pazs = 2 ((a +2f)Toz — h(Tus — 1)) -
Since p = —a — f and a, f, p are different, we have a — f # 0,2a + f # 0and a + 2f # 0, so

T12 — (T44 - )7 T13 2a+f (T44 ), T23 a+2f (T44 )

We set 114 = Toy = T34 = 0. We need to see that afp = 0, i.e., af(a + f) = 0. Now, we
compute the polynomials

P = <a - fff 2a+f> (Taa — p),

Pz = (f — a%f;f + ) (Tha — ),

Puazs = — ((a +f) - 2a+f a2+h22f> (Taa — ),
Paor = b(Th1 — Taz) — %(TM — 1),
Pz = (T — Ts3) + %(TM — ),

Puazo = h(Tr2 — T3) + %(TM — ).

5.7

If bch = 0, it follows immediately from the expressions above that af(a + f) = 0. For
instance, assume that b = 0. Hence, B4;; = Puzo = 0 in Equation (5.7) imply that ch # 0 or,
otherwise, a = 0 or f = 0. Now, if ch # 0, P41 = 0 in the same equation leads to a + f = 0.
Thus, in any case, af(a + f) = 0. A similar argument works both for ¢ = 0 and h = 0.

Next we analyse the case bch # 0. We assume that af(a + f) # 0 and argue for a con-
tradiction. At this point, we consider Equation (5.6), which characterizes the vanishing of the
divergence of 7'. A direct calculation shows that such equation reduces to

a(Tyy — Ts3) + f(Tag — T33) = 0. (5.8)

Since ch # 0, we can isolate 1771 — T33 and T, — T33 in PB413 = 0 and Py32 = 0 in Equation (5.7),
respectively. Replacing them in Equation (5.8) we get

abf(Tas — ) ((a +2f)c* + (2a + f)h?) =0
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and therefore (a + 2f)c® + (2a + f)h? = 0, which leads to

C2 _ _(Za-i-f)h2
a+2f

Finally, using this last expression in 3433 in Equation (5.7) we obtain
Puzz = —(a + f)(Taa — p),

which leads to a contradiction since this expression does not vanish.
Hence, we have shown that a fp = 0. Note that, by Remark 5.17, we can take a = 0 working,
if necessary, with an isomorphically isometric metric. This proves Assertion (b). ]

Theorem 5.19. If R? x R is not Einstein, then it is a non-trivial algebraic T-soliton with soliton
constant | if and only if one of the following holds.

(i) The self-adjoint part of ad(e4) has two equal eigenvalues. In this case, the space is iso-
morphically isometric to a Lie group given by a = f # p, and

Thw Ty 0 O

* TQQ 0 0

T = 7élu’<7>7
* * T33 0
* * * )

with
bTi5 =0, b(Tn - T22) =0, CL(Tn + T22) + pls3 — (2a ‘HU),U =0,
C(TH — T33) + hTm = 07 h(T22 — T33) + CT12 = O
(ii) The self-adjoint part of ad(e4) has three different eigenvalues and the tensor field T is

diagonal,
T = diag[Th1, Taz, Ts3, 1] # p 1d,

with
b(Th1 —Tn) =0, ¢(Thh —Ts3) =0, h(Tyw —1Ts3) =0,

aTiy + fTe + pTsz — (a+ f +p)u=0.
(iii) The self-adjoint part of ad(ey4) has three different eigenvalues and the tensor field T is not

diagonal. In this case, the space is isomorphically isometric to a Lie group given by one
of the following:
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(iiia) a=0,p=—f#0,b=1c 20> — f2 4+ h* =0, and

T —?(T44 — 1) %(TM —p) 0

T * T %(TM - M) 0
% * T22 O 7
* * * Tuy

with

Toa # by b(2f(Th — Toe) — 3h(Taa — p1)) = 0.

(iii.b) a=0,p=—f#0,b=c=0, h= f and

JATE) 0 0
T kT %(T44 — ) Toy ,
* * Too —Tay
* * * Tha

with T24 # 0.

Proof. We consider the self-adjoint part of ad(e4), diag[a, f, p|, and analyse the cases where two
of those structure constants are equal or all of them are different separately. Recall that the metric
is Einstein if a = f = p (see Remark 5.16), and if two of the structure constants a, f, p are equal,
we may assume a = f # p just working, if necessary, with an isomorphically isometric metric
(see Remark 5.17).

Casel: a = f #p.

By Lemma 5.18-(a), we know that T4, = 15, = T34 = 0. Besides, considering the linear
combination

PBair + Pago + Pass = (a+ f+p)(Tua — 1), (5.9

we must analyse the cases Tyy = p and a + f + p = 0 separately.
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Case 1.1: Ty = p.

Since
PBasi — Paz = 2(a — p)Ths,  Pasz — Paos = 2(a — p)Ths,

we immediately see that
T13 - T23 — O

Now, a direct calculation shows that the system of polynomial equations {*3;;x = 0} is deter-
mined by

Pazz = 2bT12 = 0, Puz1 = b(Th — Tz2) =0,
Pz = (T — Tsz) + hTiz =0, Puagz = h(T — Ts3) + cT1a = 0,
while the vanishing of the divergence of the tensor 7" given by Equation (5.6) reduces to
a(Th1 + Tao) + P33 — (2a + p)p = 0.
This proves Assertion (i).

Case 1.2: Tyy # panda+ f +p = 0.

In this situation we have that f = a and p = —2a, with a # 0. A direct calculation shows that

Paot — Paro = —26(Tyy — p),
Paz1 — Paz = 6aT13 — 2¢(Tyy — p),
Puzz — Pazz = 60Tz — 2h(Tyy — p),
and therefore T4 # 1 and a # 0 imply that
b=0, Ti3=5£Tu—p), Toy=2(Tu— p).

Now, the polynomials 421, B411 and P33 reduce to

Pao1 = —3—2@Ch(T44 - M),
P = 3—1(1(3a2 - 262)(T44 — ),
Pass = =55 (30> = & = 1*)(Tua — p),

which imply
ch=0, 3a>—22=0, 3a>—2—h*=0.

Since a # 0 these equations are incompatible, so we conclude that there are no algebraic 7-
solitons in this case.
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Case2: a # f # p,a # p.

If a, f and p are all different we distinguish two possibilities depending on whether T'4, To4
and 734 are all zero or not. When T4, = Ty, = T34 = 0 we analyse the two cases given by
Equation (5.9), i.e., Tyy = pand a + f + p = 0, separately.

Case2.1: 11y =Toy =T34 = 0and Tyy = pu.

Since T}y = p, it is not difficult to check that

Pazr — Paiz = 2(06 - f)T12>
Pazr — Paz = 2(61 - P)T137
PBasz — Pagz = 2(f — p) T3,

and so
Tig =Tz =Ty = 0.

Applying these relations, a direct calculation shows that the tensor Tis diagonal,
T = diag[T11, Taa, Tas, 1],
and the vanishing of the divergence of T' (see Equation (5.6)) is given by
aTy + fTos + Pz — (a+ f+p)u =0,
and the system of polynomial equations {J3;;, = 0} is now determined by
Parz = b(T11 — Txe) =0,
Pz = (T — T3) = 0,
Puazz = h(Try — T33) = 0.
This proves Assertion (ii).

CaseZ.2: T14 :T24 :T34 == 0, T44 #Manda+f+p: 0

By Lemma 5.18-(b) we can take a = 0 working, if necessary, with an isomorphically isometric
metric. Hence, p = — f # 0. Now, we have the following linear combinations

PBaoi — Parz = =2 (fTh2 +0(Tyy — 1)),
PBasi — Paiz = 2(fTs — c(Tua — 1)),

PBasz — Pags = 2(2fTos — h(Taa — 1))



5.3.1 Algebraic T-solitons on R3 x R 177

from where we obtain
Ty = —%(T44 —p), Tiz= %(T44 —p), Thy= %(TM — ).

Using these expressions, the vanishing of the divergence of the tensor 7' given by Equation (5.6)
reduces to

f(Ty — Ts3) = 0.
Besides,
Pair = 2(0° — &) (Tua — ).
As a consequence
Ty =Ty, c=cb, withe?=1,

and a direct calculation shows that the system of polynomial equations {J3;;, = 0} is given by
Parz = P13 = Puor = ePus1 = %b (2f(Th1 — Ty2) — 3eh(Tus — p1)) = 0,
Pazz = —*Puzz = —%(2192 — 2+ 1) (Ty — p) = 0.
The associated left-invariant metric is given by
le1, €4] = bey + ebes,
le2, e4] = —bey + fea + hes,
les, €4) = —ebe; — hey — fes,

and the isometry e3 — —ey interchanges (¢, f,b,h) and (—¢, f, b, —h), so we can take ¢ = 1
working with an isomorphically isometric metric if necessary. Thus Assertion (iii.a) is obtained.

Case 2.3: Some of 174, T4 and T34 does not vanish.

In this case, according to Lemma 5.18-(a), we can assume a = b = ¢ = 0 and work, if necessary,
with an isomorphically isometric metric. In this situation

i]3212 = —fT14, ‘~T3313 = —pli

and, since f # p, it follows that
T4 = 0. (5.10)

Now, we compute
Psso = "oy + fT34, Psog = —ploy + hT3y,
Paoa = —[Toq — N34, Puza =  hloy — pTiy.

Since Tyy = T34 = 0 is not possible, we have f* = p* = h?. Moreover, f # p and fp # 0 lead
to

b= _f 7& 07 h = €f7 T34 = _€T24 7£ 07 (511)
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where €2 = 1.
Using Equations (5.10) and (5.11) the conditions given in Equation (5.6) for the vanishing of
the divergence of 7" reduce to

f(Toy —Ts3) =0,

and

Paiz = f(T12 - €T13), Paor = —f(T12 + €T13)> Pz = f(2€T23 — Ty + M)-

Therefore,
Ty =T33, Tio=Ti3=0, Toz=5(Tas—p), (5.12)

and we obtain an algebraic 7-soliton with associated left-invariant metric given by

lea, e4] = fea +efes, [es,eq] = —cfes — fes.

Note that the isometry e3 — —e3 interchanges € and —¢. Thus, working with an isomorphically
isometric metric if necessary, we can take ¢ = 1. Now Equations (5.10), (5.11) and (5.12) lead
to the proof of Assertion (iii.b). O

In the previous result we determined the algebraic 7-solitons in the non-Einstein case. Even
though the Einstein case can usually be handled directly when dealing with particular tensor
fields, we include this case in the following result for the sake of completeness.

Theorem 5.20. If R? x R is Einstein, then it is a non-trivial algebraic T-soliton with soliton
constant | if and only if it is isomorphically isometric to a metric with a = f = p and

Ty Ty Tz O
* T22 T23 0
T = 7é 2 <'7 '>7
* * T33 0
* * x

with
a(Tyy + Ty + T35 — 3u) =0, b(Tyy — Toe) — hTy3 — cTas = 0,

bTho + cThs = 0, c(Thi — Ts3) + hTho — bT53 = 0,
CT13 + hTQg = 0, h(TQQ — T35> —|— CT12 —|— leg = 0

Proof. Recall that R® x R is Einstein if and only if @ = f = p (see Remark 5.16) so, according
to Lemma 5.18-(a), 114 = T4 = 134 = 0. Moreover, since

PBair + Pazo + Pass = 3a(Tyy — p),

then either 7))y = ppor a = 0.
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If T,y = u, the conditions for the divergence of 7' to vanish given by Equation (5.6) reduce
to
a(Thy + Tho + T53 — 3p) =0,

and a direct calculation shows that the system of polynomial equations {*3;;x = 0} is determined
by

Par = —2(bT12 + cT13) =0,

Pusz = 2(cTiz + hTs3) = 0,

Pz = b(T11 — Taz) — W13 — 3 = 0,

PBarz = c(T1y — Tz3) + hTy — b3 = 0,

m423 = h(T22 — T33) —+ CT12 + bT13 = O

Assume now that Ty, # p and a = 0. Since either b, ¢ or h must be non-zero, Remark 5.17
implies that we can assume that b # 0 (working, if necessary, with an isomorphically isometric
metric). Now, a direct calculation shows that

PBarz — Paor = 2b(T44 - :U’>7

which implies that this case cannot occur. This proves the result. O]

5.3.2 Algebraic Ricci solitons on R3 x R

Since Einstein metrics are trivially Ricci solitons, we exclude them from our study and part from
the conditions in Theorem 5.19. First of all, a direct calculation shows that the Ricci tensor is
determined by

pnn = —(a+ f+pa, p23 = (f —p)h,
pr2 = (a — f)b, ps3 = —(a+ f +p)p,
;0132(61—]?)67 P44=—a2—f2—1727

p22 = —(a+ f+p)f.

In the locally symmetric case we analyse the two non-Einstein cases given in Remark 5.16.
Ifa=f=c=h=0andp # 0, clearly we have

Ric = —p?*diag|0,0, 1, 1],
while if a = f #% 0and p = ¢ = h = 0, we get that
Ric = —2a? diag[1, 1,0, 1].

Theorem 5.19-(i) guarantees that both are non-trivial algebraic Ricci solitons, and it is immediate
to see that their soliton constants are ;4 = —p? and u = —2a?, respectively. Setting p = 1 in the
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former case and a = 1 in the latter, we remain in the same homothetic classes and the associated
left-invariant metrics are given by

le1,e4] = bea, [ea,eq] = —bey, [es, eq] = e, (5.13)
and
le1,e4] = €1 +bea, [ea, 4] = —bey + e,

respectively. A straightforward calculation shows that the sectional curvatures of the metrics
above are independent of the structure constant b. Therefore, these metrics are homothetic —
although not isomorphically homothetic — to the corresponding metrics with b = 0 (see [96]),
which are the metrics in Assertions (vi) and (vii) in Theorem 5.4.

In the non-symmetric case we analyse every possibility in Theorem 5.19. Note that with no
further assumption, p14 = poqg = p34 = 0, so Theorem 5.19-(iii.b) cannot occur.

Case (i).
We set a = f # p. Since algebraic Ricci solitons must satisfy the conditions
pis=(a—p)c=0 and pos=(a—ph=0,

then ¢ = h = 0. Now note that p;, = 0, so the algebraic Ricci solitons are determined by the
vanishing of the polynomials

Q1 =b(p11 — p22), Qo= paa—p, Qz=al(pi1+ p22) +pp3s — (2a + p)p.

A direct calculation leads to
Q1 =0, Qo=-p—2a"—-p°, Q3=—(2a+p)(u+2d+7p°.

Thus, the system {£; = 0} is equivalent to ;1 = —2a* — p?, which provides an algebraic Ricci
soliton with associated left-invariant metric given by

le1,€4] = aey + bes, [ea, eq] = —bey + aeq, |es, eq] = pes. (5.14)

It is not difficult to see that the sectional curvatures of these metrics do not depend on the
structure constant b, so the metrics above are homothetic — although not isomorphically homo-
thetic — to the corresponding metrics with b = 0 (see [96]). Moreover, the space is locally
symmetric if and only if @ = 0 or p = 0. Hence, working in the same homothetic class, we can
assume a = 1 and b = 0, and these metrics are covered by Theorem 5.4-(iii) (see the Case (ii)
for the restrictions on the parameter).
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Case (ii).
In this case, a # f # p and a # p. The Ricci operator must be diagonal, which occurs if and
only if
prz2=(a—fb=0, piz=(a—p)c=0 and py=(f—ph=0,
i.e., b = ¢ = h = 0. Thus, we obtain an algebraic Ricci soliton if the polynomials
Q1= paa— p, Q2= apn + fpa+ppss— (a+ f+p)u,
vanish. A direct calculation shows that
Q=—p—ad—f=p", Qo=—(a+tf+p)(ut+a’+f +p’),

2

and i = —a® — f? — p? provides an algebraic Ricci soliton with associated left-invariant metric

given by
[ela 64] = aeq, [627 64] = f€27 [637 64] = pes. (515)

Since b = ¢ = h = 0, necessarily some of a, f and p must be non-zero. Working in the same
homothetic class, we can assume that a = 1 (see Remark 5.17). Now, the isometry

ey — e3
interchanges (f, p) with (p, f), while the isometry
(e1, €9, e3,€4) — (€9, €1, €3, —€4)
interchanges (—1, p) with (—1, —p). Besides, if f # 0, the homothety
(e1,€2,€3,€4) —> %(62,61,63764)
interchanges (f, p) with (%, £) and, if p # 0, the homothety

(€1, €2, €3,e4) — L(e3, €9, €1, ¢4)
p

interchanges (f, p) with (£, 1).

p’p
The relations above allow us to show that any metric in this case is homothetic to a metric in

Theorem 5.4-(iii). Since (f,p) ~ (p, f), we restrict the domain of (f,p) to f < p. Now, using
the identification (f, p) ~ (%, £), we remove the set

i
{(f,p): f<pIfl > 1}
i

since every homothetic class has a representative with | f| < 1. Now, considering (f, p) ~ (3, %)
we can remove the set

{(f:p): f<p|fl<Lp>1}
so that the domain of ( f, p) reduces to

{(fip): —1<f<p<i}
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Finally, since (—1,p) ~ (—1, —p) we can also eliminate the segment

{(=1,p): p <0}

The particular points (0,0), (0,1) and (1, 1) are also excluded because the space is locally sym-
metric in those cases. Hence, we conclude that this case corresponds to Assertion (iii) in Theo-
rem 5.4.

Case (iii.a).

In this case, the structure constants satisfy « = 0, p = —f # 0, ¢ = b and
20 — 2+ h? =0.

Algebraic Ricci solitons are characterized by the system of polynomial equations {Q; = 0},
where

Q1 = po2 — P33, Qo= pia+ %(;044 — ), Qs =pi2+ pi3,

Q4 = paz — %(pm — ), Qs =b(2f(p11 — paz) — 3h(pas — 1)) ,

with pyq # pand 2% — f2 4+ h? = 0. A direct calculation leads to

leoa QQZ_%(M+3f2>7 5*23:07
Q4= %(M*‘ 6/%), Qs =3bh(n+2f?),

where p # —2f% and 2b0® — f? + h? = 0. Since f # 0, the cases b = h = 0 and bh # 0 are not
possible. Next we analyse the cases b = 0, h # 0 and h = 0, b # 0 separately.

If b = 0and b # 0, then h = cf, with €2 = 1, and the system {Q; = 0} reduces to
u = —6f2 We take f = 1 working in the same homothetic class and the left-invariant metric
associated to the algebraic Ricci soliton is given by

lea, €4] = €2 + ce3, [e3,e4] = —ceg — 3. (5.16)

The isometry e3 — —e3 interchanges € and —e. Hence, we can set ¢ = 1 and Assertion (i) in
Theorem 5.4 follows.
If h = 0 and b # 0 then we have b = \% f, with €2 = 1, and the algebraic Ricci solitons

are determined by ;1 = —3f2. As in the previous case, we can take f = 1 so that the associated
left-invariant metric is given by

— £

le1,e4] = \%(62 +es), lea,eq] = 761+ ez, les, eq] = —\/iiel — e3. (5.17)

The isometry (eq, es, €3,€4) +— (€1, —eg, —e3, €4) interchanges ¢ with —¢, so we can set ¢ = 1
and this case corresponds to Assertion (ii) in Theorem 5.4.
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5.3.3 Algebraic Bach solitons on R3 x R

Einstein metrics are Bach-flat in dimension four and so they are steady Bach solitons. Therefore,
we focus on the non-Einstein situation and use Theorem 5.19 to determine all the non-trivial alge-
braic Bach solitons. A long but straightforward calculation shows that the non-zero components
B, of the Bach tensor of R?* x R are given by
6B =a* — f4—pt —a®f 4+ 3af — a®p+ 3ap® + fp + fp® — 2a%f? — 2a%p?

—T7a®fp+ 3af’*p + 3afp* + 9(b* + ?)a® — 3(50* + h?) f? — 3(5c® + h?)p?

+6(b% + 2¢%)af + 6(20* + c*)ap — 6(2b* + 2¢* — h?) fp + 18bch(f — p),

6B12 = —b(a— f)(2a*> +2f? — p*> — 16af — 10ap — 10fp)
+6¢ch (a+ f—2p) (a+ f+p)— 3b((40* + 4¢* + h?)a— (4% + 2 + 4h?) f
- 3(02 - h2>p) )

6B13 = —c(a —p) (2a®> — 2+ 2p* — 10af — 16ap — 10fp)
—6bh (a —2f +p) (a+ f+p) — 3¢ ((4D® + 42 + h2)a — 3(b> — h2) f
—(b* + 4c* + 4h?)p) ,

6By = —a* + f* = p' +3a’f —af® +a’p+ap® — fPp+3fp’ —2a* f* — 2f%p?
+3a®fp —Taf*p+ 3afp* — 3(50* + *)a® + 9(b* + h?) f? — 3(c* + 5h?)p?
+6(b% + 2R af — 6(20% — * + 2h%)ap + 6(20° + h?) fp — 18bch(a — p),

6Bos = h(f —p) (a® — 2f? — 2p* + 10af + 10ap + 16 fp)
—6bc(2a — f—p)(a+ f+p)+3h(3(0* — *)a— (40* + 2 +4h*) f
+(b* + 4% + 4h?)p)
6B33 = —a* — f* +p' +®f +af’ +3a’p —ap® + 3f°p — fp* — 2a%p® — 2f*p?
+3a*fp+ 3af*p — Tafp* — 3(b* + 5c2)a® — 3(b* + 5h?) f2 + 9(c* + h?)p?
+6(b% — 2¢® — 2h)af + 6(c + 2h%)ap + 6(2¢* + h?) fp + 18bch(a — f).
Recall that the Bach tensor is trace-free, so By = —B1; — By — Baz. In the locally

symmetric case, analysing the cases in Remark 5.16, a direct calculation shows that the only
case which is not Bach-flat corresponds to

a=f=c=h=0, p#0

and R \
B = % diag[—1,—1,1,1].

This case gives a non-trivial algebraic Bach soliton with soliton constant py = %4 (see Theo-
rem 5.19-(i)) which is also an algebraic Ricci soliton (see Equation (5.13)).

If the space is not locally symmetric, we need to analyse the four cases obtained in Theo-
rem 5.19 separately. Note that, with no further assumption,

sB14 = sB24 = sB34 = 07

so Case (iii.h) in Theorem 5.19 is not possible.
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Case (i).

Take a = f # p. The conditions that determine an algebraic Bach soliton can be expressed as
the vanishing of the polynomials

Q1 =Bz, Qo =By, Q3=0B1, Q4=0(B11 —DBa),
Q5 = c(B11 — Baz) + hB12, Q¢ = h(Baz — Bsz) + ¢DBo,
Q7 = —B1; — Boy — Bz — 1,

Qg = a(B11 + Bo) + pBss — (2a +p)u,

and a straightforward calculation shows that

Q) = %(a - p) (C(9a2 — 2p2 + 26ap) + 6bh(2a —i—p) _ 3C(b2 442 4+ 4h2)) :
Q; = §(a —p) (h(9a® — 2p* 4 26ap) — 6bc(2a + p) — 3h(b* + 4¢* + 4h?)),
Qs = 3b(a — p) (4ch(2a +p) — 3b(c — h%)),

Q4 =2b(a —p) ((c* = h*)(2a + p) + 3bch) ,

Qs = +(a —p) (2¢(2a + p)(p* — dap + 12¢* + 12h%) + 9bh(c* + h?)),
Qs = g(a—p) (2h(2a + p)(p* — 4ap + 12¢* + 12h?) — 9be(c® + h?))
Q7 = ¢(a —p)? (p* — dap + 9¢* + 9h?) — pu,

Qs = (20 +p) (§(a —p)*(p* — dap + 92 + 9h*) — ) .
Now, it is easy to see that
hQy — ¢y = b(2a + p)(¢* + h*)(a — p).

Next we show that ¢ = h = 0 by analysing the cases p = —2a and b = 0. If p = —2a, which
implies a # 0 since a # p, we obtain

Q1 = —2ac(17a® + V> + 4¢* + 40°%), Qo = —3ah(17a* + b* + 4¢* + 4h?),
soc=h=0.1If p# —2a and b = 0 a straightforward calculation shows that

Q1 = Le(a — p)(9a? — 2p? + 26ap — 12c2 — 12h3?),

=]

Qy = %h(a —p)(9a® — 2p* + 26ap — 12¢* — 12h?),

and

Qs =

Qs = Lh(a —p)(2a + p)(p* — dap + 126 + 12h?),

c(a —p)(2a+ p)(p* — dap + 12¢* + 12h?),

Wl
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from where it follows that
4(2a + p)Q; + 1395 = c(a — p)(2a + p)(6a® + 3p? + 44c% + 44h?),
4(2a + p)Qs + 1396 = h(a — p)(2a + p)(6a® + 3p* + 44c* + 44h?).
Hence, again ¢ = h = 0. Assuming the vanishing of ¢ and h the system {£; = 0} reduces to
Q7 =
Qs

(a—p)*(p —4a)p — p,

=

(2a+ p)(3(a—p)*(p — 4a)p — p),

or equivalently,

1= 1(a—p)*(p— 4a)p.

This leads to an algebraic Bach soliton with associated left-invariant metric given by
[617 64] = ae + b€27 [627 64] - _bel + aeq, {637 64] = pes,

which is locally symmetric if and only if @ = 0 or p = 0, and it is Bach-flat if and only if p = 0
or p = 4a. Note that, in any case, it is also an algebraic Ricci soliton (see Equation (5.14)).

Case (ii).
Ifa # f # p, a # p and the Bach operator is diagonal, the algebraic Bach solitons are determined
by the vanishing of the polynomials

Dl = 5312’ DZ = %137 93 = %237

Q= b(’Bn - %22), Qs = C(%n - %33)7
(5.18)
Q¢ = h(%zz - ’333), Q7 = —By; — Boy — Bz — <2

Qs =aB11 + [Bo +pBss — (a+ f +p)p.

Next we split the analysis in several cases, depending on whether bch vanishes or not. Ac-
cording to Remark 5.17, it is enough to consider the case b = ¢ = h = 0, the case b = ¢ = 0,
h # 0 and the case ch # 0. We will show that there exist algebraic Bach solitons only in the first
case.

Casel.b=c=h=0.

If b = ¢ = h = 0, a direct calculation shows that the Bach operator is diagonal and that
Equation (5.18) takes the form

Q7 =@+ (f—p)*—2a(f +p)) (@ + f2+p* —af —ap— fp) — 1,

Qg = (a+ f+p)r
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Therefore, algebraic Bach solitons are determined by

p=zg(a®+(f—p)?—2a(f+p) (a*+ f>+p"—af —ap— fp).

The associated left-invariant metric is given by

[61, 64] = aeq, [62, 64] = fey, [63764] = pes,

so these algebraic Bach solitons are also algebraic Ricci solitons (see Equation (5.15)).

Case2.b=c=0,h #0.

In this case we work with the polynomials Q3 and Q¢ in Equation (5.18) which are given by

Q; =
Qp =

h(f —p)(a® =2(f —p)® +10a(f + p) + 12fp — 12h?),

h(f —p)(a+ f+p)(@®+(f —p)* —2a(f +p)+12h7).

[N

Wl

Ifa+ f+p=0wetakep = —a — f and

Q3 = —1h(a+2f) (10(a + f)* + a® +10f> + 12h%) # 0,

while if a + f + p # 0 we calculate

2a+ f+p)Qs+5Q6 = h(f —p)(a+ f +p) (2¢° + (f +p)* +16h*) # 0.

Since none of these two polynomials above vanishes, we conclude that no algebraic Bach soliton
may exist in this case.
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Case 3. ch # 0.

Next we show that non-trivial algebraic Bach solitons cannot exist when ch # 0. To do so,
we consider the polynomials

Qs = c(B11 —Bss), Qs = (B — Bas),
Q7 = =B —Bay — Bss — 1,
Qs = aByy + [Bao +pBss — (a+ [ +p)u,
given in Equation (5.18). It is easy to see that
By =Boo =Bz, p=-3By, (a+f+p)(By—pu) =0.

Hence, (a + f + p)B1; = 0. Since the Bach operator must be diagonal, if 8;; = 0 then any
possible algebraic Bach soliton would be trivial. Thus, p = —a — f and a direct calculation
shows that the polynomials £, and £3 in Equation (5.18) are given by

Qy = —2c¢((2a+ £)(20a® + 11f% + 20af)
+3(5b% + 8¢ + 5h%)a — 3(20% — 4¢% — Th?)f),

Q3 = —¢h((a+2f)(11a® 4 20f% + 20af)
—3(20* — 7¢* — 4h*)a + 3(5b* + 5¢% + 8h?) f) |

from where it immediately follows that
hQs — Q3 = —5ch(a — f) (47(a+ f)* + 11(a® + f2) + 6(7b* + ¢ + h?)) # 0.
This implies that non-trivial algebraic Bach solitons cannot exist if ch # 0.

Case (iii.a).

In this case, the structure constants satisfy « = 0, p = —f # 0, ¢ = b and
26> — f2 + h* = 0.

In this situation, the algebraic Bach solitons are determined by the system of polynomial equa-
tions {; = 0}, where

Q1 =Bo —Bsz, Qo =By — %(%11 + Boo + Bz + 1),
Q3 =Bio+ Bz, Qg =Bos + %(%11 + Boo + Bz + ),

535 =b ((2f + 3h)%11 - (2f — Sh)%gg + 3]1%33 + 3h,u) s
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with 1 # —(By; + By + Bas) and h? = 2 — 2b%. A long but direct calculation leads to
9, = Q3 =0and

Qo= & (40f* — 45627 — 3p1),
Q= L (881" — 4502f% — 3p),

Qs = —3bh (84 — 150%f2 — 1),
where p # 8f* — 9b%f? and h? = f? — 2b°. Note that

3fhQy + Q5 = 16bhf*.

Hence, since f # 0, it follows that the cases b = h = 0 and bh # 0 are not possible. In what
follows we analyse the cases b = 0, h # 0 and h = 0, b # 0 separately.
If b = 0and h # 0, then h = £f, with €2 = 1, and the system of polynomial equations
{Q; = 0} reduces to
Q= £(3p—88f*) =0.

Thus, pu = % f* and the left-invariant metric associated to the algebraic Bach soliton is given by
e, e4] = €2 + €3, [e3,e4] = g€y — €3,

where we have taken f = 1 — working in the same homothetic class. Note that these spaces are
algebraic Ricci solitons (see Equation (5.16)).
Finally, assume that h = 0 and b # 0. In this case, b = \/% f, with €2 = 1, and the system

{9; = 0} leads to the soliton constant ; = %5 f*. As we did in the case just above, we can take
f = 1 and the left-invariant metric associated to the algebraic Bach soliton is given by

£

le1, e4] = \%(62 +e3), ez, eq] = —\%61 + e, [es,eq] = /361 — €3,

which also determines an algebraic Ricci soliton (see Equation (5.17)).

5.4 Algebraic solitons on £(1,1) x R and E(2) x R

We follow the description of the left-invariant metrics on semi-direct extensions of the Poincaré
and the Euclidean groups given in Section 1.4.2. Recall that there exists an orthonormal basis
{61, €9, €3, 64} such that

le1, e3] = —Aaeq, [ea, €3] = Aiey,
[61, 64] = b€1 — A)\Q@Q, [62, 64] = A)q@l + b62, (519)
[es, €] = Cey + Dey,

where A\;\; # 0. The associated Lie group to E(Q) x R if Ay, Ay do not change sign, and
corresponds to £(1,1) x R otherwise.
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Remark 5.21. E(2) x R is locally symmetric if and only if C' = D = 0 and Ay = A; — in which
case the metric is flat if b = 0, and homothetic to the product H?® x R otherwise. Analogously,
E(1,1) x R is locally symmetric if and only if C' = D = 0, A, = —\; and b* = (A? + 1)\} —in
which case it is isometric to the product of two surfaces of constant distinct negative curvatures
if A # 0, and homothetic to H? x H? otherwise. We show in Remark 5.24 that these metrics are
also realized as left-invariant metrics on R? x R.

Remark 5.22. The parameters (A1, Ay, A, b, C, D) in Equation (5.19) can be transformed into (o,
A1, A, b, —D, C') through the isometry

(617 €2, €3, 64) — (_627 €1, €3, 64)-

Therefore, any left-invariant metric (5.19) with D = 0 is isomorphically isometric to a left-
invariant metric with C' = 0.

5.4.1 Algebraic T-solitons on £(1,1) x R and E(2) x R

Theorem 5.23. E(1,1)xR or E(2) xR are non-trivial algebraic T-solitons with soliton constant
W if and only if

Ty 0 0 0
* T11 0 0
T = 9 7& :u<'7 '>7
ok ATy —p)+p —A(Ty —p)
* * * Ty

and b = O, withC =D =0 or T11 = A2(T44 — /L) + T44.

Remark 5.24. In the case where b = 0 and C' = D = 0, the left-invariant metric associated to an
algebraic 7T'-soliton takes the form

[€1>€3] = —\ge2, [61,64] = —AXses, [62763] = \eq, [62,64] = A)e;.

Setting ( = v/ A% + 1 and considering the orthonormal basis given by

&= \/%(@1 + e2), €y = —\/%(61 — €2),
€3 = —%(A€3 —ey), €4= %(63 + Aey),

the corresponding non-zero Lie brackets are now
61,6 = S(A1 — M)ér — S(A1 + X)éa,  [E, 4] = §(M + A2)ér — S(\ — A2)éo.

Thus, these metrics are isomorphically isometric to metrics on R* x R and therefore the corre-
sponding algebraic 7'-solitons have already been described in Theorems 5.19 and 5.20.
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Proof. The vanishing of the divergence of 7" is given by the system of polynomial equations

30114 — AoTo3 — AXToy = 0,

/\1T13 -+ A)\1T14 + 3bT24 == O,
(5.20)
(/\1 - /\2>T12 - CT14 - DT24 - 2bT34 == O7

b1 + bToe — 26Ty + A(Ny — Xo)T10 + CTi3 + D13 = 0,

while the conditions for ® = 7 — 1 1d to be a derivation will be determined by a system of twenty
two (up to duplicities) polynomial equations on the soliton constant y, the structure constants
(5.19) and the components 7;;, given by {3;;, = 0}, where

PBor1 = —A1(Ti3 + ATy) + 0Ty,
Poro = —bT14 — Ao(Tos + ATsy),

PBa11 = (A1 + A2)T1a — CTiy + T34,

Paio = —Ao(T11 — Too + Ta3 — p) — DT1q — ATy,
P31z = AoTas,

Psis = AoToy,

Paor = —A1(T1 — Tog — Tz + p) — CToy + AN T3y,
Pazg = — (A1 + A2)T1o — DTy + 0T34,

Pazz = —MT13,

Paos = —A1T14,

PBar1 = b(Tuy — 1) + ANy + Ao) T2 + CTis,

Paio = —ANo(T11 — Tog + Tyy — 1) + D113 — ATy,
Parz = —bT13 + AdgTh3,

Para = =0Ty + AN Ty,

Paor = =AM (T11 — Toy — Tag + p1) + CToz + M T3y,
PBaoz = b(Tyy — 1) — A(N + Ag)T12 + DT,

Pazg = —AMT13 — b33,

Paoa = — AN T4 — 0Ty,

Pagi = —C(T11 — T3 — Tyy + p) — DTg + T3 + A (AT — Toy),
Puszg = —D(Toy — T3 — Tyy + 1) — CTip — Ap(AT13 — Tig) + b3,
Puzz = —CTy3 — Do,
Puaza = —CTry — DT3y.
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Since A1 Ay # 0 and

‘B323 = _)\1T13> sBBZAL = _>\1T147 ‘BSlS = )\2T23> 53314 = )\2T247

PBaiz = —Ao(Th1 — Too + Taz — 1) — DTy — AN T4,
Paor = =M (T — Too — Tz + ) — CTog + AN Ty,

it immediately follows that

Tis=Tu=To =T =0, T ="T1, Ts=p— Als.

Using these conditions, we have
PBaio = — Ao (Taa + A(Tua — 1)),

which leads to

Tas = —A(Tyy — p), Tsz3 = A*(Tay — pp) + .

Now, a direct computation leads to
PBair = (A + A)T1g — Ab(Tyy — p),
Paoz = —(A1 + A2)Tha — Ab(Tus — p),
while the third equation in (5.20) now is
(A — Ag) T2 + 2A0(Tyy — ) = 0,

which implies that
Tlg = 0.

At this point, Equations (5.21), (5.22) and (5.23) show that
Ty 0 0 0
x Ty 0 0
« ok ATy —p)+p —A(Tu — p)

T —

* * * Tua
The system of polynomial equations {*33;;x = 0} reduces to
Pair = Pazo = —Ab(Tyy — p) = 0,
Pair = Paze = b(Tyy — p) = 0,
Pusy = —C (Thy — A*(Tyy — 1) — Tiy) = 0,

‘43432 =-D (Tn - Az(T44 - M) - T44) = 0,

(5.21)

(5.22)

(5.23)



192 5 Algebraic solitons on four-dimensional Riemannian Lie groups

and the vanishing conditions for the divergence of 7" given in Equation (5.20) are
Ab(Tyy — p) =0,  b(Th1 —Ty) = 0.

Note that if b # 0 the solution is determined by 77; = Ty, = p and the algebraic T-soliton is
trivial. Finally, for b = 0 the solution is given by B43; = Py32 = 0 and therefore C' = D = 0 or,
otherwise, T = A*(Tyy — p) + Ty, which completes the proof. O

5.4.2 Algebraic Ricci solitons on F(1,1) x Rand £(2) x R

In this case, the components p;; of the Ricci tensor are given by
2011 = (A2 +1)(A\2 — \3) — 4% + C?, 2p13 = AD)Xy — 3bC,
2p12 = —2Ab(N — \y) + CD, 2p14 = —Ds,
2020 = —(A% + 1)(\2 — \3) — 4b* + D?, 2p03 = —ACN — 3bD,
2p33 = —(M — Ag)* = C? = D?, 2p24 = Cy,

2p44 == —AQ()\l - )\2)2 - 4b2 — C2 - D2, 2p34 == —A()\l - )\2)2.

We study the locally symmetric case in the first place. The possibilities we have in this
situation are (see Remark 5.21) the Lie group E(2) x R with Ay = Ay and C = D = 0, or
E(1,1) x R, with Ay = =), C = D = 0 and v* = (A% + 1))\, Besides, Theorem 5.23
guarantees that if there exists a non-trivial algebraic Ricci soliton, then necessarily b = 0, so the
latter case is not possible, while in the former case a direct calculation shows that the space is
flat due to b = 0.

In the non-symmetric case, according to Theorem 5.23, non-trivial algebraic Ricci solitons
must satisfy py4 = poy = 0, from where it follows that C' = D = (. Moreover, b must vanish.
Now, Remark 5.24 shows that this case reduces to the previously considered situation of R? x RR.

Remark 5.25. Even though we have mentioned that the non-symmetric case reduces to R? x R,
we will solve it here for the sake of completeness. We showed that in this situation b = 0 and
C = D = 0. Therefore, p14 = p2qs = 0 and also p13 = po3 = 0, p1o = 0. Note that we can
assume that A; # A, (see Remark 5.21) and so the algebraic Ricci solitons are characterized by

P11 = P22, P33 = A2(P44 —p) +p, p3a = —A(pas — ).
If we compute the components of the Ricci tensor, we obtain
pi1 = —pa = 5(A* + 1) (A = A3),
P33 = —%(/\1 - >\2)27

P3a = Apss, paa = A2P337
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which combined with the previous relations give
(A2 + 1A = A3) =0,
(A2 =1) 2u+ (A2 + 1)\ = A2)?) =0,
AQu+ (A2 +1)(\ — X9)?) = 0.

Therefore Ay = —\;, p = —2(A? + 1)\? and the algebraic Ricci solitons are given by the
left-invariant metrics

[61, 63] = e, [@1764] = AXjeg, [@2,63] = \iey, [62764] = Aley. (5.24)

Finally, setting ( = A% + 1 and considering the orthogonal basis

er = ﬁ(el +ey), 6&9= —ﬁ(ﬁ — €3),

€3 = —/\%C(Aeg — 64), é4 = ﬁ(eg + A€4),

the non-zero Lie brackets reduce to

[é], 54] = él, and [ég, é4] = —é€s.

Besides, (€;,€;) = )\%C(ei, e;), so these metrics are isomorphically homothetic to the metric in
1

Theorem 5.4-(iii) for f = —1 and p = 0.

5.4.3 Algebraic Bach solitons on £(1,1) x R and E(2) x R

First we compute the components B;; of the Bach tensor of £(1,1) x R and E (2) x R. Along
but straightforward calculation shows that they are determined by
24B 11 = —4(A% +1)? (5T — 3A\3 — 3ATA + A1 A3)
+ (A% +1) ((28b* — 40C? + 3D?*)A? — (206 — C? — 8D?)A\3
— 4(20% — 3C% — D*)\1)0)
— 42AbCD(M\1 + X2) + b?(43C? + D?) — 4(C? + D?)(5C? + D?),
12815 = 16A(A% + 1)b (AF — A3) — (A2 + 1)C'D (8AF + 8A3 + 5A1\2)
+ Ab ((16C2 — 5D?*)X\1 + (5C? — 16D?)\;) + CD(21b* — 8C? — 8D?),
12843 = —A(A2 + 1)D (8)\% — /\%)\2 — 4)\1/\%)
+3bC (8(A% +1)A7 — A3 — (342 + 4)A\ 1))
+ AD (962X1 + 4(3b* — 2C? — 2D?))2) — 3bC(3b* — 8C? — 8D?),
12814 =—A2 (A% + 1)D (A} —=8A3 + 4M\1X2) + 3AbC(A1 + A2) + D(3b*>—8C%—8D?)) ,
2483y = 4(A% +1)% (3A1 — 5A3 — Ao + 30\ A3)
— (A% +1) ((200* — 8C? — D?)A? — (28b% 4 3C? — 40D?)\3
+ 4(2b2 —C?% - 3D2)A1)\2)
+42AbCD(A\1 + A2) + b*(C? + 43D?) — 4(C? + D?)(C? + 5D?),
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12853 = A(A% +1)C (8X] — 4AXIAg — A A3) — 3bD (AF— 8(A% + 1)A] + (342 + 4)\1)2)
— AC (4(3b* — 2C% — 2D?)\; 4 9b%X2) — 3bD(3b? — 8C? — 8D?),

12894 =-A1 ((A% + 1)C (8AT—=A3 — 4X1X2) + 3AbD(A; + ) —C(3b* — 8C? — 8D?)),

24B33 = —4(A% — 3)(A? + 1) (AT + A3 — M2 — A A))
+ ((A% + 3)(8C?% — D?) — 12(A% + 1)b*)A\} — ((A2 + 3)(C? — 8D?) + 12(A% + 1)b?)\3
— 4((A2 + 3)(02 + DQ) — 6(A2 + 1)()2)/\1)\2 — 18Ab0D()\1 — )\2)
—3(C? + D?)(19b% — 40? — 4D?),
12834 = 8A(AZ +1) (AT + A3 — AfAg — A A3)
+ A ((8C? — D?)A? — (C* — 8D?*)A3 — 4(C? + D*)A\1A2) + 9bCD (A1 — A2).

Recall that the Bach tensor is trace-free, so By, = —B1; — Boy — Bs3. Next we analyse
non-trivial algebraic Bach solitons using Theorem 5.23. Since b has to be zero, in the locally
symmetric case, which has already been detailed in Remark 5.21, we only have to deal with the
case Ao = \; and C' = D = 0. A direct calculation shows that the space is flat in this situation,
and so it is Bach-flat.

In the non-symmetric case we set b = 0 and assume that the corresponding Bach tensor is of
the form given in Theorem 5.23. Since

By = —5OD (A + 1)(5(M + X)* + 11X + A3) + 16C2 + 16D°)

must vanish, it follows that C'D = 0. According to Remark 5.22, we can assume C' = 0 and
work in the isometric class of the initial metric. Moreover, Remark 5.24 shows that the case
where D = ( reduces to the previously considered situation of R3 x R. Hence, we assume that
D # 0. Since

By = 5 DNy (8D — (A% + 1) (A} — 8A3 + 4\ \s))

must vanish, then
D? = (A% + 1)(A] — 8M3 + 4\ h0). (5.25)

Considering 81, — By, which must vanish, we obtain
B(A+1)2A5(TA — 1)) =0,

from where it immediately follows that Ay = %)\1. This leads to an incompatibility with Equa-
tion (5.25), since AZ — 8A\3 + 4M Ay = —23)2 < 0, and therefore no algebraic Bach solitons exist
it D #0.

Remark 5.26. For the sake of completeness, we will solve the non-symmetric case when D = 0,
even though we already know that it reduces to R* x R. If b = 0 and C' = D = 0, then

%12 = %13 = %14 = %23 = %24 = 0.

Moreover, since
By = — (A2 +1)% (5AL = 3X8 — 3N + A\ AD)

Bos = 5(A7+ 1) (A —5A3 — M As + 3M1A3),
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must be equal, then
B — By = _g(AQ + 1)2()‘% - A%) (()‘1 - %)‘2)2 + )‘% + P‘%) =0.

Hence, either Ay = A\; or Ay = —\;. In the former case (b = C' = D = 0, Ay = A1) the space
is flat (see Remark 5.21). In the latter case (b = C' = D = 0, A\, = —)\;) the algebraic Bach
solitons are determined by

Bz = A*(Bus — p) + 11, Baa = —A(Bus — ),
and a direct calculation shows that
Baz — A*(Bas —p) —p = (A7 —1) (n—2(4 +1)°A]),
Bgg+ A(Bas —p) = —A(p—2(A*+1)°A1).
We obtain ;1 = 2(A% + 1)2\] and the associated left-invariant metrics are given by
le1, €3] = Aea, [er,eq] = ANjea, e, e3] = Mer,  [ea, eq] = Adiey,

so the algebraic Bach solitons are also the algebraic Ricci soliton (see Equation (5.24)) that have
already been covered by the analysis of R3 x R.

5.5 Algebraic solitons on 7° x R

We follow the description of the left-invariant metrics on semi-direct extensions of the Heisen-
berg group given in Section 1.4.2 and consider an orthonormal basis {ej, es, €3, €4} such that

[61, 62] = 7yes, [617 64] = ae; — ceg + Hes,
(5.26)
les, eq] = (a + d)es, [e2,eq] = cer + dey + Fles,

where v # 0.

Remark 5.27. H?® x R is locally symmetric if and only if the structure constants satisfy

a=d=35y and F=H=0,
where 2 = 1. The isomorphism determined by e4 — —e, is an orientation reversing isometry
so we can set ¢ = 1 up to a change of orientation. A straightforward calculation shows that the
anti-self-dual Weyl curvature operator 1/~ vanishes an so the underlying manifold is homothetic
to the complex hyperbolic plane CH? (see [55]). This is the only Einstein metric on H? x R.

Remark 5.28. The isometry (eq, €9, €3,€4) — (—ea, €1, e3,€4) transforms (v, a,c,d, H, F') in
Equation (5.26) into (v, d, ¢,a, —F, H). Thus, any left-invariant metric (5.26) with H = 0 is
isomorphically isometric to a left-invariant metric with £’ = 0.
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5.5.1 Algebraic T-solitons on /3 x R

Theorem 5.29. H? x R is a non-trivial algebraic T-soliton with soliton constant y if and only
if one of the following conditions holds.

(i) a+ d # 0. In this case, the space is isomorphically isometric to a Riemannian Lie group
given by one of the following possibilities.

(ia) a # +d, c =0, F = 0, and the tensor field T is diagonal,
T= diag(Th1, Tho, Th1 + Tho — p1, 1] # p 1d,

with
H(TQZ — ,LL) = 0, (2(1 + d)Tll + ((Z + 2d)T22 — 3((1 + d)ﬂ = 0.

(ib) a=d#0,c=0,F=H =0and

T Tio 0 0
* 2/l — T11 0 0
* * @ 0
* * * [

(ii) a 4+ d = 0. In this case, the space is isomorphically isometric to a Riemannian Lie group
given by one of the following possibilities.

(ii.a) a = —d, a? #+ 2, F =H =0 and the tensor field T is diagonal,

T\ = diag[Tn, T, 2T — M?/l’]u Ty # .

(ii.b) a=d=c=0and

T Ty, O % (F(The — T3+ Tug — p) + HT1o)
x Ty 0 = (H(Thww — Ts3+ Ty — 1) + F1o)
T = K 7£ % <'7 '>7
* * T33 0
* * * Ty
with

(H? = )T+ (F? — )Ty — (F? + H* —7*)T3

+ (F?+ H) Ty +2FHT15 — (F? + H?> —*)u = 0.
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(ii.c) a = —d, c=a # 0 and
T11 T12 0 T14
Xx T11 0 T14

* * * w— 2T

where
HTH —(F—2H>T12—%(H(F—H)+72)T14—H/L:0,

5
Remark 5.30. If a = ¢ = d = 0 as in Assertion (ii.b) in the previous theorem, then the left-
invariant metrics associated to the corresponding algebraic 7™-solitons are given by

le1,e0] = ves,  [er,ea] = Hez,  [ea, 4] = Feg.
Taking ( = v/ F? + H? + ~? and considering the orthonormal basis
él = %(Fel —H€2+’764),

égzé(H€1+F€2—\/F2+H2€3),

2(F2+H?)
s —1 /
eg—m(Hel—FFeg—F F2+H2€3),

s 1
€= e
the only non-zero brackets now correspond to

(YFey —yvHey — (F? + H?)ey) ,

[62,84] = §(E2+ &), [635,84) = —5(E2 + E3).
These metrics are isomorphically isometric to metrics on R? x R and therefore the corresponding
algebraic T'-solitons have already been covered by Theorem 5.19.

We will show that the same conclusion holds true when the structure constants a = —d
and a = ¢ # 0 as in Theorem 5.29-(ii.c) if, in addition, H = —F and 4a® — 2F? — 4? = 0
(equivalently, the Ricci operator is of rank three). The left-invariant metrics associated to the
algebraic 7T'-solitons are given by

le1, 0] = yes, [e1,ea] = aey — aeq — Fes,  [eg, e4] = aey — aey + Fes, (5.27)
and if we consider the orthonormal basis determined by
&1 = 515 (Fey + Fey + 2aes + 7eq)
& = 72 ((2a — F)er — (2a + F)es + 2ae3 — veu)
&= 1 ((2a+ F)e; — (2a — F)ey — 2aes + veq) ,

€4 = ﬁ (ve1 + yea — 2Fey)
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the non-zero brackets correspond to
[61,64) = a(Ey + &3), [E2,64] = —a(é1 — V26), [E3,é4) = —a(é1 + V263).

Thus, the above metrics are isomorphically isometric to metrics on R?® x R and so the corre-
sponding algebraic 7'-solitons have already been covered by Theorem 5.19.

Proof. Since we are working with a divergence-free tensor field 7" of type (0, 2), a direct calcu-
lation shows that this condition is equivalent to

(3a 4 2d)T1y + T3 — Toy + HT34 = 0,

’}/Tlg — CT14 — (2& + 3d)T24 — FT34 = 0,
(5.28)
3(& + d)T34 = 0,

ali; + dls + (CL + d)(T33 — 2T44) + HTis+ FT5 = 0.

The conditions for ® = T — 1 1d to be a derivation can be expressed in terms of a system
of twenty two (up to duplicities) polynomial equations on the soliton constant j, the structure
constants (5.26) and the components 7;;, given by {3, = 0}, where

Porr = =113 — Ty + aloy,

PBoiz = —dT1y — yTrg — iy,
PBois = V(111 + Tog — T3 — p) — FTy + HT oy,

Pora = =134,

P11 = alsy,

Pz = Tz,

Psis = —(a+ d)T14 + YT + HT3,
Pzor = T34,

§B322 = dT347

Psog = =113 — (a + d) 1oy + FT3y,

PBar1 = a(Tyy — ) + 2¢T1s — HT3,

Pz = —c(Thy — Tog + Tay — p1) — (a — d)Thy — HTis,

Parz = H(T11 — Tsz + Ty — p) + FTyg + dThg + cTog + 7T,
Paa = —aTiy + Iy — HT3y,

PBaon = —c(T11 — Tog — Tya + p) + (a — d)T12 — F11s,

Pz = d(T44 - ,u) — 2c¢T1o — Fas,

Pazg = F(Toy — T+ Tyy — pu) + HTyg — cTiz — YTy + aTis,
Paog = =Ty — dIoy — FT3y,

Pag1 = —dT3 + cTas,
‘3432 = —cl3 — aTbs,
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Puss = (a+d)(Thy — p) + HTy5 + F'Ths,
f,p434 = —(CL + d)T34.

We start by considering
Paia = —7 T34,
Poir + Paoz — Paoa = —2(7vT13 — FTz4),

Poro — Pa1s + Puara = —2(vT2s + HT34),

which imply that
T3 =Ty =134 =0, (5.29)

and split our analysis differentiating the cases a + d # 0 and a + d = 0.

Case 1: a +d # 0.
Using Equation (5.29), since
Psiz = —(a + d)Tha,
Psoz = —(a + d) 1o,
Pazz = (a + d)(Ths — p),
Poiz = V(111 + Too — T3z — p) — FTiy + HTpy,
and a + d # 0 we obtain
Ty =T54=0, Tyu=p, Ts3="Tn+Tn—/p (5.30)

Next we show that the situation is different depending on whether ¢ vanishes or not.

Case 1.1: ¢ # 0.
In this case Equations (5.29) and (5.30) imply that

P = 2cTh2, Paor = —c(Th11 — Taa) + (a — d)Tha,

so the condition ¢ # 0 leads to
Tio =0, Ty ="T. (5.3D

At this point, Equations (5.29), (5.30) and (5.31) make T diagonal,
T= diag[Ti1, Th1, 2711 — o, 1]

and, moreover, the vanishing conditions of the divergence of 1" given in Equation (5.28) reduce

to
(a+d)(Th = p) = 0.
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Hence, we conclude that there are no non-trivial algebraic 7™-soliton in this case.

Case 1.2: ¢ = 0.

Using Equation (5.30) together with Equation (5.29) and ¢ = 0, it is straightforward to see that

T Tho 0 0

* T22 0 0
T =
* ok Ty +Te—p 0

* * * M

The system {3,z = 0} now corresponds to

Pz = —Puor = —(a — d)T12 =0,
m413 = Ty — H(T22 - ,U) =0,

Paoz = —F(Ty1 — p) + HTyp = 0,
while the vanishing of the divergence of 1" given by Equation (5.28) reduces to
(2a + d)T11 + (a4 2d)Tee — 3(a+ d)p = 0.

If a — d # 0, then T15 = 0. Besides, if FH # 0, then T7; = Ty, = p and the tensor field T’
is trivial. Thus, according to Remark 5.28, we can take F' = 0 (working with an isomorphically
isometric metric if necessary) and Assertion (i.a) immediately follows.

If a = d, they are both different from zero, since a + d # 0. Therefore, the last equation
above implies that

Ty = 2p — Ty
while the other equations give
FT12+H<T11—/L):O, HT12—F(T11—IU):O

Note that if either /' or H is non-zero, then the corresponding algebraic 7T-soliton is trivial.
Therefore, F' = H = 0 and Assertion (i.b) follows.

Case2: a+d=0.

In this situation, we distinguish two cases depending on whether a? and ¢? are equal or not.
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Case 2.1: a® # .
A direct calculation involving Equation (5.29) and the condition d = —a shows that

Pou = —cTy + alby,

Porz = aliy — Ty,

20Pu11 + «(Parz — Paz) = 2(a® — ) (Tas — p),

Poiz = (T + Too — Ta3 — p1) — FThy + HTy,
so a? # c? implies that

Twy=T=0, Ty=p, T33="T1+To—p. (5.32)
This last equation together with (5.29) lead to

Pan = 2cT1a,  Paor = 2aThz — c(Thy — Tra),
while the vanishing of the divergence of 1" given in Equation (5.28) reduces to
CL(TM — TQQ) = 0
Hence, since a® # c?, it follows that
T =0, Ty =1T5. (5.33)

Putting together Equations (5.29), (5.32) and (5.33) we obtain that T is diagonal,
T= diag[Th1, Th1, 2111 — p, 1),
and the system of polynomial equations {J3;;, = 0} reduces to

S13413 = H(,u - Tn) =0, ‘43423 = F(,u - Tn) =0.

Thus, there are non-trivial algebraic T-solitons when 777 # pand F = H = 0, so Assertion (ii.a)

1s obtained.
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Case 2.2: a®> = 2.

We set ¢ = a, with €2 = 1, and assume that the conditions in Equation (5.29) hold. In this case,
Equation (5.28), which gives the conditions for 7" to be divergence-free, transforms into

CL(TH — TQQ) = 0, CL(€T14 — T24) = 0

If a = 0, then ¢ = d = 0 and the tensor 7 is divergence-free, while the system {3;;, = 0}
reduces to

PBaos = F(Toe — T3+ Tyy — p) + HT1o — 114 = 0,
PBag = H(Tyy — T3+ Ty — p) + FTio+ T2, =0,
PBois = Y(Th1 +Tog — Ty — p) — FTiy+ HToy = 0.

Clearing 774 and 754 in the first and second equations above, respectively, Assertion (ii.b) is
immediately obtained.

If a # 0, then we compute
PBarr = a(2Tiy + Ty — ),
which together with the conditions for 7' to be a divergence-free tensor give
Toy =T, Toy=cTy, Ty =p— 2T
Thus, the system of polynomial equations {*§3;;, = 0} reduces to
PBorz = (2T — Ty — p) — (F —eH)T14 = 0,
PBaiz = H(T11 — Ts3) + (F — 2cH)Tio + ey =0,

PBuaoz = F (111 — T3) + (H — 2e )19 — vT14 = 0,

and from the first equation above we obtain an expression for 753. Note that the corresponding
left-invariant metrics are given by

le1, 2] = ves, [e1,e4] = ae; —caes + Hes, |es, eq] = cae; — aesy + Feg,

and the isometry

(617 €2, €3, 64) — <€1a —€2, —€3, e4)

interchanges (¢,a, F, H) and (—¢,a, F, —H). Thus we can take ¢ = 1 working, if necessary,
with an isomorphically isometric metric and Assertion (ii.c) is obtained. O
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5.5.2 Algebraic Ricci solitons on /3 x R

A straightforward calculation shows that the Ricci tensor is determined by

2pll = —4&(@ + d) - H2 - 72a 2012 = —26(& - d) - FH7
2p13 = —H(Qa + 3d) + FC, 2p14 = F’}/,
2pg0 = —4d(a +d) — F? — 42 2p93 = —F(3a + 2d) — He,

2p33 = —4(a+d)* + F* + H* + 77, 2p2s = —Hy,
2p44 = —4((12 +d2 +ad) —F2 — Hz.

We use Theorem 5.29 to analyse all the possibilities for non-trivial algebraic Ricci solitons.
In the locally symmetric case, Remark 5.27 guarantees that a = d = :I:%fy, F=H=0,and a
direct calculation shows that
Ric = —%’ylzld,

so the corresponding algebraic Ricci solitons are trivial.
In the non-symmetric case, we study each of the five cases in Theorem 5.29 separately. Note
that we can take v = 1 and work in the same homothetic class.

Case (i.a).

We take ¢ = 0, F' = 0 and d # +a. Algebraic Ricci solitons must have diagonal Ricci operator,
so the expression pyy = —%H implies that // = 0. With this last condition, the Ricci operator is
diagonal. Now, algebraic Ricci solitons are characterized by the vanishing of the polynomials

Qi =paz — pu1 — pa2+ 1, Qo= pas — H,
Q3 = (2a + d)pu + (a + 2d)pz2 — 3(a + d)p,
and a direct calculation shows that
Qi =p+3,
Qy = —p —2(a® + d? + ad),
Q3 = —3(a+d) (6p+8(a® + d* + ad) + 3) .
Therefore the system {£; = 0} is equivalent to
4@ +d*+ad)—3=0, p=-2%
which determine algebraic Ricci solitons with associated left-invariant metrics given by

[61762] = €3, [61764] = aeq, [62764] = dey, [63764] = (a + d)es- (5.34)
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Note that the isometry e4 — —e, transforms (a, d) into (—a, —d), while the isometry

(617 €2, €3, 64) = (627 —€1, €3, 64)

transforms (a,d) into (d,a). As a consequence of this together with d # +a, we can assume

that |a| < d. Besides, the condition 4(a® + d + ad) — 3 = 0 implies that a € (—%2, 1). This

corresponds to Theorem 5.4-(iv) for a # —‘/7?:.

Case (i.b).

Since a =d # 0 and ¢ = F' = H = 0, a direct calculation shows that the Ricci tensor satisfies
ps3 =—8a’+1 and pu = —6a’.

Since an algebraic Ricci soliton must satisfy ps33 = pyq = 1, we get a = j:%, which implies that

the space is locally symmetric (see Remark 5.27).

Case (ii.a).

In this case, d = —a, a* # ¢® and F' = H = 0. A direct calculation shows that p;; = pyy = —3

and, moreover, the Ricci operator is diagonal if and only if p;o = 0, so the algebraic Ricci
solitons are determined by the vanishing of the polynomials

Qi =pr2, Qo=p33— 2011+, Q3=pa— ft
Computing these expressions we obtain

Ql = —2ac, DQ = p+ %7 D3 = K= 2@2,

which imply thatc = 0 and a = j:\/Tg. With these conditions we obtain an algebraic Ricci soliton
with associated left-invariant metric given by Equation (5.34) with

a=—d= :l:*/Tg.
As we did in the previous case, we can seta = — \/73, and this metric corresponds to Theorem 5.4-

(iv) for this value of a.

Case (ii.b).

This case has already been covered by the analysis on R? x R (see Remark 5.30).
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Case (ii.c).
In this last case d = —a and ¢ = a # 0. Since
p3a =0 and pi3= —pa3 = %G(F + H),

then we must take / = —F' in order for the Ricci tensor to have the matrix form given in
Theorem 5.29-(ii.c). Now, an algebraic Ricci soliton is characterized by the vanishing of the
polynomials

Q1 = p11 — P22, Qo = p33 — 2p11 +2Fpra + 1,
Qs = paa + 2p12 — U, Q4 = pos — P14,

Q5 = —Fpi1 — 3Fpiz + (2F* — 1)p14 + Fpu,

and a direct calculation leads to Q; = Q, = 0 and
Qo =p+3F*+2, Qy=-—p—06d°, Q5= F(u+06a°). (5.35)

Consequently, 40> — 2F? — 1 = 0 and it follows from Remark 5.30 that this case has already
been covered by the analysis on R? x R.

Remark 5.31. For the sake of completeness, we will include here the solution of the two cases
covered by the analysis on R3 x R.

Case (ii.b) in Theorem 5.29 is given by a = ¢ = d = 0. In this case, it is easy to check that
P13 = p23 = p3q4 = 0, so the matrix form in Theorem 5.29-(7i.b) is satisfied and an algebraic
Ricci soliton is determined by the vanishing of the polynomials

Q1 = p1a — F(p22 — p33 + paa — ) — Hpra,
Qo = pos + H(p11 — p33 + pas — p) + Fpra,
Qs = (H* = 1)pn + (F? = 1)pye — (F? + H? — 1) ps3
+ (F? + H*)pyy + 2FHpyy — (F? + H> — 1)p.
A direct calculation gives
Q= tF(BF*+3H*+2u+3),
Qy = —1H(3F?+3H* +2u+3),
Qs = —3(F?+ H> — 1)(3F? + 3H? + 2uu + 3),

so the system {Q; = 0} is equivalent to = —3(F? + H? + 1). The associated left-invariant
metrics are given by

[61762] = €3, [61,64] = Hey, [62, 64] = Fes, (5.36)
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and considering the orthogonal basis
él = #ﬁzﬂ(Fel —H€2+€4),

2 2 (Hey + Fey — VF2 4 H2e3)

€2 = /(F2+ H2 1) (F2+ H?)

o s 2 2
“- V(F2+H2+1)(F2+ H?) (Hel + Fey + me3> ’

€1= (F2+H2+f)\/F2+H2 (Fel — Hey — (F2 + H2)e4)7

the only non-zero brackets are
[ég, é4] = éQ + ég and [é3, é4] = —ég — ég.

Moreover, (&, €;) = zz—jz=7 (€, €;)» Which shows that the above metric Lie groups are isomor-
phically homothetic to the metric in Theorem 5.4-(i).

Finally, in Case (ii.c) of Theorem 5.29, using Equation (5.35) we obtain that 4a*>—2F*—1 = 0
and u = —6a? are the conditions that determine the algebraic Ricci solitons in this case. These
have associated left-invariant metrics given by

[e1,62] = €3, [e1,e4] = ae; —aes — Fes, [eq, e4] = ae; — aeq + Fes. (5.37)

Considering the orthogonal basis

61:ﬁ<F61+F€2+2G€3+64),

Ey = 4@;% ((2a — F)er — (2a + F)eg + 2ae3 — ey4)

IS

é3 = a;\l/i ((2a 4+ Fey — (2a — Feg — 2ae3 + e4) ,
1= gz (e1 + e — 2Fey),
the non-zero brackets correspond to
[€1,64] = %(52 +63), [62,64] = —\%51 + &y, [€3,64] = —\%51 — €3,
and (¢, €;) = 55 (e;, ¢;). Hence, the metric Lie groups above are isomorphically homothetic to
the metric given in Assertion (ii) of Theorem 5.4.
5.5.3 Algebraic Bach solitons on H3 x R

A long but straightforward calculation shows that the components B;; of the Bach tensor of
H? x R are determined by
248, = —16a3d + 48ad® + 84a%c* + 16a*d? — 108c*d? + 24ac*d

+ (F? — 20H? — 200?)a® — 21(F?% — H?)c® — 3(4F?% + 19H? + 4~*)d?

+ 78F Hac — 4(22H? + 7v*)ad + T8 F Hed

— 4(F? + H? ++*)(F? — 3H? — 3+?),
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12815 = —18a3c + 24ac® — 24c3d + 18cd® — 58a’cd + 58acd?
— 3FH (4a® — 7c¢® + 4d?) + (31F? — 8H? — 2¢?)ac — 53F Had
+ (8F?% — 31H? 4+ 29*)cd + 8FH(F? + H* + +?),
1283 = —3Fc® — 9Hd? + 33Fa’c + 3Hac? — 28 Ha?*d — 48Had? 4+ 24H 2d
— 9Fcd® + 53Facd + 8(F? + H> + v*)(2Ha — Fc+ 3Hd),
1281, = v (3F (a® — ¢®) — 3Hac + 14Fad + 15Hcd — 8F(F? + H* +~%)),
24845 = 48a3d — 16ad® — 108a’c? + 16a%d? + 84c%d? + 24ac’d
— 3(19F2 + 4H? + 49%)a? + 21(F? — H?)2 — (20F2 — H? + 20722
— 78FHac — 4(22F? + 7+*)ad — 7T8F Hcd
+4(F? + H?> + +*)(3F? — H? + 3v?),
12B93 = —9Fa® + 3Hc + 9Ha?c + 24Fac® — 48Fa*d — 28Fad? + 3Fc*d
—33Hcd? — 53Hacd + 8(F?* + H* +v*)(3Fa + Hc + 2Fd),
1289y = v (3H (¢ — d*) + 15Fac — 14Had — 3Fcd + 8H(F? + H? +~?)),

24855 = —16a3d — 16ad® — 12a%c® — 48a*d® — 12c2d? + 24ac?d
+ (43F? + 28 H? 4 28v?)a? — 9(F? + H?)c? + (28F? + 43H? + 28+?)d?
—54F Hac + (104F? + 104H? + 444?)ad + 54F Hed — 20(F? + H? + 42)2,

Recall that the Bach tensor is trace-free, so By = —B; — Boy — Bss. We study the
existence of non-trivial algebraic Bach solitons using Theorem 5.29. In the locally symmetric
case, the underlying manifold is homothetic to the complex hyperbolic plane (see Remark 5.27),
and so it is self-dual, and thus Bach-flat.

In the non-symmetric case, we proceed as in the previous section by checking the five cases

given in Theorem 5.29 separately. Without loss of generality we can set v = 1 remaining in the
same homothetic class.

Case (i.a).
In this first case, c = 0, FF = 0 and d # +a. Note that
Biog =By =Boz3 =By =0

and recall that B4y = —*B1; —*Byy —*B33. If we now impose the diagonal form and the conditions
in Theorem 5.29-(i.a) to the Bach operator we have that an algebraic Bach soliton is determined
by the vanishing of the polynomials

Q1 =Bz, Qo =DBoy, Q3=—-2(B1; + Bxw),
Q4 = H(B11 + 2B9 + Bas),
QE, = (5& + 4d>%11 + (4CL + 5d)%22 + 3(CL + d)%gg,

Qﬁ = ,Uz—f—sBu +%22+§B33.



208 5 Algebraic solitons on four-dimensional Riemannian Lie groups

First of all we use 5 and Q3 to show that H must be zero. Since
Qy = — L H(3d” + 14ad — 8H* — 8)

must vanish, if H # 0 then d cannot be null and a = ﬁ(ng — 8H? — 8). With this value for a
a long but direct calculation shows that

Q3 = gy (d? + 2H? + 2) (652H2(407d” + 64H? + 128) + (326d> — 83)* + 34839)
which leads to a contradiction since Q3 = 0 and none of the factors above vanishes. Conse-
quently H = 0 and the system {Q; = 0} becomes

Q3 = —2(ad — 1)(4(a* + d* + ad) — 3),

Q5= 2(ad —1)(4(a® + d* + ad) — 3)(a + d),

win

Qs = p+ £(dad — 1)(a® + d* — ad — 1),
or equivalently,
p=—t(ad —1)(a*+d* —ad—1), (ad—1)(4(a’*+d* + ad) — 3) = 0.
Thus, we obtain algebraic Bach solitons with associated left-invariant metrics given by
le1,e0] = €3, [e1,eq] = aey, [ea,eq] =des, [es,eq] = (a+ d)es.

If 4(a*+d*+ad)—3 = 0, the space is an algebraic Ricci soliton (see Equation (5.34)). Otherwise,

2 1\2
ad = 1, so these structure constants must be non-zero and d = % In this case, p = — (a2a21 ) , the
associated left-invariant metrics transform into

[617 62] = €3, [617 64] = aeq, [627 64] == %627 [637 64] == a2;r1637

and their Bach operators are diagonal, given by
B = 3 [-3(a* = 1),3(a" — 1), (® = 1)’ —(a* — 1)’] .

The assumption d # =+a implies that a # +1. Thus, these spaces are neither Bach-flat nor
algebraic Ricci solitons. Furthermore, the isometry e, — —e, interchanges a with —a, while
(e1,e9,e3,€4) — (€2, —e1, €3, €4) interchanges a with %, SO we can restrict the parameter a to
(0, 1). These metrics correspond to Assertion (ii) in Theorem 5.8.

Case (i.b).

Sincea = d # 0and ¢ = FF = H = 0, a direct calculation shows that the Bach operator is
diagonal,

N a47 a2 .

P = oS0l diag[3, 3, -5, —1].

Since B33 and B 44 must be equal, any algebraic Bach soliton is clearly Bach-flat in this case.



5.5.3 Algebraic Bach solitons on H? x R 209

Case (ii.a).

The structure constants must satisfy d = —a, a®> # ¢ and F = H = 0. A direct calculation
shows that the diagonalizability of the Bach operator depends only on ‘B, and the condition
$B11 = Boo. Recall that the Bach tensor is trace-free and so By = —B1; — Bay — Bss. Hence,
the existence of algebraic Bach solitons is determined by the vanishing of the polynomials

Q1 =B12, Qo =-3B11 —Ba, Q3=p+B1 + Bo + B,
and it is not difficult to see that
0 = %ac(20a2 +12¢% — 1),
Qy = 2(4a* + (12¢* + 1)a® — 3),
Q3 = p— ¢ (12a* + 36a*c* — a*> — 1).

Thus, the system of polynomial equations {Q; = 0} is equivalentto ¢ = 0, a = + \/73 and y = % ,
which characterize the algebraic Bach solitons whose left-invariant metrics are given by
e =es, fened = 2er fened =5

so they are also algebraic Ricci solitons (see Equation (5.34) with a = —d = i‘/Tg).

Case (ii.b).

This case reduces to the analysis of R® x R, according to Remark 5.30.

Case (ii.c).

We take d = —a and ¢ = a # 0. The Bach tensor must have the matrix form given in Theo-
rem 5.29-(ii.c), and a direct calculation shows that B3, = 0 and

%13 = —%23 = —%CL(4CL2 —|—F2 —|—H2 + 1)(H+F)

Consequently, H = —F'. Moreover, since B, = —B1; — By — B33, an algebraic Bach soliton
is characterized by the vanishing of the polynomials
Qi =B — B, Qo = Byz — 2B + 2B, + 1,

Qs =By + 2B, — 4, Q4 = Boy — By,

Qg, =—FB;; —3FB 5+ (2F2 — 1)%14 + F/J,
A direct calculation leads to Q; = Q4 = 0 and
Qy = :(16a* — 22F? — 11)(a® + 2F? + 1) + 4,
Ny = %(11@2 —2F? —1)(16a® + 2F? + 1) — p, (5.38)

Qs = —F (;(11a® — 2F? — 1)(16a* + 2F* + 1) — p) ,
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and thus
Qo + Q3 = 2(4a® + 2F? + 1)(4a® — 2F* — 1).

We conclude that 4a? — 2F? — 1 = 0 and Remark 5.30 shows that the analysis reduces to that in
R3 x R.

Remark 5.32. For the sake of completeness, we include here the study of the two cases covered
by the analysis carried out on R3 x R.

Considering the situation of Case (ii.») in Theorem 5.29, we take a = ¢ = d = 0. For these
values, B3 = B3 = B3, = 0 and the Bach tensor has the matrix form given in Theorem 5.29-
(ii.b). Since By, = —B1; — By — Bas, the vanishing of the polynomials

Q1 =By + F(Biy +2B33 + ) — HDBo,

Qo = By — H(Boy + 2B33 + ) + FBys,

Q3 =—(F*+1)By; — (H* +1)Bgy — (2F? + 2H? — 1)B33
+2FHB 5 — (F? + H? — 1)p,

determines the algebraic Bach solitons in this case. A direct calculation shows that

Qi =—F (FF*+H>+1)> —p),
Q, = H(%(F2+H2—|—1)2—,u),
Q= (F*+H - 1)(5(F+H*+1)" - p),

and therefore the system {Q; = 0} is equivalent to = % (F? + H? 4 1)?. The associated
left-invariant metrics are given by

[61762] = €3, [61764] - H@l, [62764] - F637

so they are algebraic Ricci solitons as well (see Equation (5.36)).
Finally, in Case (ii.c) of Theorem 5.29 we use Equation (5.38) to obtain that 4a>—2F?—1 = 0
and 1 = 7—£a4 are the conditions which characterize an algebraic Bach soliton. Note that these

algebraic Bach solitons, whose associated left-invariant metrics are given by
e1,€2] = €3, [e1,e4] = aer —aey — Fey, ez, e4] = aey — aey + Fles,

are algebraic Ricci solitons as well (see Equation (5.37)).
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Jensen proved in [88] a well-known result that states that, in the Riemannian homogeneous
setting, Einstein metrics are symmetric, which constitutes a very rigid situation. The Weyl cur-
vature tensor of any Einstein metric is divergence-free — in other words, it is harmonic —, a
condition that is equivalent to the fact that the corresponding Schouten tensor is a Codazzi ten-
sor. If the scalar curvature is constant, then the Ricci tensor is also a Codazzi tensor. Podesta
and Spiro showed in [123] that the condition div W = 0 implies local symmetry in the locally
homogeneous four-dimensional case.

On four-dimensional oriented four-manifolds, the decomposition of the Weyl curvature ten-
sor into its self-dual and anti-self-dual components W = W™ + W™, which is conformal in-
variant, makes the harmonicity condition div W = 0 become div W' + divI¥~ = 0. A four-
dimensional manifold is said to have half-harmonic Weyl curvature tensor if either div W* = 0
or div W~ = 0. These conditions are natural generalizations of the Einstein condition and have
received special attention during the last decade (see [46,48,107] and [134]).

In Theorem 6.1 we give the complete description — up to homotheties — of four-dimensional
locally homogeneous Riemannian manifolds with half-harmonic Weyl curvature tensor. The
manifolds in this result are naturally equipped with a self-dual homogeneous structure which is
not necessarily the canonical homogeneous structure of the underlying Lie group. Given the fact
that homogeneous manifolds may admit different presentations as homogeneous spaces, they
may as well admit more than one homogeneous structure. Therefore we decided to study which
Lie groups admit at least two inequivalent homogeneous structures. In Theorem 7.1 we show
that a three-dimensional non-symmetric homogeneous space admits at least two inequivalent
homogeneous structures if and only if its isometry group is four-dimensional.

Motivated by the results obtained in Theorem 6.1, we started to investigate four-dimensional
self-dual homogeneous structures, obtaining some partial classification results. Nevertheless, the
whole classification of four-dimensional Riemannian self-dual homogeneous structures remains
an open problem.






Chapter 6

Homogeneous four-manifolds with
half-harmonic Weyl curvature

In this chapter we will work in the Riemannian homogeneous setting to study what the manifolds
that admit half-harmonic Weyl curvature are like. The contents of this chapter are partially
contained in the work [37].

6.1 Summary of results

A four-dimensional Riemannian manifold (M, g) has harmonic Weyl curvature if its Weyl tensor
is divergence free, i.e., )W = div; W = 0 or, equivalently, if its Cotton tensor vanishes. Even
though the Weyl curvature tensor is conformally invariant, the condition OW = 0is not. In fact,
for any conformal metric § = €% ¢, one has that d1V1W div; W—uy_W. Einstein metrics have
harmonic Weyl curvature, which is the reason why the condition 61/ = 0 has been investigated
in order to extend the geometric properties of Einstein metrics to more general structures. On the
other hand, any locally symmetric manifold trivially has harmonic Weyl curvature and it follows
from [15, 54] that the converse is also true in the four-dimensional homogeneous setting (see
also [123]).

We have already mentioned that the space of two-forms on an oriented four-dimensional
Riemannian manifold splits as the direct sum of the spaces of self-dual and anti-self-dual two-
forms, A2 (T'M), under the action of SO(4) and that such decomposition corresponds to the one
given by the +1 eigenspaces of the Hodge-star operator

*x: A2(TM) — A*(TM),

so that the self-dual and anti-self-dual components of any two-form () are given by ), =
2 (2 £+Q). Since the Weyl conformal curvature operator W € End A*(T'M) and the Hodge-
star operator commute, the bundles A% (T'M) remain invariant under its action. In what follows,
we will denote by W* the self-dual and anti-self-dual components of the Weyl curvature op-
erator, which are its restrictions to the self-dual and anti-self-dual subspaces of the space of
two-forms, respectively, and an oriented Riemannian four-manifold is said to be self-dual (resp.
anti-self-dual) if W~ = 0 (resp. W' = 0). Given the decomposition of the Weyl curvature
operator into its self-dual and anti-self-dual components, its divergence decomposes accordingly
and so (M, g) is said to have half-harmonic Weyl curvature if either VW = 0 or YW~ = 0.
The conditions SWW* = 0 have been extensively investigated during the past decade in order
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to describe different classes of Riemannian manifolds such as Ricci solitons [46, 48, 134] and
quasi-Einstein metrics [107].

A first example of metrics that have half-harmonic Weyl curvature can be found in the Kéhler
setting. The geometry of four-dimensional Kihler manifolds is, to a great extent, codified by their
self-dual and anti-self-dual Weyl curvatures. In fact, the anti-self-dual Weyl curvature codifies
the Bochner tensor and so the condition VWV~ = 0 is equivalent to weak Bochner-flatness (6 B =
0) [8,87]. It was shown in [89] that weakly Bochner-flat Kihler surfaces of constant scalar
curvature are locally symmetric (thus having harmonic Weyl curvature). On the other hand, the
self-dual component of the Weyl operator is W* = % diag[2, —1, —1] and

rdivy W 4 1o, W = 0.

Therefore, )V = 0 if and only if the scalar curvature 7 is constant. Moreover, any four-
dimensional Kéhler surface with W+ = 0 is conformal to a metric with 0W* = 0.

We will show that four-dimensional homogeneous manifolds with half-harmonic Weyl cur-
vature tensor are either symmetric or locally homothetic to the only non-symmetric anti-self-
dual homogeneous manifold or to the 3-symmetric space, so non-symmetric homogeneous four-
manifolds with half-harmonic Weyl curvature have an underlying complex structure that is either
Kihler or locally conformally Kihler. This description is summarised in the main result of this
chapter — whose proof is detailed in Section 6.2 — as follows.

Theorem 6.1. Let (M, g) be a four-dimensional locally homogeneous Riemannian manifold with
half-harmonic Weyl curvature tensor. Then it is symmetric or locally homothetic to one of the
following semi-direct extensions of the Heisenberg group:

(i) The left-invariant metric on H® x R determined by

[61762] = é3, [617 64} = —é€1, [627 64] = —€y, [63764] - _2637

(ii) or the left-invariant metric on H3 x R determined by

[61762] = €3, [617 64] - %617 [62764] = —€q, [63764] - _5637

where {ey, €5, €3, €4} is an orthonormal basis.

Remark 6.2. The metrics in Theorem 6.1-(i) are anti-self-dual and correspond to those in [55].
The anti-self-dual Weyl curvature operator has eigenvalues {—2,1,1} and Q_ = e! Ae2 —e3 Aet
is an eigenvector associated to the distinguished eigenvalue —2. A straightforward calculation
shows that the associated almost complex structure J_e; = ey, J_es = —ey is integrable and
dQ)_ = —e* A Q_. Therefore, the structure is locally conformally Kihler with respect to the
opposite orientation. Furthermore, it was shown in [39] that these metrics are conformally Ricci-
flat and, therefore, quasi-Einstein.



6.1 Summary of results 217

Remark 6.3. The self-dual and anti-self-dual Weyl curvature operators of the metrics in Theo-
rem 6.1-(ii) have opposite eigenvalues {j:i, :F%, ii}. The eigenvectors corresponding to the
distinguished eigenvalues of multiplicity one,

QL =etAed Fe2 At
define a symplectic pair so that the underlying manifold is Kéhler and opposite almost Kéhler.
While 2, determines a Kéhler structure J,e; = e3, J,es = —ey, the opposite almost complex
structure J_e; = e3, J_es = ey determined by €2_ is not integrable and the Ricci operator is J_-
invariant. Now it follows from [7, Theorem 1] that it corresponds to the unique four-dimensional

3-symmetric space, which is the only homogeneous non-symmetric Kihler surface. Moreover, it
is an algebraic Ricci soliton [42], thus being an expanding Ricci soliton.

Remark 6.4. The Bach tensor, B = div, divy W + $W|p], of the metrics given by Theorem 6.1-
(1) vanishes, since they are anti-self-dual. Therefore, these metrics are trivially steady Bach
solitons (see [81]). On the contrary, the Bach tensor of the Kédhler metrics in Theorem 6.1-(ii),

1 1 1
B = dng diV4 |74 + §W[p] = dng diV4 W+ + §W+ [p] = §W+ [p],

is determined by the non-zero components

3
B(er, e1) = Bles, e3) = —B(ez, €2) = —B(eq, 1) = -3

A straightforward calculation shows that D = B — % Id is a derivation of the Lie algebra in

Theorem 6.1-(ii), where B is the (1, 1)-tensor field associated to the (0, 2)-Bach tensor B. Let ¢,

be the one-parameter family of automorphisms of the Lie algebra determined by dyy = e 2D,

a
dt o

a Bach soliton, i.e., Lx(-,-) + B = 2(-,-). Consequently, the 3-symmetric space is both an
algebraic Ricci soliton and an algebraic Bach soliton. Moreover, since the metric does not split
as a product R¥ x N*=* neither the Ricci nor the Bach solitons are gradient (see [81,121]). The
soliton above does not correspond to those studied in [81] since the underlying structure is not
the product H? x R.

Remark 6.5. The norm of the self-dual Weyl curvature operator of any Kéhler surface satisfies

[WT||? = 5;72. If the scalar curvature is constant, then it follows from the Weitzenbck formula
(see [18])

Proceeding as in Lauret’s work [97], the vector field X on H3 x R given by X = e defines

AWH? = =7 WH? + 36 detye W — 2] VW*|?
that the self-dual Weyl curvature operator is parallel. Therefore, homogeneous four-manifolds
with half-harmonic Weyl curvature are such that VW = 0.

Remark 6.6. The Bach tensor of the anti-self-dual metric in Theorem 6.1-(i) vanishes and so it is
critical for the functional F; with ¢t = —%. The energy of this functional is strictly negative and
this metric is the only one which is Bach-flat with non-zero energy on a semi-direct extension of
the Heisenberg group.

The 3-symmetric space in Theorem 6.1-(ii) is a Ricci soliton and thus it is critical for the

1

functional F; with ¢ = —2. This is the only metric which is critical with zero energy on a

semi-direct extension of the Heisenberg group.
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6.2 Half-harmonic Weyl curvature on homogeneous manifolds

Simply connected four-dimensional homogeneous Riemannian manifolds are either symmetric
or isometric to a Lie group with a left-invariant metric (see [15]). Any non-symmetric homoge-
neous metric is thus realized either on the product Lie groups SU(2) x R and SL(2,R) x R,
or on the semi-direct extensions E(1,1) x R, E(2) x R, H* x R and R? x R, where E(1,1),
E (2), H? and R?® denote the Poincaré group, the the universal covering of the Euclidean group,
the Heisenberg group and the Abelian group, respectively.

As we have already mentioned, any symmetric four-dimensional homogeneous Riemannian
manifold has harmonic Weyl curvature, therefore this situation will not provide examples of
strictly half-harmonic Weyl curvature. De Smedt and Salamon proved that if (G, g) is a simply
connected Lie group with a left-invariant metric and {ey, s, €3, €4} is an orthonormal basis of
its Lie algebra, there are two cases in which there exist orientation-reversing isometric automor-
phisms (see [55, Lemma 2.2]).

1. The Lie algebra g has non-zero centre 3 and the isometric automorphism that reverses the
orientation of (G, g) is given by

(617 €2, €3, 64) — (_617 €2, €3, 64)

for an orthonormal basis such that e; € 3. This situation corresponds to the products
SL(2,R) x Rand SU(2) x R.

2. @ corresponds to the semi-direct extension R? x R. In this situation, if we fix an orthonor-
mal basis such that es, 5, e4 € t3, then

(617 €2, €3, 64) ? (617 —€2, —€3, _64)
determines an orientation-reversing isometric automorphism of G.

As a consequence, the Weyl curvature of these three Lie groups cannot be strictly half-harmonic.
Nevertheless, we will address these cases quickly in the following remarks for the sake of com-
pleteness.

Remark 6.7. We will use a direct approach to show that the Weyl curvature of R? x R cannot be
strictly half-harmonic. Let us consider left-invariant metrics on the semi-direct extensions of the
Abelian Lie algebra as described in Section 1.4.2. In this case there exists an orthonormal basis
{61, €9, €3, 64} such that

le1, 4] = aeq + beg + ceg, lea, €4] = —bey + feq + hes,
6.1)

[63, 64] = —Cce1 — h@g + pes.

Now, a straightforward calculation shows that the divergences div, Wi(ei, €j, ex,) are deter-
mined — up to the corresponding symmetries — by

diVl Wi(ei, €j, €k) = i(ﬂpik,



6.2 Half-harmonic Weyl curvature on homogeneous manifolds 219

where ‘Bf; « are the polynomials on the structure constants in (6.1) given by
Prio = F (c(a® = 2p* +af +ap — fp) — bh(a —2f +p)),
Piis = £ (0(a® = 2f* +af +ap — fp) + ch(a + f —2p)),
Pl = a>(f +p) —af? —ap® = 2(0° + )a + 20° f + 2¢%p,
Poro = F (h(f* = 20> +af —ap+ fp) — be(2a — f —p)),
Paiz = + (@*f — (a+p)f* + [p* = 20%a + 2(b* + h*) f — 2h%p),
‘135‘34 = —b(20* — f* —af +ap — fp) — ch(a + f — 2p),
Pio = F(@p+ fp — (a+ [)p* — 2¢%a =207 f +2(c* + 1?)p) ,
§B?,il?) =+ (h2f* = p* +af —ap — fp) —bc(2a — f —p)),
Py = (20> —p* +af —ap — fp) +bh(a = 2f +p),
mfm = —b(a — f)?,
%53 = —c(a—p)?,
Pis = Fh(f —p)*.

Consequently, the conditions W™ = 0 and VW~ = 0 are equivalent.

Remark 6.8. As in the previous remark, we will make a direct approach to show that the Weyl
curvatures of ﬁ(?, R) x R and SU(2) x R cannot be strictly half-harmonic.

Let us consider left-invariant metrics on the product Lie groups 5’71(2, R) x Rand SU(2) x
R as described in Section 1.4.2. We recall that in this case there exists an orthonormal basis
{e1, €2, €3, e4} of the Lie algebra s[(2, R) x R or su(2) x R such that

[61762] = Ases, [61, 63} = — g€, [62, 63] = \iey,
[61, 64] = kg/\geg — k’g)\g@g, [62, 64] = ]{?1)\363 - ]’Cg)\lel, (62)
[63, 64] = koAier — k1 Aqeq,

where A\;A\aA\3 # 0. The associated Lie group corresponds to SU(2) x R if A, Ay, A3 do not
change sign, and to SNL(Q, R) x R otherwise.

Now, a long but straightforward calculation shows that the divergence divy W*(e;, e;, €y) is
determined — up to the corresponding symmetries — by

diVl W+(€i, €, €k) = 1_16;'B+

ijk
where ‘BZ .. are the polynomials on the structure constants in (6.2) given by
Pilo = =2 (2N — A3 — NN3) k3 +2(A3 — 20 A2 + Ao hs) kiks
— (4] = AT(A2 + A3) = AS(A1 + 2X3) + Midos) Kok
+ A3 (A2 = A2 = 3\ ho + 4N A3 — MoA3) Ky ks
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— (N3 = 203 — A2(g + 2X) — AZ(A1 — Ag) + AoA2) Ky,
Fa = —2(2X3 — A3 — A2X0) k2 4+ 2(A3 — 2002 + A Aos) ks

— (4X3 = AF (A2 + A3) — A3(A1 + 2X9) + Mo X3) k3ks

— A (A2 = A2+ 44X — 3A A3 — Aos) Kk

— (4N = 2X3 = A3 (2X2 + A3) + A3As — A5 (A1 — Ag)) ks,

gp;rlél — ()\%()\2 — )\3) + )\%(4)\1 + 3)\3) - )\%(4)\1 + 3/\2)) klkgk';g
+2 (A3 4 A3 — A2X3 — MoAd) k2
— (403 = 203 — A2(Mg + 2X3) + Ao A2) K3
— (43 — 203 — A2(2X\g + A3) + A2)3) k3
=220 = A3 = A3 = A2 Aa+ A3) + A3s 4+ AaNl),
+ (43 — AT (A2 + 203) — A3(A1 + A3) + MidAodg) kK3
— A3 (A2 = A2 4300 + Mg — 4h)s) koks
+ (4N = 223 — AT(A2 — A3) — A3(A1 4 2A3) + A A3) Ky,

Paiz = (A4 +3X3) + A3( A1 — A3) — A3(3A\1 + 4)2)) krkoks

+ (403 — 203 — A2(\1 + 2X3) + A\ A2) k2

= 2(AT + A3 = AfAs — AAg) A3

— (223 — 4N — M3+ A3(20 + Ng)) K3

—2(AT = 2X3 4+ A3 = N2+ A3+ A3) — M),
‘32*14 =2 ()‘i) - 2)\3 + )\1)\%) kg

— (403 = AS(A1 4 Az) = AS(2M1 + Ag) + Aideds) kiks

F2(A3 = 20A2 + A dog) k2ks

F A (A2 = A2+ 4M s — M A3 — 3A0)s) krks

+ (203 — 43 — N33+ A2(201 + A3) — A2\ — No)) ks,
Pao = (A3 +4A3) — A2(BA1 + 4A3) + A2\ — A2)) krkoks

F(2A3 — 4X3 — A A2+ A2(\ 4 2X)) K2

+ (203 — 43 — N2\ + A2(20 + N\o)) K2

F2(A3 4 A3 — A2y — M\ A2) k2

F 2 A3 = 2203 — A2 — MAZ A2\ + N),
Pirs = =2 (A3 — 2X3 + A2Af) b

+ (43 — A2 (A3 + 2X2) — A3(A1 + A2) + Ao dg) kK3

—2(A3 — 20205 + A o) Ky k2

Ao (A2 = A2 4 A + 3M A3 — 4hoXs) koks

— (2203 — 403 = A2(\g — A3) — M2+ A2(Ap + 2)9)) Ky,
Piia = —2 (A — 2X3 + MA3) &3

(AN = X205 + 2X1) — A2(A1 4 Ao) 4 A dads) K2k

— 2(A3 = 2X2X5 + A dodg) Kok
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AL (A2 = A2 4 Mg — 4A A £ BAoAs) Kuks
— (203 — X3 — M2 — A2(A\p — As) + AZ(2A1 + \o) Ko,

Piz = —2 (A + A3 = Ao — MAY) A3
— (203 = A2(M\  Ag) + A2(2M0 — Ao) — Atdos) K2k
— (203 = A2(Na o Ag) — A2\ — 2X0) — A Aog) K2k
F(A2(3X0 — A3) — A2(3A1 — Ag) — A2(A\1 — Ao)) ks
S 23 A3 — A2hg — A AD) iy,

Pz = 20 + X5 = Ads = MAD k3
+ (20 + A3(201 — M) — A+ ) — A dads) K2
+ (200 = A2(A2 4+ Ag) — A3\ — 2X3) — A Aadg) Kok
— (X2(Aa — 3A3) + A3(A1 — As) + A2(3A1 — Ao)) ks
+2 (A A3 = N2y — MY ko

‘13114 = —2 ()‘?2’ + )‘g - )‘3)\3 - )\2>\§) k:f
— (2A3 4+ A2(209 — A3) — A2(A1 + Xo) — M Aog) kK3
— (203 = X2(N\g — 2X3) — A2(A\1 + Ag) — A Aodg) kK2
— (A2(A2 = A3) + A2(M\1 — 3X3) — A2(A1 — 3\2)) koks
—2(A 23— A20g — A2 Ky

For its part, divy W™ (e;, e;, e;) is given — up to the corresponding symmetries — by
. — 1 —
d1V1 w (ei7 €4, ek) - Emz]ka

where 3, are polynomials on the structure constants in (6.2) that can be expressed in terms of
the polynomials ‘B;; i as follows.

Prio = Pz + 2kiksAs (AT — A3 = Bhda + 403 — Aods)
Piis = —‘Bﬂg — 2k1kodg (A2 — A2+ 44X N0 — 3N A3 — A2)3),
P = —Piu + 2kikaks (Mg — A3) (A2 + 44X ha + 4N A3 + 3Xa)3) ,
Poio = —Boio — 2kokzdg (A2 — A2+ 30 A + M A3 — 4do)s),
Poiz = Pz — 2kikaks( A — A3) (A2 + 4N he + 3N A3 + 4\0)3)
Pou = By — 2kikads (A3 — A2+ 4000 — M)Az — 3X\3),
Pao = Pio — 2kikaks( A1 — Xa) (A2 + 3N da + 4N A3 + 4\0)3)
Paiz = —Paig + 2kaksda (AT — A3+ Aida + 30 A3 — 4do)s)
Pare = Paua + 2krksh (A3 — A5+ Mde — 4hds +3M0hs)
Pro = Pz + 2kik2(M = A2) (A3 = BMda + Mids + Ao Ag)
Pas = Pz + 2kiks(M = A3) (A3 + Mde = BMids + Aag)
Paia = —Pira — 2kokz (Ao — A3) (AT + Mda + Aidz — 3ha)3).
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Since A\; # 0, we can consider the orthogonal basis é; = Ail@i and assume that A\; = 1 for

the rest of our calculations, just working in the homothetic class of the initial metric. In what
follows, we will make use of Grobner bases (see Section 1.6 and the use we make of them in
the following sections for a better understanding). In particular, we consider the polynomial ring
R[Aa, A3, k1, ko, k3] and fix the graded reverse lexicographical order to compute a Grébner basis
of the ideal generated by the polynomials 2]3;; - In this way, we obtain that the polynomials

g1 = ki (k? + k2 + k2 +1)2(Ng — \3),
go= (k2 + K2+ 1) (K2 + k2 + k2 +1) (ki(4)ha — DAz + 1) + 3koks( N3 — 1)),

gy = (k3 +k2+ 1)k + K3+ k2 +1) (Bki(Aa — A3) + koks(Ma + A3 — 2)),

belong to the ideal. Note that the expressions for 3;., given above imply that the space cannot
be strictly half-harmonic if any two of the constants ki, ks and k3 vanish. Hence, excluding that
case, the vanishing of the three polynomials g, g» and g3 clearly leads to A\; = Ay = A3 = 1, s0
again ‘P, coincides with ‘B;; , — up to a sign in some cases —, so the conditions 6WW* = 0 and
OW™ = 0 are equivalent.

6.2.1 Half-harmonic Weyl curvature on 3 x R

We follow the description of the left-invariant metrics on semi-direct extensions of the Heisen-
berg group given in Section 1.4.2. We fix an orthonormal basis {e;, 2, €3, €4} such that

le1, e2] = es, le1, e4] = aeq — cex + Hes,
(6.3)
les, eq] = (a + d)es, [e2,eq] = cer + dex + Fles,

where v # 0.

For a given orthonormal basis {ej, €5, €3, €4} on the Lie algebra g, we consider the orientation
induced by the volume form w = e' A e? A e® A e and denote by {E"} the corresponding
orthonormal basis of the spaces of self-dual and anti-self-dual two-forms AZ (g) given by

= (e, B (PR, B e (e,

where we are using the notation e/ = ¢’ A ¢/ and {e'} is the dual basis of {e;}.
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The Levi-Civita connection V is determined by (6.3) and the expressions

Ve €1 = —aey, Ve €2 = 37 €3,

V3 = —dey, Ve s =ae + %H es,

Ve, €0 = —dey, Ve,e3=13(ver — Fey), (6.4)
Ve,ea =des + 5F es, Ve,es = —(a+d) ey,

Ve364:%(H61+F62+2(a+d)63), Ve,eq4=0.

The self-dual and anti-self-dual Weyl curvature operators have associated matrices (Wg)
whose components W;; = (W=(E"), Ef) = (\W(E}"), E;") are determined by

Wi = —¢ (4ad £3y(a+d) +29* — F? — H?),

Wi =L (Fa+ He+2Fd+2vF), Wi =FL(2Ha - Fe+ Hd+ 2yH),

=

Wis = % (2ad £+ 3yd + +* — 2F* + H?) Wy = +1 (ac— cd + FH).

The components of the self-dual and anti-self-dual Weyl curvature tensors are given by

W (e, €5, e, e0) = 5{W (€3, €5, ex, e0) £ Wes €5, €5, €7)}

where ez, e; are such that ¥ A e A eF A el = e! Ae2 A e® Aet and {eq, e, €3, €4} is a positively
oriented orthonormal basis. The non-zero components of the self-dual Weyl curvature tensor
W;]TM = W (e, e, ex, €¢) are determined by

W1+212 = W1J534 = W3234 = %Wﬂa

W1+313 = _W1+324 = WQJZ24 = %W;z,

W1313 = _W1J524 = W1J§,34 = —W2Z34 = %Wfé,

WI—ZM = W1J523 = Wfﬁ34 = W2J§34 = %Wf%v

W1+314 = Wf:r323 = _szrm = _W2+324 = %W;?n

W1+414 = szrns = W2J523 = _% (W1+1 + W2+2) )
up to the corresponding symmetries. The divergence

4
divy W (e, ej,e1) = Z (VeaW+) (€, €is €5, €k)

a=1
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is determined — up to the corresponding symmetries — by
1
divy W* (e, e5,ex) = 1_6mijk7

where 33, are polynomials on the structure constants in equation (6.3). For instance, using the
Levi-Civita connection (6.4) and the expressions for the components V[/Jk , above, one obtains

Pz = 16 Zizl (Ve W) (eq, €1, €1, €2)

= (4Hd? + 8Had — 4Fac — 4yHa + 2yFc+ 6yHd — 4v*H)
+ (4Ha? + 2Hd? — AFac + 2Had + 4yHa — yFc + vHd)
— (2H + 4Fac — 4Had + 2Fcd — 4yHa + 4yFc — 2yHd
4 2HY 4 2F?H — 292H)
= 2H (2a* — ¢* 4+ 3d*) — 8Fac + 14Had — 6FcD + 4vHa
—3yFe+9vHd — 2H (F? + H* ++%).

It is straightforward to see that the remaining components are given by

P11z = —4(2a*c — 3cd? + acd) + 2y(ac — dc) — TFHa + (4F? — 3H?*)c — 10F Hd,

Piia = —8(ac® + ad® — Ad) — 4vy(a® + ad) — 2(F?* — 3H? —~v*)a — TFHc + 9H?d
+2v(F? + H? 4+ 2),

Poio = 2F(3a® — 2 + 2d*) + 6Hac + 14Fad + 8Hced + 9vFa + 3yHe + 4yFd
— 2F(F? + H? ++?),

Pors = 8(a’d — ac® + c*d) + 4y(d? + ad) — 9F?a — TFHe — 2(3F? — H? +~%)d
= 2y(F? + H? + %),

Pous = 4(3a’c — 2¢d® — acd) — 2y(ac — cd) + 10F Ha + (4H* — 3F?)c + TFHd,

Piiz = 8(a?d + ad?) + 4vy(a® + d* + 2ad) — (TF?* + 6 H* + 2+%)a
— (6F? + TH? 4+ 292)d — 4v(F? + H* + ~?%),

Paiz = —2F(2a®> — * + 2d*) — 2Hac — 14Fad — 10Hced — 5yFa — yHe — 4yFd
+4F(F? + H? +~?),

Paws = 2H (2a* — ¢ + 2d?) — 10Fac + 14Had — 2Fcd + 4yHa — yFe + 5yHd
—4H(F?* + H? +~?),

Parz = 4(a*c + c¢d® — 2acd) + 3FHa + (F? + H?*)c — 3F Hd,

Purs = —2Hd? — 2Fac + AFed + 2yFe — AyHd — 2H(F? + H? + 4?),

Py = —2Fa* — 2H(2ac — cd) — 4yFa — 2yHe — 2F (F? + H? + +?).

Since v # 0, we can consider the orthogonal basis é; = %ei and work in the homothetic
class of the initial metric assuming v = 1. The divergence W™ vanishes if and only if the
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structure constants in Equation (6.3) satisfy the system of polynomial equations {*3;;x = 0},
where B;;x € Rla,c,d, F, H]. LetZ C R[a, ¢, d, F, H| be the ideal generated by the polynomials
Bijx. Fixing a monomial order on the polynomial ring R[a, ¢, d, F, H], a Grobner basis of 7 is
a finite subset G = {g, ..., g} such that the leading term of any element of Z is divisible by
the leading term of one of the g; with respect to the given ordering. The Hilbert Basis Theorem
guarantees that any non-zero ideal admits a Grobner basis and Buchberguer’s algorithm, among
others, provides a constructive strategy to find one such basis (see Section 1.6). The zero-set of
{%Bi;x = 0} and the roots of Z = (P,;,) = (G) coincide, and G can be considered a good basis
for our purposes if it contains one or more polynomials for which we can determine all the real
roots in terms of simple conditions on the structure constants in Equation (6.3).

Computing a Grébner basis G of Z = (,;x) with respect to the lexicographical order, we get
a basis of 29 polynomials, one of which is

g =H(F?+ H*+ 1) (4H* + 1) (4H* + 81) (64H?* + 81)
X ((F? — H*)? + F? + H?) (233317175 H* + 255147165H? + 69861528) .
Consequently, H = 0 and the polynomials 33414 and 34 are reduced to
PBaa = —2F ((a + 1%+ F?),
Parz = ¢ (4(a — d)* + F?).

Therefore, F' = 0 and there are two different possibilities depending on whether or not d = a.

If d = a, then P11y = —2(a+1)(2a — 1) (2a + 1), from where we are led to the cases
a=—lora= j:%.

Ifa = j:%, the metric is Einstein and therefore locally symmetric [88] and so this case does
not provide strictly half-harmonic examples.

On the other hand, if @ = —1, then the associated left-invariant metric

le1,e2] = €3, [e1,eq] = —e1 — Kea, [ez,e4] = Key — ey, [e3,e4] = —2e3

is anti-self-dual and not locally symmetric, thus corresponding to that previously obtained by de
Smedt and Salamon [55]. A straightforward calculation shows that the sectional curvature of the
left-invariant metrics described above does not depend on the real parameter x. Consequently,
the corresponding metric Lie groups are homothetic (see [96]), although not isomorphically ho-
mothetic. Assertion (i) in Theorem 6.1 now follows.

If d # a, then ¢ = 0 and

P = —2 (4ad® + 2a(a +d) —a—1),
Pz = 2 (4ad(a +d) +2(a+d)* — (a+ d) — 2).

We consider P14 + 3Bs12 = (a — d) (2a — 1) (2d — 1), so either a = 3 (and then P14 shows
thatd = —1)ord = % (in which case 3114 shows that a = —1). Now the two cases above are
equivalent through the transformation

(61762763764) — (627 —61763,64)-
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A straightforward calculation now shows that the resulting left-invariant metric

1 1

{617 62] = €3, [61764] == 5617 [627 64] = —€2, [63764] = _5637

satisfies S+ = 0 and W # 0. This corresponds to Assertion (ii) in Theorem 6.1.

Remark 6.9. In a completely analogous way, left-invariant metrics on H3 x R with 6W~ = 0
are in correspondence with the ones described above.

6.2.2 Half-harmonic Weyl curvature on £(1,1) x R and £(2) x R

In this section we will proceed as in the previous one and we will see that there are no left-
invariant metrics with strictly half-harmonic Weyl curvature on F(1,1) x R and £(2) x R.

Next we show that any left-invariant metric with half-harmonic Weyl tensor on F(1,1) x R
or E(Z) x R satisfies 0W = 0, thus being necessarily symmetric. We proceed as in the previous
section.

We follow the description of the left-invariant metrics on semi-direct extensions of the Poinca-
ré and the Euclidean groups as in Section 1.4.2. We consider an orthonormal basis {e1, es, €3, €4}
such that

[e1, e3] = —Ages, e, e3] = Arey,

le1, €4] = bey — Adge, lea, €4] = AXreq + bea, (6.5)
[637 64] = Cel + D€27

where \; Ao # 0. The associated Lie group corresponds to E (2) x Rif Ay, A2 do not change sign,
and corresponds to E(1,1) x R otherwise.

The self-dual and anti-self-dual Weyl curvature operators have associated matrices (WW*)
whose components W5 = (W=*(E), Ef) = (W(E)"), E}") are determined by

—_

Wi = = {( —X)? +2(C*+D?)},

=)

Wi =~ {(QAC’ F D) A\ + (AC F2D) My +bD}

Ak

Wi = q:Z {(AD £2C) M\ — (2AD + C) Ay + bC'},
W3 = é{(QAQ—l) AN —(A2=2) A3 — (A2 + 1) My F 30 (A —\y) —C?—D?},
Wi = 5 (A~ X Ab (A — M)}
Proceeding as in the previous section, a long but standard calculation shows that the non-
zero components of the divergence divy W™ (up the corresponding symmetries) are given by

divy W (e, e5, ) = 1—16‘Bijk, where 3,1, are the following polynomials on the structure con-
stants in Equation (6.5):
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Priz = — (A2 + 1)C(4X2 — X2 — M\ )a) + b(AD + 5C)A\; — b(TAD + 3C) ),
+4C(b? — C% — D?),

Priz = 2A(A2 + 1)(203 — A3 — A2)g) — 4Ab(N? — A3) — (44b* — 4AC? — CD))\
+ (4Ab? — AC? — 2AD? 4+ 4C D)), + 5bC D,

Pria = —2(A2 4+ 1)(203 — A3 — A2\y) — 20(3A4% +1)(A\2 — A2) + (AC'D + 40> — 4C?)\,
+ (4ACD — 4b* + C? + 2D*)\y — b(7C? + 2D?),

Poro = (A2 + 1)D(X2 — 402 + M\ Ny) + b(TAC — 3D\, — b(AC — 5D) )\,
+4D(V? — C? — D?),

Porg = —2(A% + 1) (A3 — 2A3 + M\ AZ) — 2b(3A%2 + 1) (N2 — \2)
+ (4ACD + 4b* — 2C?% — D*)\; + (ACD — 4b* +4D?*) Ay + b(2C? + 7D?),

Pors = —2A(A% + 1) (A3 — 203 + A\ A2) +44b(\2 — \2)
+ (4A? — 2AC? — AD? — ACD)\, — (4Ab> — 4AD? + CD)\y — 5bC'D,
— (BACD + C* — 2D?)\y + 9b(C? + D?),

Pais = —DAN> + (242D — AC + 2D)A} — (AC 4 D)\ hy — b(10AC — 3D) )\,
+b(2AC — 9D) )y — 2D(3b* — C? — D?),

Psiy = —(2A2C 4+ AD + 2C)\3 + CA2 — (AD — C)M\ g + b(2AD + 9C)\
— b(10AD + 3C) A\ + 2C(3b* — C? — D?),

Pz = 2A(A% + 1)(A3 + A3 — X2hy — M\ A2) + (2AC% — AD? — 3CD))\
— (AC? — 2AD? — 3CD)),,

Pas = (242C — AD 4 20)\2 — A2CA3 — A(AC + D)M Ay + b(AD + 4C)\,
— 3AbD ), +2C(b* + C? + D?),

Pig = —A2DAN? + (242D + AC + 2D)N; — A(AD — C)M\ Ay + 3ABC N,
— b(AC — 4D)X\s + 2D(b* + C* + D?).

_ 1

Since A1 Ay # 0, we consider the orthonormal basis é; = 3Ci and work in the homothetic
class of the initial metric. This way, we can assume that A\; = 1 in what follows. The divergence
OW T vanishes if and only if the structure constants in equation (6.5) satisfy the system of poly-
nomial equations {3, = 0}, where P;;1, € R[\3, A,0,C, D]. Let Z; C R[Xg, A,b,C, D] be
the ideal generated by the polynomials *3;;.. We compute a Grobner basis G; of Z; with respect
to the lexicographical order and we see that one of the 39 polynomials in it is

g1 = D’ (C* + D?) (49D? + 16) (49D* + 144) (193600D* + 16560D* + 2187) .

It follows immediately that D = 0. Now we compute a Grobner basis G, of the ideal Z, generated
by the polynomials G; U {D} C R[\y, A, b, C, D] with respect to the lexicographical order,
obtaining that the polynomial

g =C (A% + (b+1)>+C?)



228 6 Homogeneous four-manifolds with half-harmonic Weyl curvature

belongs to G,. Therefore, C' = 0, and the polynomial 33,5 is reduced to
SB312 = 2 (A2 —|— 1) ()\2 - 1)2 ()\2 + 1) .

This leads to two different possibilities depending on whether Ao = 1 or Ay = —1.

If Ay = 1, then the left-invariant metric is locally conformally flat. Moreover, it is flat or
locally isometric to a product R x N(c), where N (c) is a three-dimensional manifold of constant
sectional curvature.

If Ay = —1, the polynomial 3,1, is reduced to

Pra =8 (1> — A2 — 1),

so b = ++/A? + 1. In this situation, the corresponding left-invariant metric is Einstein (thus
locally symmetric [88]) if A = 0 and locally isometric to a product M;(c;) X Ms(c) of two
surfaces of constant curvature ¢ # c3 otherwise.

The Weyl tensor is divergence-free in all the cases above, which shows that there are no
non-trivial examples in this case.

Remark 6.10. Proceeding in a completely analogous way, one gets that the metrics with half-
harmonic Weyl conformal tensor corresponding to the condition 6/~ = 0 are again the ones
described just above.



Chapter 7

Three-dimensional Riemannian homogeneous
structures

In this chapter we will devote ourselves to the study of homogeneous structures and give a com-
plete classification of the homogeneous structures on non-symmetric three-dimensional Rieman-
nian Lie groups. We will see that one such group admits a non-canonical homogenous structure
if and only if its isometry group is four-dimensional. The results in this chapter are contained in
the work [38].

Before we start, we will make a short introduction to the world of homogeneous structures.

7.1 Homogeneous structures

The characterization of Riemannian locally symmetric spaces as those whose curvature is parallel
with respect to the Levi-Civita connection was originally given by Cartan. Ambrose and Singer
extended this characterization to homogeneous Riemannian manifolds showing that a connected,
complete and simply connected n-dimensional Riemannian manifold (M, g) is homogeneous if
and only if there exists a (1, 2)-tensor field 7" on M such that

Vg =0, VR=0, VT=0, (7.1)

where V is the Ambrose-Singer connection given by V = V—T, V is the Levi-Civita connection
of the metric g, and R denotes the Riemannian curvature tensor for which we adopt the sign
convention R(X,Y') = Vixy] — [Vx, Vy] (see [3]).

The tensor field 7' is said to be a homogeneous structure on M. We will also denote by
T the associated (0, 3)-tensor field given by T'(X,Y,Z) = ¢(T(X,Y), Z). Conditions (7.1)
were further investigated by Tricerri and Vanhecke in [130], where they considered the space
T (V) of such tensor fields on a vector space (V, (-, -)) and decomposed it into three irreducible
components under the action of the orthogonal group as 7 (V) = T1(V) & T2(V) & T3(V). The
subspaces of such decomposition are

Ti(V) = {TeTWV): T(x,y,2) = (x,y)p(2) — {, 2)0(y) },
T2(V) = {TeTWV):caa(T) =0, 0py.T(z,y,2) =0},
V) = {TeTWV): T(x,y,2) +T(y,x,z2) =0},

229



230 7 Three-dimensional Riemannian homogeneous structures

where ¢ € V*, 0, is the cyclic sum with respect to z, y, z and ¢;2(7") denotes the contraction
c2(T)(2) =Y T(ei e, 2)
)

for an arbitrary orthonormal basis {e;} of V. The projections of a homogeneous structure 7' on
each of these subspaces are given by

p(T)(x,y,2) = ﬁ<$>y>012(T)(z)_ﬁ<$’2>012(T)(Z/>7
p3s(T)(z,y,2) = %a:p,wT(aj,y,z), (7.2)

pQ(T)(l’,y,Z) - (T_pl(T)_pi’b(T))(x:y?Z)'

Homogeneous manifolds admitting a homogeneous structure in one of the eight different
classes induced by the decomposition above have been extensively studied in the literature. It
was shown in [130] that naturally reductive spaces correspond to non-vanishing homogeneous
structures of type 73 and that a Riemannian manifold admits a non-vanishing structure of type
771 if and only if it is locally isometric to the real hyperbolic space. The latter also holds true
for homogeneous structures of type 71 & 73, T ¢ 71 and T' ¢ T3, in dimension greater than
three, as shown in [117]. Riemannian manifolds of dimension less than or equal to four that
admit a homogeneous structure of type 75 were described in [93] (see also [34]). Homogeneous
structures in the class 77 @ 75 in dimension less than or equal to four were described in [73],
and those in this class whose fundamental one-form is closed were investigated in [118]. It was
shown in [93] that a three-dimensional non-symmetric space admitting a homogeneous structure
of type 73 also admits a 75-structure.

In dimension two, the decomposition above reduces to 7 (V) = 71(V). As a consequence, a
surface admits a non-zero homogeneous structure if and only if it is isometric to the hyperbolic
plane. Dimension three is particularly relevant to the study of homogeneous spaces. First, it
is the lowest possible dimension admitting locally homogeneous metrics which are not locally
symmetric and, secondly, any three-dimensional homogeneous manifold is either symmetric or
locally isometric to a Lie group endowed with a left-invariant metric [126].

The special case in which (M, g) is a Lie group G equipped with a left-invariant metric (-, -)
is of special interest for our purposes. Let TV be the canonical homogeneous structure defined
by

20TV(X,Y), Z) = ([X.Y], Z) = (V. 2], X) + ([2,X].Y),

for left-invariant vector fields X, Y and Z. Then the corresponding Ambrose-Singer connection
V = V — TV satisfies VxY = 0 for any two left-invariant vector fields. This structure is
equivalent to the description G = G /{e}, which corresponds to the action G x G — G.

7.2 Riemannian homogeneous structures in dimension three

On the basis of the above outlined, in this section we will clarify the classification of the Rie-
mannian homogeneous structures in dimension three, describing all the possible ones in the
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non-symmetric case. The following result characterizes the non-symmetric Lie groups admitting
more than one homogeneous structure.

Theorem 7.1. A non-symmetric simply connected three-dimensional Riemannian Lie group ad-
mits a homogeneous structure different from the canonical one if and only if it admits a naturally
reductive homogeneous structure. Moreover, in such a case, it admits exactly a one-parameter
family of homogeneous structures.

The explicit description of all the homogeneous structures on non-symmetric Lie groups is
given in Theorem 7.2 and Theorem 7.3.

Recall that a three-dimensional complete and simply connected manifold is naturally reduc-
tive if and only if it admits a non-vanishing homogeneous structure of type 7. In this case (M, g)
is a real space form R?, S* or H?, or it is isometric either to the special unitary group SU(2), or
to the universal covering of 5@(2, R) or to the 3-dimensional Heisenberg group H?3, endowed
with a suitable left-invariant metric described in terms of the Lie algebras (up to rotations) as

H3: ey, ] = Aes, A # 0,
SU(2) : [e1,es] = pes, [eg,e3] = ey, [es,er] = Aea, Apu >0, (7.3)
SL(2,R) : [er,e2] = pes, [ez,e3] = Aex, [ez,e1] = Aea, Ap <0,

where {e1, e, e3} is an orthonormal basis (see [130]).

In this way, (M, g) is naturally reductive if and only if it is isometric to a Lie group endowed
with a left-invariant metric whose isometry group is at least four-dimensional.

Theorem 7.1 is thus connected to the following theorem by Meeks and Perez (see [103]): a
simply connected, three-dimensional Lie group with a left-invariant metric (G1, (-, -)1) is isomet-
ric to a second Lie group (G, (-, -)2) which is not isomorphic to Gy if and only if its isometry
group has dimension at least four.

7.2.1 Summary of results

We study the unimodular and non-unimodular cases separately. The unimodular case is dealt
with in Section 7.2.2, and the non-unimodular case is considered in Section 7.2.3. We will see
that the Riemannian homogeneous structures on a non-symmetric three-dimensional Lie group G
equipped with a left-invariant metric are given as follows, from where the proof of Theorem 7.1
is obtained at once.

Unimodular Lie groups

The left-invariant Riemannian metrics (-, -) on three-dimensional unimodular Lie groups G were
described by Milnor (see [104]) in terms of three structure constants (A1, A2, A3), so that the Lie
algebra becomes

[61762] = Azes, [61763] = —M\ge2, [62763] = \eq,
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for an orthonormal basis {ey, €2, e3}. It now follows that (G, (-, -)) is symmetric if and only if
A1 = 0 and Ay = A3 (up to rotations), in which case it is flat, or Ay = Ay = A3 # 0, and the
sectional curvature is constant and positive. We focus on the non-symmetric situation and we
have the following result.

Theorem 7.2. Let (G, (-,-)) be a unimodular Lie group equipped with a non-symmetric left-
invariant Riemannian metric. Then there are two mutually excluding cases.

(i) The three structure constants \i, Ao, \3 are different and the only homogeneous structure
is the canonical one, which is given by

TV = —(M =X —N)et@ (e Aned) — (A — A+ A3)e? @ (el Ae?)
—f-()\l + )\2 — )\3)63 ® (61 A 62>.

The canonical homogeneous structure is of type To if \y + Ao + A3 = 0 (see also [73]) and
it is of type To @ T3 otherwise.

(ii) Up to a rotation, the structure constants \y = \o # X3, A3 # 0 and there exists a one-
parameter family of homogeneous structures

T=MXe'®@(2NeP) = 3?2 @ (el NeP) +2re* @ (e' Ae?), Kk ER,

which corresponds to the canonical structure for Kk = %(2/\1 — A3). Moreover, it is of type

Toifk = —MX3, of type T3 if k = %)\3, and of type Ty & T3 otherwise.

The unimodular Lie groups in Theorem 7.2-(ii) correspond to SU (2), S‘TJ(Z, R) and H? with
left-invariant metric as in (7.3), and these include the homogeneous structures on Berger spheres
previously considered in [75].

Non-unimodular Lie groups

Non-unimodular Riemannian Lie groups (G, (-,-)) are semi-direct extensions R? x R of the
Abelian group. It was shown in [104] that there exists an orthonormal basis {e;, 5, €3} so that

[617 62] = aep + B€37 [617 63] = €2 + (5637 [627 63} = 07

where the trace of the endomorphism determining the semi-direct extension satisfies o + d # 0.
Moreover, one may rotate the orthonormal basis {es, e3} of the unimodular kernel to assume that
their images by the endomorphism are orthogonal, i.e., ay + S0 = 0. The Riemannian Lie group
(G, (-,-)) is symmetric if and only if 5 = § = 7 = 0 (up to the isometry ey — e3), and so it is
isometric to R x H?*(—a?), orif @ = 6 # 0 and v = —3, in which case it is a space of constant
sectional curvature H?(—§?). In this setting, we have the following result.

Theorem 7.3. Let (G, (-, -)) be a non-unimodular Lie group equipped with a left-invariant non-
symmetric Riemannian metric. Then there are two mutually excluding cases.
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(i) If 6 = v =0, af # 0, then the homogeneous structures are given by one of the following
possibilities.

(i.a) The one-parameter family
T =8Be'"® (e ANe?) — Be* @ (e' Ne?) +2re® @ (e' Ne?), kER.

In this case the homogeneous structure is of type Tz if K = —[f3, of type T3 if k = % B,
and of type Ty @ T3 otherwise.

(i.b) The canonical homogeneous structure
TV=Be'® (2 Ne*) —2ae* @ (' A e?) — Be? @ (e! A e?) — Be® @ (e! A e?),
which is of the generic type Ty ® To @ Ts.

(ii) If o # 0, B = =5 and a # 0, then the only homogeneous structure is the canonical one,
which is given by

TV = ——("‘E‘S)Vel R (2 N ed) — 2ae* @ (e! N e?) + —(0‘36)762 ® (e! Ae?)

+—(a;5)763 ® (e! Ae?) — 2063 @ (el A e?),
and is of type T, @ To if v = 0, and Ty ® Tz & T3 otherwise.

The non-unimodular Lie groups given in Theorem 7.3 are semi-direct extensions R? x R of
the Abelian Lie group determined by an endomorphism — ad(e; ). Assertion (i) in Theorem 7.3
corresponds to the special situation where det ad(e;) = 0, and they are isometric (although not
1somorphically isometric) to a left-invariant metric on ﬁ(Z, R) as in (7.3), which corresponds to
Theorem 7.2-(ii) (cf. [103, 130]). We would like to emphasize that isometries between Rieman-
nian Lie groups need not preserve the Lie group structure, since they are not necessarily realized
by group isomorphisms, as evidenced in the above-mentioned situation. On the other hand, the
Lie groups in Theorem 7.3-(ii) correspond to the generic situation, where one can always specify
the orthonormal basis {es, e3} so that it is given by eigenvectors of the self-adjoint part of ad(e;)
(cf. [104]).

Non-symmetric simply connected homogeneous three-dimensional Riemannian manifolds
with four-dimensional isometry group are isometric to the unitary group SU(2), the universal
cover of SE(Q, R), or the Heisenberg group with the special metrics (7.3). It follows from the
description of homogeneous structures in Theorem 7.2 and Theorem 7.3 that (see also [130]) a
non-symmetric three-dimensional Riemannian Lie group admits a homogeneous structure differ-
ent from the canonical one if and only if its isometry group is four-dimensional

Remark 7.4. A more conceptual proof of this last statement can be summarized as follows. For
any three-dimensional Lie groups (G, (-, -)1) and (Ga, (-, -)2) equipped with a left-invariant Rie-
mannian metric, it follows from Theorems 7.2 and 7.3 that the infinitesimal models associated to
their canonical homogeneous structures are isomorphic if and only if the Lie groups (G, (-, )1)
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and (Gs, (-, -)2) are isomorphically isometric (see [34]). Besides, any non-symmetric homoge-
neous three-manifold with four-dimensional isometry group admits more than one homogeneous
structure. It follows from the works in [103, 126] that a homogeneous three-manifold with three-
dimensional isometry group is isometric to a unique Riemannian Lie group, in which case any
homogeneous structure is isomorphic to the canonical one.

7.2.2 Homogeneous structures on non-symmetric unimodular Lie groups

Following [104], if g is unimodular then there exists an orthonormal basis {ej, 3, e3} of g such
that

[e1, €] = Azes, [e1, €3] = —Ages, [ea, €3] = Asey.
Let 7" be a (0, 3)-tensor field so that the connection V = V — T makes the metric tensor

parallel, i.e., Tyy, + Tyoy = O for z, y, 2 € g. Denoting by {e',e? ¢*} the dual basis of
{e1, eq, €3}, then the tensor field 7" can be written as

T = 2ZZEjkei® (e A eb).

i j<k
Therefore, the non-zero components of the connection V=V-Tare given by

Viie = —Ti12, Vaaz = —Th3, Vigg = —
Viiz = —Tus, Vsziz = —T313, Va3 = —
Voo = —Ts12, Vsa3 = =T33, V319 =

(A1 — Ag — A3) — T3,
(A1 — A2+ A3) — Tz, (7.4)
(A1 4+ A2 — A3) — T9,

IR NI~ N

while the (0, 4)-curvature tensor field is determined by

T = A2)? =30 +2(M1 + A2)As)
Rizis = 3 (M = A3)? = 3A3 +2(A1 + A3) o), (7.5)
(e = A3)? = 3AT + 2N + A3) A1) -

R1212 =

R2323 =

Let Rigjer = (6€TR)<€1‘,€]',€]€,€£). A straightforward calculation involving
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Equations (7.4) and (7.5) shows that the condition VR =0in Equation (7.1) is given by

2NR12131 = (A — A3) (A2 — A3) (A1 — Ao — Az + 2T793) = 0,
Ri2z2= (A1 — g — A3) (Mg — A3)The3 = 0,
Rigizz = (A1 — A2 — A3) (A2 — A3)T323 = 0,
Rigezn = (A1 — A2 + A3) (M — A3) Tz = 0,
2NR12232= (A1 — A2 + A3) (A1 — A3) (A1 — Ao+ A3 +2T%3) =0, (7.6)
Ri2a33 = (A1 — A2+ A3) (A1 — A3)T313 = 0,
—Ruizazn = (A + Ao — A3) (M — Ao) T2 = 0,
—Rizaze = (A1 + A2 — A3) (A1 — A2) o1 = 0,

2NR1323.3 = (A1 + A2 — A3) (A1 — A2) (A1 + Aa — A3 — 2T555) = 0.

From here, depending on the eigenvalues \;, we are led to the following two possibilities.

Case of three different eigenvalues

In this case, if A1 — A2 — A3, A\; — A2 + Az and A; + A2 — A3 do not vanish, then Equations (7.4)
and (7.6) clearly imply that VxY = 0 for all left-invariant vector fields. Therefore, the only
homogeneous structure is the canonical one given by T,y = V,y, for z, y € g, i.e.,

T= (=X W B (@A)~ (-~ AR (A
+ (A + Ao — Ag)e3 @ (el Ae?). '

Next we show that the same holds if any of Ay — Ay — A3, Ay — Ao + Az and Ay + Ay — A3
vanishes. Suppose that A3 = A\; — A, (the other two cases are obtained in a completely analogous
way). Then, Equations (7.6) implies

Tio=Thzg =To12 =T33 =0, Toiz3=— N+ Ao, T512 = Xo. (7.8)

Let Tijk,r = (Ve,T)(es, e;,ex). A straightforward calculation using Equations (7.4) and (7.8)
shows that the condition V'I' = 0 in Equation (7.1) reduces to

T3 = —FTa12, = (A1 — 2X9)Th03 = 0,
Fo23.r = Tr23T323 = 0,
La23.r = —Th23T203 = 0,
or, equivalently, To3 = Tho3 = 1393 = 0. Thus, the only homogeneous structure is given by

T =—-2A —X)e? @ (e' Ae?) +2Xe” ® (e! A e?),
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which corresponds to the structure given by Equation (7.7) for A3 = Ay — As.
Finally, the projections of the homogeneous structure given in Equation (7.7) are obtained by
a direct calculation. In particular, p;(7") = 0 and

p2(T) = —
+

(201 — A2 — Ag)et @ (€2 A e®) — 2(A1 — 20 + A3)e? @ (e! A e?)
(/\1 + )\2 — 2)\3)63 (%9 (6’1 A 62)7

wiro Wi

p3s(T)= (M +X+X) (@ (?Aed)—e?@ (e Aed) + e @ (el Ne?)).

Case of two different eigenvalues

In this case, without loss of generality, we can assume A\; = Ay # A3. Moreover, \3 # 0 since
the space would be locally symmetric otherwise. Thus, Equation (7.6) implies

A
T113 = T223 = T313 = T323 = Oa T123 = _T213 = ?3 (79)

Let g, = (66TT )(ei, e, ex). A straightforward calculation using Equations (7.4) and (7.9)
shows that the condition V7" = 0 in Equation (7.1) reduces to

Ty = D222 =0, (r=1,2), Tips = —%(2)\1 — A3 — 2T312)T512 = 0,

Toroyr = —T12T112 =0, (r=1,2), Torgs = 5(2\1 — A3 — 2T12)T112 = 0,

or, equivalently, 775 = T2 = 0. Thus, we obtain a one-parameter family of homogeneous
structures given by

T =Xt @ (2 ne?) = \ze? @ (el Ne) +2re* @ (er Ne?), Kk ER.

In the particular case where k = %(2)\1 — A3), it corresponds to the canonical structure. Finally,
a direct calculation shows that the projections of these structures are such that p;(7") = 0 and

p2(T) =3(As —25) (! @ (2 A ed) — e @ (e Ne®) —2e3 @ (e! Ae?)),
p3(T)=2(N\s+ k) ('@ (2Ne*) =@ (' ANed) + e @ (er Ae?)).

7.2.3 Homogeneous structures on non-symmetric and non-unimodular Lie
groups
If g is non-unimodular then there exists an orthonormal basis {eq, e5, €3} of g such that (see

[104])
[31, 62] = ey + fes, [31, 63] = e + des, [62, 63} =0,

where o + § # 0 and ay + 36 = 0.
A straightforward calculation shows that a non-unimodular Lie group corresponding to a Lie
algebra above is locally symmetric if and only if it is of constant negative sectional curvature
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(which corresponds to the cases when ad(e;) is a multiple of the identity or it has complex
eigenvalues), or it is locally isometric to a product R x N(c), where N (c) is a surface of constant
negative sectional curvature (if ad(e;) is of rank-one and {ey, e3} is an orthonormal basis of
eigenvectors).

Using the same notation as in the previous section, the non-zero components of the connec-
tion V = V — T are given by

Vite = —Th, Vass = —Thas, Vigs = 5(8 =7 — 2Tha3),
Vis = —Tus, Vit = =0 — Taiz, Vaorz = —3(B+ v+ 2T13), (7.10)
Voiz = —a — Toia, Vaaz = —Thas, Vaiz = —2(B+ 7+ 2T512),
while the (0, 4)-curvature tensor field is determined by
Ri912 = —% (4” +33% — 7%+ 2f7),
Ry313 = % (52 —37* — 4% — 267), (7.11)
Ry3o3 = % (8% +7° —4ad +283y) .

As in the previous section, set R ¢, = (%eTR)(ei, e;, ex, €7). Equations (7.10) and (7.11)
imply that the condition VR = 0 in Equation (7.1) is given by

—2R19131 = (& + 2 — 7> — 6*)(B — v — 2T193) = 0,
Rioige = (a® 4 52 — 7% — 6°)Ta3 = 0,
Rioizs = (0% + 2 — 7% = 0%) T3 = 0,
~Rigez1 = (a® + 2 — ad + B7) Tz = 0,
—2R19030= (a2 + B2 —ad + BY)(B + v + 2Tn3) = 0, (7.12)
—Ries3= (o + B2 — ad + B7)(d + Ts13) = 0,
Rizozn = (V2 + 62 — ad + By)T112 = 0,
Rigaze = (V2 + 62 — ad + B7)(a + Tha) = 0,
2Ruz033= (7> + 6% — ad + B7)(B + v + 2T312) = 0.

Next we analyse the cases 6 = 0 and 0 # 0 separately.

Cased =0

Since av + 0 # 0 and ay + B = 0, in this case v = 0 and o # 0. Moreover, 5 # 0 because the
space is assumed not to be locally symmetric. Thus, Equation (7.12) reduces to

T3 = Togg = T313 = T393 = 0, Tio3 = T3 = é

5 (7.13)
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Following the notation in the previous section, we set T; 5., = (%erT )(€:, €4, €x). A straight-
forward calculation involving Equations (7.10) and (7.13) shows that the condition V1" = 0 in
Equation (7.1) reduces to

L1201 = T1121%12 = 0, —To191 = (Th12)* = 0,
T2 = (a0 + To19)To19 = 0, —To19:0= (a0 + Th12)T112 = 0,
2%0123= (B +2T512)T212 = 0, —2F2103= (B + 2T312)T112 = 0.

Hence, T112 = 0 and either T212 =0 or T212 = —qQ, T312 = —3:
If 115 = T2 = 0, we obtain a one-parameter family of homogeneous structures given by

T =Be' @ (e Ne?) — Be? @ (' Ne®) +2ke* @ (el Ne?), kK ER.

The projections of these homogeneous structures are obtained by a direct calculation. In partic-
ular, p;(7") = 0 and

(B—2K)(e' @ (e*Ned) —e? @ (el Aed) —2e3 @ (el A e?)),
B+r) (@ (Ene’)—e2@ (et Ae?)+e3 @ (el Ne?)).

p2(T) =
p3(T) =

Wi W=

If T112 = 0and 1512 = —a, T390 = —g, then Equations (7.10) and (7.13) clearly imply
that VxY = 0 for left-invariant vector fields. Therefore, the only homogeneous structure is the

canonical one, given by
T =pe' @ (e Ne?) —2ae? @ (' Ae?) — Be? @ (e! Ae?) — Be? @ (e! Ae?).
In this case, the projections of this homogeneous structure are given by

pi(T) = —a(e? @ (e Ae?) +e3 @ (el Ae?)),

po(T) =2Be' @ (2 N e?) —ae® @ (er Ae?) — 2Be* @ (e! N eP)
— 30 @ (' Ne?) +ae® @ (er Ae?),

p3(T)=3B8(e' @ (2 Ae¥) —e* @ (e' Ne?) +e2 @ (el Ne?)).
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Case o # 0

In this case, since ay + 36 = 0, we have 8 = —=!. Moreover, the space is locally symmetric if
either &« = § or @« = v = 0. Now Equation (7.12) becomes

|
|
&, 0'1
3 33
R
[N} [\
@ @
= [3¢)
I
Q
Q
|
—~ o~ e
=,
_|_
(=%
=
B
+
&3
=
N
Il
=

’7 + 52)((04 — 5)’7 — 25T312) = 0.

Note that a? — §% # 0, since a + § # 0 and if @ — & = 0 then the space is locally symmetric.
Besides, if a = 0 then 3 = 0 and the metric is isometric to the one in the case corresponding
to 0 = 0. Hence, the previous equations together with Equation (7.10) imply that VxY = 0
for left-invariant vector fields and the only homogeneous structure is the canonical one, which
corresponds to

T = ——(D‘Jg‘s)“’el ® (e Ae?) —2ae? @ (el Ne?) + —(a;6)762 ® (e' A e?)
+ M3 @ (el A e?) — 206 @ (! A €),
and its projections are given by

p1(T) = —(a+08) (2@ (e Ae?) +e3 @ (el Aed)),

pa(T) = % '@ (e Aned) — (a—8)e? @ (el Ae?)
+ % 2@ (el A ed)
+ 2203 @ (el A e?) + (a —0)e® @ (el Ae?),
ps(T) = (a;rg)v (e ® (2 Ned) —e2®@ (el Aed) + 3@ (el Ae?)).

7.3 Self-dual and anti-self-dual homogeneous structures

Dimension four is of special interest for the study of Riemannian manifolds. In this case, the
fact that the rotation group SO(4) is not simple gives rise to the concepts of self-duality and
anti-self-duality in this context.
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Even though 7; and 73 are irreducible under the action of SO(4), 75 splits into two irre-
ducible components and the decomposition of the space of homogeneous structures on a four-
dimensional vector space (V, (-, -)) is now given by

TV =TV eT, V) eT, (V)eTV),

where
To ={T € To: T(x,,2) = +T(x,y, 2)}

for all z,y,z € V, where (7, Z) stands for the dual of (y, z) according to the relation e* A e A
eF Aet = el Ae? Ae® A et for any positively oriented orthonormal basis {ey, 2, €3, e4}. The
projections of a homogeneous structure 7' € 7 on these two subspaces are given by

Py (1) (2,4, 2) = Hpa(T) (2, y, 2) £ p2(T) (2,7, %)},

forany x,y,z € V.

A homogenous structure 7" on a four-dimensional Riemannian manifold is said to be self-dual
(resp. anti-self-dual) if p; (T') = 0 (resp. py (T') = 0).

Self-dual and anti-self-dual homogeneous structures appear naturally in relation to the study
of homogeneous manifolds with half-harmonic Weyl curvature.

Proposition 7.5. Let (M, g) be a simply connected homogeneous four-manifold with half-har-
monic Weyl tensor. Then it is symmetric or it admits a self-dual or anti-self-dual homogeneous
structure.

Proof. Let (G, (-, -)) be a half-harmonic non-symmetric homogenous four-manifold as in Theo-
rem 6.1-(i), determined by the Lie algebra structure

[61762] = €3, [61764] = —é€1, [62764] = —€g, [637 64] = _263'

Then, the Riemannian Lie group (G, (-, -)) is anti-self-dual and its canonical homogeneous struc-
ture is given by

T = 2'@ (' ANet)+et @ (e2Aned) —e2 @ (el Aed)
+2e2 @ (2 Net) —e3 @ (e' Ne?) +4e3 @ (e3 N e?)

and a straightforward calculation shows that p5 (T") = 0, which shows that it is an anti-self-dual
homogeneous structure. Moreover, one has that p;(7") and p3(7") are non-zero, and thus it is a
homogeneous anti-self-dual structure which is not 75.

The homogeneous manifold in Theorem 6.1-(ii) corresponds to the unique four-dimensional
3-symmetric space, and it is isometric to the Lie group determined by the Lie algebra

[61762] = €3, [€1>€4] = %61, [62764] = —€y, [63764] = _%el’)'

Considering the Kihler and opposite almost Kéhler structures (J,,.J_) determined by the
Kihler forms
O, =e'Ae2—e3Aet, and Q- =e'Ne*+eP nel,
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the covariant derivative of the opposite almost Kihler structure J_ determines a homogeneous
structure

1
TXY - §J_(VX<]_)Y

which is self-dual [130]. Furthermore, this structure is 75, and it was shown by Nicolodi in [109]
that it is the only self-dual 75 structure. Furthermore this structure is not the canonical one. L[]

Remark 7.6. It follows after a long calculation that there are no strictly self-dual or anti-self-
dual homogeneous structures on the semi-direct extensions F(1,1) x R and F(2) x R. On the
contrary, semi-direct extensions of the Heisenberg group support such homogeneous structures.
Indeed H3; x R admits a self-dual homogeneous structure if and only if it is homothetic to a
semi-direct extension with left-invariant metric determined by the following Lie algebras given

in terms of an orthonormal basis {eq, 5, €3, €4}
(1) [e1,ea] =es, [e1,e4] = aver, [eq,e4] = qen, [e3,64] = 20e3, o # O,:l:%.
In this case,
T=-2ae'@ (' Ne*)+e' @ (2 Ned) —e2 @ (el Ae?)

— 20’ ® (e* Net) — (2a — 1) @ (e' A e?) — dae® @ (€3 A e?)
isof type 71 @ T," if o = 2, or of type T ® 75" @ T; otherwise.

(ZZ) [61762] = €3, [61764] = €1, [62764] = _5627 [63a 64] = %63'

In this case,
T=-exE AN+ (2 Net) - @ (el Ae?) — e @ (e3 Aet)
is of type 7,".

There are semi-direct extensions of the Abelian group R? which admit self-dual homoge-
neous structures. Considering the Lie algebra

le1,e4] = €1, [ea,ea] = fea + hes, [es,es] = —hex + fes, [ #1,
where {e1, €2, €3, e, } is an orthonormal basis, one can check that the homogeneous structures
T = —2e'@(e!net)+2(f —1)el @ (e A ed)
—2fe? @ (2 Net) —2fed @ (e N e?)

are self-dual and never correspond to the canonical homogeneous structure.






Conclusions and open problems

The main achievements of this work can be outlined as follows.

C.1 We completed the classification of four-dimensional locally conformally flat K&hler, para-
Kihler and null-Kihler structures.

C.2 We determined all the left-invariant four-dimensional para-Kihler Lie groups up to au-
tomorphisms preserving the symplectic structure, showing that all the locally conformally
flat structures are realizable as left-invariant Kéhler or para-Kihler structures on Lie groups.

C.3 We gave a complete description of all the left-invariant Ricci solitons on four-dimensional
Lorentzian Lie groups.

C.4 We determined all the Riemannian algebraic Bach solitons, showing that they are algebraic
Ricci solitons or belong to one of two exceptional families.

C.5 We classified the Riemannian homogeneous four-dimensional manifolds with half-harmon-
ic Weyl curvature.

C.6 We showed that a non-symmetric three-dimensional homogeneous manifold admits more
than one homogeneous structure if and only if its isometry group has dimension four.

A number of open problems naturally arise as a consequence of our work.

P.1 The complete classification of four-dimensional Bochner-flat para-Kéhler structures of
non-constant scalar curvature.

It was shown in [67] that any Bochner flat para-Kéhler surface of constant scalar curva-
ture is locally a para-complex space form or a locally conformally flat para-Kéhler surface
as described in Theorem 2.1. The problem of non-constant scalar curvature remains open.
Such Bochner flat para-Kéhler surfaces are locally isometric to a cotangent bundle with
a modified Riemannian extension but a precise parametrization of such structures is still
under consideration.

P.2 Algebraic Lorentzian Ricci solitons.

Algebraic Ricci solitons on Lorentzian Lie groups are well-understood in dimension
three [14]. One expects to be able to solve the four-dimensional case by following the
strategy developed in Chapter 5, although the calculations seem to be much more involved.
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Conclusions and open problems

P.3

P4

P.5

The existence of non-trivial left-invariant Bach solitons.

The existence of homogeneous gradient Bach solitons and algebraic Bach solitons on
four-dimensional Riemannian Lie groups was discussed in Chapter 5. While there are
no non-trivial Ricci solitons on four-dimensional Lie groups with a left-invariant soliton
vector field, it is an open problem whether the same statement holds true in the case of
Bach solitons.

Algebraic T-solitons.

It was shown by Arroyo and Lafuente [9] that any Riemannian expanding homoge-
neous Ricci soliton is homothetic to an algebraic Ricci soliton in dimension four. Hence,
four-dimensional homogeneous Ricci solitons are either symmetric or algebraic.

The situation seems to be much more complicated for other geometric flows where it is not
clear whether any non-symmetric soliton is necessarily algebraic. This is the case in the
completely solvable case, where isometries are isomorphisms of the group, but the general
situation is still an open question.

The complete classification of four-dimensional Riemannian self-dual homogeneous struc-
tures.

Homogeneous four-manifolds with  half-harmonic =~ Weyl curvature are
equipped with a (not necessarily canonical) self-dual homogeneous structure. Non-symme-
tric semi-direct extensions of the Heisenberg group H3, the Euclidean group E(2), or
the Poincaré group E(1,1) do not admit any other self-dual homogeneous structure. As
pointed out in Section 7.3, there are however other self-dual homogeneous structures on
semi-direct extensions R3 x R. It is an open problem to classify such homogeneous struc-
tures and to understand their underlying geometries.
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